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PREFACE 


Operations Research, OR, was officially “born” in the United States as an orga- 
nized activity in 1952 when the Operations Research Society of America was 
formed, though the activity had been going on for a number of years prior to 
that date, starting in Great Britain just before the outbreak of World War II In- 
terestingly enough, only one pamphlet and one book on the subject were avail- 
able at that time (in 1948 the pamphlet “Operational Research” was published 
by P M S Blackett, and in 1952 the book Methods of Operations Research by 
Phihp M Morse and George E Kimball), but no scientific journals were devoted 
primarily to it The next few years witnessed a number of publications on OR, 
which were either Proceedmgs of Conferences on OR (m 1954 and 1957), or 
booklets sponsored by various institutes and associations such as the Midwest 
Research Institute (1954), the Railway Systems and Procedures Association 
(1954), the American Management Association (1956), and the National In- 
dustrial Conference Board (1957) In the same period there appeared the book 
edited by McCloskey andTrefethen, Operations Research for Management (1956) 
and two bibliographies one by the OR Group of the Case Institute of Technology 
(1956, with supplement for 1957) and the other by Riley (1953) The next 
book of note bearing the title OR appeared in 1957 and was edited by three 
prominent researchers (C West Churchman, Russell L Ackoff, and E Leonard 
Amoff) and authored by no less than 14 contributors It represented, in fact, 
the most up-to-date thinking in the field as viewed by the specialists and the 
originators of the ideas The next five years passed with only a trickle of con- 
tnbutions-between the years 1957 and 1962, the books on OR can be counted 
on the fingers of one hand 1 
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Then came the flood since 1962 the number of books on OR runs in the 
hundreds There are introductory books, specialized books in every facet of OR, 
progress review books and bibliographies, reading books, and so forth Nor 
was the burst of activity confined only to books, the techmcaljournals multiplied, 
the professional societies proliferated, and most important, the literature on the 
subject increased at a high rate The contributions varied from the totally 
theoretical-some of which appearing in highly specialized mathematical journals- 
to the totally applied, some of which appeared in trade journals We know of at 
least three abstracting services m OR 

In this maze of the relevant and the speculative, theoretical and applied, in- 
troductory and advanced, there seems to be a definite place for a handbook — 
an authoritative, concise, complete and up-to-date survey of the field that is 
equally useful to the specialist to “look up” an area outside his expertise, as well 
as to the practitioner who is interested m knowing what is useful in a particular 
situation without getting too involved in the theoretical derivation of the results 
Perhaps the best way to introduce this two-volume Handbook is to contrast 
what it is and what it is not This Handbook is not a “textbook” because it 
sacrifices the most distinguishing aspect of the latter it does not explain m a 
thorough and understandable fashion the derivations of the results It is content 
with the statement of the premises and the results based on them On the other 
hand, this Handbook is not a “survey” book, though it does attempt to cover 
the waterfront, because a survey must be critical, giving detailed patterns of 
advancement as well as avenues of future research Finally, this Handbook is not 
a “catalog,” though it does provide, as much as possible, a complete listing of 
the significant results in the field But it goes beyond the mere listing, and 
estabhshes the connection between theory and practice 
This Handbook is intended to serve as a reference book that should appeal to 
the expert, the practitioner and the novice alike It is divided into two volumes, 
the first one carried the subtitle, “Foundations and Fundamentals,” while this 
one carries the subtitle, “Models and Applications ” This division, while easing 
the physical packaging problem, serves also to segregate the theory and other 
philosophical and historical considerations from the practice of OR in either its 
modeling of common processes or in its application to several fields of human 
endeavor 

The volume on Foundations and Fundamentals is a concise and definitive 
reference book on the fundamental concepts and methodologies of OR It is 
divided into three Sections, written by 21 leading authorities m their fields, and 
offers a panoramic and up-to-date view of OR 
The first section (4 chapters) serves as a general introduction to the field. It 
covers the origin and subsequent development of OR, tracing its growth to its 
current international status This is perhaps the most comprehensive exposition 
of this aspect of OR This section also covers the professional education of the 
practitioners, and the general approach to the conduct of OR studies These two 
topics are usually ignored or glossed over lightly in other publications in OR 
The second section (8 chapters) and the third section (9 chapters) classify and 
summarize the theory and methodology of OR. They survey the salient contri- 
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butions in the various methodologies, giving the most significant theoretical 
results m clear and concise form The first classification of methodology appears 
in the selection of the subjects in each section, with Section 2 dealing with deter- 
ministic theory and Section 3 with stochastic or probabilistic theory The two 
sections combined cover the various facets of mathematical programming (linear, 
integer, nonlinear, large scale, geometric, and dynamic), stochastic processes and 
the theory of queues, graphs and networks, optimal control, value theory and 
decision analysis, game theory and gaming, search theory, and simulation To 
the nonexpert in theory, these two sections offer an introduction and a road 
map if the reader wishes to gam expertise in a particular methodology To the 
expert, on the other hand, the two sections offer a convenient summary and, in 
many instances, the future areas of research m unsolved problems The list of 
references at the end of each chapter should be of valuable service to both types 
of readers 

This volume of the Handbook on Models and Applications is directed to answer 
the question of where has the theory of OR been applied 7 The answer is written 
by 27 competent authors who have themselves been associated with the different 
fields of application Apart from documenting these applications, this volume, 
which is divided into two sections, provides a perspective and a view of future 
movement in the applications of OR 

The first section (12 chapters) documents the applications to various functional 
processes that are common to most operational systems, and the degree of suc- 
cess obtained m these applications The coverage ranges from the standard topics, 
such as forecasting and project selection, planning and control, to more un- 
common topics in OR literature such as accounting, finance, and human resources 
management 

The second section (8 chapters) concentrates on illustrations of OR applications 
to human enterprises It presents a concise and illuminating discussion of the 
tools that were used, the problems encountered, and the utility derived from 
them m eight broad areas the military, health services, education, transportation, 
urban systems, leisure industries, electric utilities and process industries 

Despite their comprehensive posture the two volumes still miss a number of 
topics in both theory and application For instance, the first volume carries no 
mention of the theory of “fuzzy systems,” though it may prove to be one of 
the most innovative and stimulating ideas that has come forth within the past 
ten years On the other hand, this volume on Models and Applications has no 
discussion of OR models and apphcation in a variety of fields, such as manage- 
ment information systems, agriculture, and the railroads, among others 

We have an apology and an explanation to make The apology is to the readers 
of this Handbook who may have wished to consult it on any, or all, of these 
topics The explanation is simply the following working under the usual con- 
straints of time and space, we had to make choices and these (as well as many 
other) topics were excluded from the final product We trust that we have made 
the correct choices or at least reached a satisficing solution 

The tune is now ripe for us to define the audience to whom this Handbook is 
addressed It is primarily addressed to operations researchers, management 
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scientists, systems analysts, industrial engineers, managers, and others who use 
quantitative methods m resolving systems-type problems in operational systems 
The two volumes are intended to serve as reference books to the expert, novice, 
and practitioner alike, although each would use it m different ways and for 
different purposes The first volume is useful to the specialist from two pomts 
of view first, as a handy resume of the areas of his expertise and, second, as a 
place to “look up” an area outside his expertise and discover its essential features 
and the most important and current references on it It is useful to the practi- 
tioner who is interested in finding out what is useful in a particular situation 
And it is useful to the novice since each chapter includes an easy-to-read in- 
troductory section on the subject matter of the chapter, from which the reader 
can gam quick and easy familiarity with its more advanced studies The typical 
novice is def ined as one who has studied the f ollowmg subjects or their equivalent 
a standard college undergraduate course m calculus and matrix algebra, a one-year 
course in probability and statistics, an elementary course m computers and their 
programming, and a one-year course in the methodology and techniques of OR. 

On the other hand, this volume on Models and Applications, being an authorita- 
tive exposition of the applications of OR methodology m a variety of contexts 
and operational systems, should have wide appeal to all people engaged in OR, 
either in theory or practice It is also accessible to all since the emphasis shifts 
from theory to utility 

We also believe that this Handbook will have appeal to persons other than 
those mentioned above In particular, the first volume should be appealing to 
applied mathematicians, statisticians, computer scientists, and engmeers whose 
interests veer towards the analysis and synthesis of complex systems With the 
current emphasis on “applicable” mathematics, more and more mathematicians 
are finding OR a fertile field of application of their mathematical expertise and 
acumen On the other hand, the optimization of engineering design is gaming 
a strong foothold in traditional disciplines such as mechanical and civil engineer- 
ing A select few, and to date they are only a small minority that is growing, will 
find the first volume of the Handbook almost indispensable As to this second 
volume, various functional area specialists (professionals in accounting, finance, 
personnel management, production and inventory, information systems, and 
project management) and staff specialists m various operational systems (urban 
systems, health services, transportation, military, electric utilities, process in- 
dustries, and leisure industries) will have mterest in it, wherein the use of OR 
m their specific areas is described 

Two college classroom uses for the handbooks are as follows Both volumes 
will find use as a supplement or reference book for undergraduate and graduate 
students taking the typical one-year professional course in OR methodology and 
techniques, these courses are taught m Departments of Industrial and Systems 
Engineering or Operations Research, and to a lesser extent m Management Science 
(School of Business Administration), Applied Mathematics and Computer 
Science The mam reason for this type of adoption of the Handbook is that it 
presents a concise and comprehensive coverage of the foundations and method- 
ology of OR, and m the case of this second volume, it indicates to the students 
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the rich array of applications of OR theory that may not be adequately covered 
in their textbook This second volume will also find use as a supplement m 
courses in quantitative methods or operations management offered in most busi- 
ness school MBA programs The primary objective of these courses is to show 
how OR is (or can be) used in solving “business” problems, which is consonant 
with the objective of this volume of the Handbook 

This Handbook was written by a total of 48 authors who are recognized 
authorities in their respective fields It is a distillation of their expertise, deep 
knowledge, and insight into the theory and practice of OR as it stands in the 
mid-70’s It is also a reflection of their individual biases and subjective pref- 
erences We believe that this is how it should be the reader is presented not 
with a bland and colorless collection of surveys, but with forceful, and oftentimes 
provocative, panoramic views of the various topics discussed The reader may not 
agree with a particular interpretation or classification— m fact, we hope the reader 
will not agree with all of the views expressed in this Handbook — but if he is 
stimulated and informed we would feel that the mission of the Handbook has 
been accomplished 

Individual differences among authors manifest themselves in several ways For 
instance, some chapters contain references to general textbooks in which the 
topics are discussed in more detail, while others provide almost complete bibliog- 
raphies Some authors sketched in a heuristic manner the rationale of their 
conclusions, while others followed a more formal path Some authors reframed 
from passmg judgement on the “worthiness” of a particular method in a particular 
application, while others went ahead and expressed their views freely And so 
on We, as editors, did not attempt any “homogenization” of styles or views, 
and we firmly believe that this “hands off’ policy adds strength and color to the 
Handbook 

Without attempting a formal definition of OR— the reader will find more than 
one definition in Section I of the first volume of this Handbook-one can safely 
state that OR is primarily concerned with the study of operational systems, 
where these latter are defined as systems that are subject to human decision (as 
contrasted to, say stellar systems which he outside the sphere of human decision- 
making, albeit they obey logical laws of nature) One may ask, then, if OR is 
synonymous with systems theory 7 In our view, answer is no, there are differences 
between the two disciplines Sometimes the difference is a matter of degree, 
and sometimes it is m basic outlook As always, the content of either is highly 
conditioned by its historical development 

Traditionally, systems theory has been closely related to “hardware” systems 
(the first “systems engineering,” as such, was in the field of telephony), while 
OR is identified with the “software ” OR tends to be concerned with problems 
which can be represented by mathematical models, which, in turn, can be 
analytically studied and optimized Systems theory, on the other hand, although 
formal m nature, is concerned with problems of greater complexity, and is more 
global and abstract m its approach Its components may consist of mathematical 
models, but may also incorporate social and biological factors which have not 
been successfully quantified OR tends to be mostly concerned with smaller 
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scale problems of existing systems, as contrasted with systems theory which 
usually connotes a larger and more encompassing perspective of new systems 

A system is any cohesive collection of items that are dynamically related Every 
system does something, and what it does can be regarded as its purpose Systems 
theory is primarily concerned with the discovery of the mechanisms by which 
such purpose is achieved and by which equilibrium or self-regulation is main- 
tained OR is one of the most important inputs to such a theory, providing the 
quantitative models of the mechanisms that are amenable to such treatment 
Thus OR may be legitimately viewed as one among several disciplines that contri- 
bute to the general theory of systems 

A handbook of this size is evidently the outcome of the cooperative effort of a 
large number of people In closing, it is our pleasure to acknowledge our indebted- 
ness to them The editorial advisory committee composed of Drs R E Fetter 
and David B Hertz helped guide the formulation of the broad outlines of the 
structure of this Handbook, the scope of its coverage, and its general thrust and 
orientation Theirs was a key input at the time of conception of the idea of a 
handbook To the 48 authors go our thanks, individually and collectively, for 
their valuable inputs, and for their patience and understanding m the face of 
sometimes impatient and sometimes seemingly over-critical editors Our special 
thanks go to our colleagues who unselfishly gave of their time and effort review- 
ing some of the chapters in this Handbook In particular, we wish to mention 
the names of Drs Jacques Vander Eeckenand Willy Gochet, both of the Catholic 
University of Leuven, and Professors Marianne Gardner and Henry L W Nuttle, 
both of North Carolina State University at Raleigh 


Joseph J Moder 
Miami, Florida 


Salah E Elmaghraby 
Raleigh, North Carolina 
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1 INTRODUCTION 

A decision involves (a) a choice among alternatives and (b) a commitment of 
resources (Howard [1966]). Much of operations research (OR) is concerned 
with models that demonstrate the consequences of these alternatives, before the 
decision is taken, based on current information about the significant factors in- 
volved While some of the pertinent information is observable and measurable, 
there is usually a time lag between the time when a decision is taken and the 
time when its consequences become apparent During that time lag some of the 
information may change Thus, the decision is based, not on observable infor- 
mation, but on a forecast 

Any OR model itself is in a way a forecast of several possible futures Tins 
chapter takes the narrower view of techniques that have been developed for 
repetitive estimates of the parameters of the distribution of some factor taken 
into account m the model of decision alternatives Forecasts made once only are 
usually based on a special study of the circumstances involved We shall be con- 
cerned with forecasts that are revised over and over again as new information 
becomes available, in order to modify the values of the parameters, and hence 
the choice among the alternatives available The revisions may be at regular 
intervals (every week or every quarter) or at intervals of unequal length For 
example, analog fire-control systems that track targets have their own special 
techniques for continual revision of the forecast of the location of the aiming 
point 


3 
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1.1 Sampled Time Series 

There are two different kinds of time senes that may be forecast, which can be 
contrasted as “rate” versus “state” variables (Forrester [1961]) A state variable 
is sampled penodically, but the value observed does not depend directly on 
when it is observed during a short interval of time A rate variable is also 
sampled penodically, but the value observed tends to be proportional to the 
length of the interval smce the previous observation 
Examples of state vanables would be temperature, the number of subscnbers 
to a ma gazin e, speed, and cost Examples of rate vanables include rainfall, 
number of copies sold, position, and demand. The dimensions of state vanables 
are often numbers (think of speed as knots, rather than miles per hour), while 
the dimensions of rate vanables are number/unit time 
There are three consequences of the distinction between rate and state vanables 
m the design of a forecasting process (a) If the observations are sampled at ir- 
regular intervals, then the actual length of the interval must be taken into ac- 
count m estimating rates, though it is not important in estimating states (b) 
Forecasts are computed for each of the next several intervals of time, out to 
some lead time, when the consequences of the current decision become impor- 
tant The relevant forecast of a state vanable is the value at the end of the lead 
time The forecast of a rate vanable is the sum of the forecasts through the lead 
time (c) The form of the distnbution of the errors in forecasting a state vanable 
will be similar to the form of the distnbution of the residual noise in the ob- 
served data. The form of the distnbution of errois in forecasting a rate vanable 
tends to become normal, whatever the distnbution of the noise, since the rele- 
vant errors are the sums of the errors in forecasting individual time penods 


1.2 Sampling Interval 

The length of the interval between sampling the current data for purposes of re- 
vising the forecast depends largely on' (a) the length of the lead time over which 
the forecast is required , and (b) the highest frequency of cychc vanation that 
must be represented by the model. Within these broad limits, the interval can 
be chosen as any convement clock or calendar tune The interval ought to be 
long enough that there is a good chance that the observed event will have 
occurred. 

There is seldom any reason for revising a forecast more than about ten times 
within a decision lead time, and usually the forecast is revised at least once dur- 
ing tire lead time. Planning the acquisition of timber land for pulp wood, where 
it takes 80 years for trees to mature, can be revised about once a decade. Local 
effects of weather on requirements for generatmg electncity might be observed 
every hour 
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When there are repetitive cychc variations, as in monthly temperature variances, 
or in measurements of the volume of mail received by day of the week, then it is 
necessary to observe the senes at least twice within the cycle of the highest fre- 
quency that is to be represented (Nyquist [1928] ) Monthly observations won’t 
tell you how to staff the mailroom on Mondays versus Thursdays, and daily ob- 
servations won’t distinguish between first and second shift workloads 
If the unpredictable (random) noise in the data is high compared with the pre- 
dictable signal, then it is wise to increase the length of the sampling interval for 
rate vanables, thus averaging out some of the noise With state vanables that 
have a low signal-to-noise ratio, it may be better to observe often and use the 
appropnate filtering techniques to recover the signal (Sittler [1957] ) 

1 3 Forecasting Processes 

The techniques of forecasting can be grouped broadly into three categones (a) 
descnptive, (b) explanatory, and (c) denved 
A process can be observed periodically giving values X t with additional data as 
tone goes on These data can be descnbed by a model, and the coefficients in 
the model can be estimated by some process of fitting the model to the data 
Often the fitting process assigns different weights to different observations This 
model, which describes history to date, can be evaluated for some future point 
m time to produce a forecast We shall discuss the data m Section 2, alternative 
forecasting models in 3, weighting schemes in 4 and forecast errors in 5. In 
Section 6 it will be noted that, while it is desirable to have an accurate forecast, 
the vanance of the forecast errors is not always the sole, or even the mam, crite- 
non for choice among alternative statistical descriptions of the time senes 
When it is possible to build a model of the environment, the causes of change 
can be made exphcit, and the forecast resulting from such a model explains what 
is going on These methods range from the formal models of economics (Leon- 
tieff [1966] , Evans [1969] ), through special models, e g a model of the reasons 
why people buy more product dunng a sale (Brown [1967] ), to the very subjec- 
tive marketing intelligence discussed in Section 7 Although descnptive fore- 
casts can at best make probability statements about the likelihood, timing, and 
magnitude of turning pomts in a senes, there are some very powerful ways of 
detecting turning pomts quickly after they have happened (Harnson, Stevens 
[1971] , Brown [1971]) On the other hand explanatory forecasts have as a 
primary objective the prediction of the timing and magnitudes of turning points 
Life-cycle curves (Bass [1969]) have an appeal as an explanatory forecast 
Every product does have a penod of initial growth, a mature penod, and a de- 
clining penod as it disappears from the market While such models accurately 
descnbe the history of demand for every product, they do not appear to predict 
m advance the change from one phase to another 
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Technological forecasting (Ayres [1969] ) is becoming increasingly popular and 
useful in an attempt to foresee the major factors that influence the environment 
Unfortunately, no one has yet developed a good sociological forecast that would 
foresee the clash between the environmentalists and the Nixon economists that 
has caused worldwide shortages 

Given that a production schedule has been set, with definite quantities of 
products with known specifications, it is possible to “explode” that schedule to 
compute the timing and quantity of requirements for all subassembhes, compo- 
nents, parts, and raw materials that make up the product (See Chapters 1-6 on 
inventory control and 1-5 on production planning) There may also be a 
causal relationship between the data to be forecast and some leading indicator 
For example, vanation in the rate of growth in the numbers of applications for 
College Entrance Examination Boards is clearly related to vanation in the birth 
rate 17 years earlier There is a reason for the relationship, and the leading indi- 
cator is available with sufficient lead time to be useful in the forecast 

Yule [1926] pointed out that there is always a statistical correlation between 
any two time senes that themselves are autocorrelated. Thus there is a grave 
danger in the promiscuous use of multiple regression to seek a “good r 2 ” be- 
tween senes to be forecast and vanous potential leading indicators. The history 
available is only a sample of the total time senes, and if one hunts long enough 
an apparent relationship will be found However, if the coefficients in the model 
disappear or change sign with additional information, the model is not reliable 
for decision making— the “leading indicators” cease to lead just at the cntical 
juncture 

2 DATA 

The pnncipal focus of the remainder of this chapter is the statistical, descnptive, 
forecasts used m making short-range decisions (usually out to about 10 times the 
interval between forecast revisions) repetitively OR has been concerned with 
the techniques of finding appropriate models, and of revising the forecasts with 
new observations The best results are obtained by a suitable blend of these de- 
scnptive forecasts with explanations from marketing intelligence, as discussed in 
Section 7 

2 1 Sampled Observations 

The data represent sample observations from either a rate variable, such as de- 
mand for a product, or a state variable, such as its cost. Decisions are to be made 
now that will affect a lead time in the future The length of that lead time might 
itself be a variable to be forecast 
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22 Outliers 

There are many sources of error in observations The process itself may have 
stochastic variation There are errors m observing and recording the actual data 
The observations may mclude spurious effects, such as abnormally low demand 
during a strike, or abnormally high room temperatures when there is a draft on 
the thermostat It is sometimes advisable to distinguish between the actual data 
recorded histoncally and a time senes that represents a good base from which to 
project future observations 

An histoncal senes should be screened for outliers— observations that don’t 
represent the process to be forecast— before fitting a model to the data A simple 
and robust screening process is illustrated in Figure 1. Since the highest or low- 
est observation could be an outlier, these two observations are temporarily ex- 
cluded from the set. The range between the extremes of the remaining observa- 
tions is a quick estimate of the normal vanability of the data The distance from 
the maximum to the next-to-largest (or from the minimum to the next-to- 
smallest) is an indication of the hklihood that the extreme observations are rep- 
resentative For histoncal senes of from 20 to 100 observations, if tins distance 
exceeds about 0.4 times the range, then it is worthwhile to examine the data 
more carefully Obviously this simple test will not detect two outliers if they are 
both too high, nor will it detect anomalies in data that have a clear repetitive 
cyclic pattern or a significant secular trend A more thorough screening would 
detect residual differences between the raw data and a descnptive model fit to it 
where the difference exceeds, say, 4 a 


Maximum 


o 


Next largest ■ 


Range 


Median 


Next smallest 

Minimum o 


Time 


Fig 1 Editing history for outliers 
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2.3 Transformations 

Economic data often show a basic exponential growth. It is easier to represent 
the logarithms by a forecast model than to represent the observations themselves 
While decisions to replenish stock are based on net total demand, it may be ap- 
propnate to forecast, with separate techniques and separate senes, new orders, 
returns of merchandise, requirements imposed by an assembly schedule, govern- 
ment and export orders, demand caused by a special promotion, and so on The 
total demand is hard to represent by a forecast model, so it is transformed by 
breaking it up into constituent senes, each of which can easily be described 

2.4 Noise, Residuals and Errors 

There are three separate expressions for the stochastic elements of a time series 
and its forecast Noise is used to refer to the inherent variability of the process 
and of the uncertainty mtroduced by the way that the process is observed. Noise 
is thus one component of the data to be used. Residuals refer to the differences 
between the observed data and some calculated value based on a forecast model 
that has been fit to those data Thus residuals refer to historical data and a 
model evaluated in the past Forecast errors are the differences between a fore- 
cast developed now and what is later observed at the corresponding future point 
in tone 

25 Stationarity 

The process underlying the senes of observations can, at least conceptually, be 
described by some set of difference equations (if discrete) or differential equa- 
tions (if continuous) We don’t know what those equations are, of course, and 
probably couldn’t solve them if we did If the coefficients in those equations 
are independent of time, the process is said to be stationary If the coefficients 
change stochastically with time, the senes is nonstationary Clearly, if there is 
a systematic vanation of the coefficients with tune, that variation could be rep- 
resented by additional equations in the system. 

Most senes to be forecast are non-stationary in the long run, but can be con- 
sidered to be esentially stationary for the forecast computed as of any one point 
in time 

3. MODELS 

At the current time T we have available a sequence of observations X t for some 
dense set of integers, t^T The forecast model can be X r+T where in general 
the times r are positive, and may be a vector of values. A general expression for 
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the model is 

X T+T = a r F(r), 

where the vector a represents coefficients in the model estimated from observa- 
tions up to and including time T, and the matnx F is some set of fitting func- 
tions, m which the rows correspond to terms in the model and the columns to 
points in time In most practical applications F measures time relative to the 
most recent observation, and the origin of time on an external scale is reflected 
in the values of the coefficients a. 

3.1 Polynomial Models of a Time Series 

One common class of models is the real polynomials, where F(l, t) = 1 ,F(2, t) = 
t, F(3, t ) = ^t(t - 1) and so on In some techniques of forecasting the model 
may appear to be quite different, as for example in the differences and sums in 
the Box-Jenkms [1970] methods However, since the solution of a linear differ- 
ence equation can be a real polynomial, the difference is one of convenience in 
analysis rather than a real difference in the mathematical properties of the model 
A first-order polynomial (straight hne) is frequently a good model of the local 
changes in the observed data Note that a constant (a zero-order polynomial) is 
a special case in which the coefficient of the linear term is zero. A fit of a 
straight lme to any set of data will result m some value for the second coefficient, 
representing the secular trend If the value is small, one might prefer to eliminate 
that term from the model. However, values of that coefficient that are small 
enough to be rejected by a statistical test are so small that they have no effect on 
the short-term forecast The cost of the statistical test itself may be greater than 
the cost of usmg the term m the forecast, even where it might be unnecessary. 
Of course, if the forecast is to be projected over lead times that are more than 
about 10 times as long as the interval between forecast revisions, then it is more 
important to eliminate spurious trends from the model 
Mathematical techniques are available (Brown [1963]) for forecasting with 
any order of polynomial Unless there is a reason for using higher order poly- 
nomials (such as tracking the path of a ballistic missile) quadratics and higher 
orders are usually spurious as descriptions of the kinds of senes that are com- 
monly forecast 

3.2 Seasonal Models 

Tides go through a cycle from high to low twice a day Temperature in the 
higher latitudes goes through a cycle from high to low once a year Demand for 
electncal power goes through a cycle, with a complex shape, repeated every 
week (with exceptions for major hohdays and an overnchng annual cycle). De- 
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mand for stocked products may go through a cycle that is repeated for each sell- 
ing season 

The usefulness of the forecast for decision making can be improved by includ- 
ing a representation of these cyclic variations that anticipates when the high and 
low values will occur in the future 

Not all senes that have high and low values are cyclic m this sense Business 
and economic “cycles” do not repeat with sufficient reproducibility to make it 
practical to infer future high and low points from an analysis of history 

There are two quite different approaches, each with many vanations, for repre- 
senting seasonal cycles 

If there are N observations per cycle (N = 12 months m a year, otN= 7 days 
in a week, for example) one can have a record of N indices that either add a 
quantity (positive or negative) to the forecast, or multiply it by a quantity 
greater than or less than one 

The values of these indices can be inferred from the data observed in corre- 
sponding times in the cycles m the past In some naive techniques the index for 
September, say, is inferred from data only about past Septembers In more so- 
phisticated techniques, such as the Census II and Census X-l 1 (Shishkin [1957]) 
there is some averaging of adjacent observations as well 

In retail marketing of consumer products the seasonal indices are often cumu- 
lative, rep resen ting the percent of the total season done to date. 

In any of these approaches the whole set of indices can be called a “profile ” 
In many situations there is a small family of relevant profiles, and the forecasts 
for individual senes can be developed by selecting the best representative from 
that family for each individual senes 

Profiles have a decided ment in forecasting m that the concept is easy to ex- 
plain to the user, and any thoughtful person can see how it works However, 
they have a decided disadvantage in that they are unstable If a random vanable 
x has vanance a 2 , then its reciprocal y = l/x has a vanance of the order of o 4 
Most of the methods using seasonal or cyclic profiles require division, at some 
step of the computation, by a stochastic vanable (or by the estimate of its mean, 
which also has a nonzero vanance) If the denominator in that division is of the 
order of the noise in the observations, then relatively small vanations can have 
very great leverage m modifying the forecasts Unfortunately, this instability 
usually comes just at the time when the decisions to be made have the greatest 
consequence (looking forward to the next peak) 

In the Bayesian method of Hamson and Stevens [1971], this instability is 
minimized by the assumption that the noise vanance is a function only of the 
deseasonahzed average underlying the observations at all points in the cycle. The 
effect is to increase the sensitivity to change at high points in the cycle, and 
reduce it at the low points 
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For example, consider the “percent-done” forecast of a consumer product 
Early in the selling season, it is necessary to commit to a total quantity to be 
produced, and at least have a position in the raw materials, if not a good fraction 
of the actual production Suppose that 10% of the season’s sales are booked, on 
the average, within the first three weeks when it is necessary to make the final 
commitment for expensive raw materials If some large customer who tradition- 
ally orders later, places his order early this year, then a senous overstatement of 
the total season requirements might occur This actually happened m retail mer- 
chandising in the United States for the first few years that Christmas promotions 
were started the first of November, after they had traditionally started with the 
Macy’s Thanksgiving Day parade 

An alternative approach is to represent cyclic variation by a Fourier senes 

A s — 

X t = 2_jC k cos u>kt + 2_,s k sin icht, 

where c k and s k are coefficients estimated from past data by a suitable regression 

k = 1, 2, ,N is the index of summation over all frequencies up to the Ny- 
quist frequency (the highest frequency that can be represented in a sampled 
senes goes through half a cycle m the interval between observations), co = the 
fundamental frequency (27 t//), where / is the number of observations in one 
seasonal cycle t is the time when the forecast is to be evaluated, and is often a 
vector of integer values 

This sort of model (Brown [1963]) has the advantage of bemg stable, even at 
the low points of the cycle, because the coefficients are estimated in a general- 
ized average process over the whole set of data available, not just the relative 
observation within each cycle It has the disadvantage in practice of bemg much 
harder for the lay user to comprehend There are existing computer packages 
(Brown [1973]) that mvolve the user in editing input and interpreting output 
m a meaningful form so that most users don’t feel a need to understand the 
inner workings of the process 

If only the first pair of terms m the Fourier senes is used, the seasonal profile 
is a simple sine wave with any amplitude and phase angle, governed by the two 
coefficients c t and s v As additional pairs of terms are added to the senes, the 
shape of the profile can be changed Founer’s theorem shows that if a discrete 
senes repeats exactly every / observations, then the points can be represented 
exactly by / terms m this senes 

The amplitude of the /th frequency mcluded in the model is Aj = y/cj + sf 
The square of the amplitude is sometimes called the power at that frequency 
Let of be the vanance of the residual differences between the data and a model 
with all frequencies up to and including the /th Then, if the model is fit (usually 
by least squares) to a history that spans about 3 to 8 past cycles, the /th fre- 
quency should be included if the amplitude A, > La r Note that in computing 
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a 2 one must take account of the degrees of freedom lost by the number of terms 
m the model Hence it is possible for the minimum variance to be achieved for 
some model with less than / terms That model itself, however, would be spun- 
ous if the power at the highest frequency included is not large compared with 
the residual vanance 

3 3 Time Series Analysis 

Suppose that a senes X t has been reduced to a senes with zero mean Y t - X t ~ 
X u where the model % t provides for consistent polynomial trends and cyclic 
vanations The autocovanance a? is the expected value of the product Y t Y t „ T , 
where r is the lag When the model X t represents all the systematic vanation in 
the data, the autocovanance will be essentially zero for all positive lags Large 
values (positive or negative) of the autocovanance indicate that there is predict- 
able information in the senes Y t that could be incorporated into a model Spec- 
tral analysis (Jenkins and Watts [1969] , Rosenblatt [1963]) is the specialized 
branch of statistics dealing with the mathematical methods of finding the neces- 
sary and sufficient model to represent such a senes adequately 

3.4 Probability Models 

Time-senes models represent a collection of observations by a model which takes 
the pomt of view that any observation is a sample from some distnbution whose 
parameters can be estimated and projected forward m time From these param- 
eters (usually the mean and vanance in practice, although one could develop the 
entire charactenstic function) one can generate the probability distribution as of 
the time when the consequences of the decision become relevant 
An alternative representation is to model the data by a frequency distribution 
with parameters p s for the relative frequency of observations falling in the /th 
class interval Then, if the distnbution is not expected to change m a predictable 
way dunng the decision lead tune, decisions can be taken with respect to the 
current empincal frequency distnbution 

4 SMOOTHING WEIGHTS 

In virtually all techniques of forecasting m use today, the coefficients (referred 
to in general as a vector a, and m special cases above as [c fc , s k ] or p,) in the 
model are determined initially by fitting the model to some histoncal data and 
then revising the values of the coefficients as new observations become available 
Usually, the choice of coefficients is made to minimize the sum of squares of the 
residual differences between data and the model, with provision for assigning dif- 
ferent weights to the residuals at different points in time That is, in general, the 
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coefficients a are chosen to minimize S = J^Wj(X T -j - X T -,) 2 , where the sum- 
mation is taken over all available 7 up to the most recent observation at time T. 
The relative advantages of different weighting schemes w ; can be judged both m 
terms of the accuracy of the resulting forecasts and the ease of carrying out the 
computations. 

4.1 Uniform Weights 

The simplest set of weights gives equal importance to all the history used w } = 1 
for 0 <7 < T Even when the coefficients are revised with some different weight- 
ing scheme, often the initial values are obtained by a simple least-square fit 
which implies equal weights 

A moving average is a uniformly weighted least-squares estimate of a single 
constant to represent the data, the fitting function being the trivial value F{t) = 1 
for all t The weights are w. = 1 for the most recent N observations 0 <7 < 
N- 1, and w k = 0 for k >#. Some forecast coefficients are estimated in higher 
order polynomials by fitting the model to the most recent N observations each 
time a new value is obtamed. The values of the coefficients can be expressed in 
terms of (a) their previous values, (b) the error m the most recent one-ahead 
forecast, (c) the order of the polynomial, and of course (d) the number# of ob- 
servations to be used 

4 2 Optimum Weights 

Wiener [1949] showed that if the time senes is stationary, then there exists an 
optimum set of weights m the sense of minimizing the vanance of the forecast 
errors (ordinary least squares minimizes the vanance of the residuals) These 
weights can be expressed as functions of the properties of the autocovanance 
function 

Winters [1960] proposed a method for computmg the weighting functions for 
a level, a trend, and seasonal indices In each case the weights are exponentially 
declining of the form a 1 . Separate values of a are found for the level, for the 
trend, and for seasonal indices by systematically explonng the accuracy of the 
forecasts obtained by combinations of the weighting functions 

Box and Jenkins [1970] developed the theme for quite a wide class of poten- 
tial models, combining calculations from the autocovanance function with the 
systematic exploration of a space m which it is known in advance that the opti- 
mum weights (by term and time lag) must lie The Box-Jenkms technique is par- 
ticularly powerful when (a) there is a great deal of data to work with and (b) 
something is known about the underlying mechanism of the process that gener- 
ates the observations For example, the initial impetus of this work was for on- 
line process control systems m the chemical industry where the results have been 
used with great success 
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The difference between the accuracy obtained by uniformly using some stan- 
dard discount rate, say a = 0 9, (for which there is beginning to be some theoret- 
ical justification) and the accuracy that could be achieved if one knew in advance 
the optimum value, is small compared to the sampling error m estimating the 
best value of the discount rate from relatively short (50 observations) segments 
of a long senes 

4.4 Bayesian Forecasts 

Harrison and Stevens [1971] have developed a new and ngorous approach to 
forecasting time series that includes most of the others as special cases Before 
each observation one has a set of pnor probabilities of the values for each of the 
coefficients in the model Although one could start from a state of fairly com- 
plete ignorance, usually there are good grounds for stating these probabilities 
with reasonable accuracy, if not precision 
After the observation has been obtained, Bayes rule is invoked to determine 
postenor probabilities that the observation came from each possible combination 
of model coefficients, and the forecast is computed as a probabihty distribution 
based on those postenor distnbutions In particular, this method makes it possi- 
ble to ignore a transient pulse, while responding quickly to changes such as steps 
and ramps in the underlying process The computational scheme continually 
condenses the number of posterior distnbutions back to the number of states as- 
sumed in the process The states usually include a default state where none of 
the elements of the process has changed, and a state corresponding to each coef- 
ficient and to the noise in which the vanance of the distnbution is much larger 
than in the default case, indicating a perturbance to that coefficient The con- 
densation of the number of states is important, otherwise the number of distn- 
butions would grow as the square of the number of observations 

5. FORECAST ERRORS 

In any of the techniques of forecasting a time senes, “the” forecast is essentially 
an estimate of the mean of the distnbution of observations at a future time. For 
most decisions one also needs to have the entire distnbution If the distnbution 
has a known form that can be descnbed by a standard function, then an estimate 
of one or two parameters is sufficient to estimate the probabilities of possible 
values of future observations 

5.1 Form of the Distribution 

Although for purposes of formal analysis it is often convement to assume that 
the noise in the input data is normally distributed, there is no assurance that this 
assumption is justified for real observations The distnbution of noise is often 
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quite skewed, and may have two or more modes Even when the distribution is 
symmetncal about a single mode, the kurtosis may be quite different from 3 
Forecasts into the future are distributed, and the variance of the distribution 
of forecasts depends on the variance of the noise in the data observed However, 
since the forecasts result from many past observations, the form of the distnbu- 
tion is usually normal, regardless of the form of the distribution that descnbes 
the noise in the observations 

The distribution of errors in forecasting a state variable will be the result of 
convolving the distribution of the forecasts with the distribution of future noise, 
which is usually considered to be independent of the distribution of past noise 
The distribution of errors in forecasting the sum of a rate variable over a lead 
time which is much longer than the interval between observations is the distnbu- 
tion of the sum of samples from several such distributions, which tends to be- 
come more and more normal as the lead time increases. 


5.2 Dispersion 

In most distributions of practical interest the entire distribution can be repro- 
duced from the forecast of the mean and one other parameter, usually the stan- 
dard deviation 

When there is a collection of senes to be forecast, it will usually be found that 
from senes to senes there is a consistent relationship between the vanance of the 
forecast errors and the level of the forecast For example, while the number of 
bushels of wheat a w can be quite different from the number of bushels of rye a r 
forecast for a given year, it will be found that over all gram forecasts, there is a 
strong central tendency for a 2 ^ jun^, where the parameters ju and X are charac- 
tenstic of the whole family of gram forecasts This result is especially true for 
forecasts of demand for the vanous items stocked in the same inventory 

Thus, one can use evidence from the entire family of forecasts to estimate p 
and X and use the relationship to establish the standard deviation of the distribu- 
tion of errors for any particular senes 

An alternative law a 2 = p« + Xa 2 was suggested by Burgin and Wild [1967] 
Stevens [1974] provides the basis for an analysis of the kind of generating pro- 
cess that could give nse to laws of either land 

The mean absolute deviation (MAD) is an estimate of the dispersion that would 
be appropnate if the forecasts where designed to minimize the sum of the abso- 
lute values of the residual differences between the data and the median— rather 
than the more common objective of the sum of squares of residual differences 
from the mean. In the early days of OR, when data processing capacity was 
severely limited, the MAD was used in lieu of the standard deviation simply be- 
cause the computations took less time and space. Its use is widespread [Brown 
1959] especially in computer applications for forecasting demand for stocked 
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items However, with the speed and capacity of present-day computers there is 
little justification for the use of MAD. 

If the distnbution is normal, then MAD = 0.8a (actually the constant is y/lfn = 
0 7979) However, for other distributions, the actual ratio may have virtually 
any value. 

Since the mean of the distnbution of forecast errors should be zero, the van- 
ance is the mean square error. Thus one can estabhsh a suitable model (as a con- 
stant, with linear and seasonal terms, or from a vanance law related to the fore- 
cast) and revise the coefficients m that model of the mean square error each time 
the forecast error is measured after the forecast has been revised with new 
information. 

If there is negligible autocorrelation in the noise in the observations, then the 
vanance of the error in forecasting the total of a rate vanable over the lead time 
would be the sum of the vanances of the errors m forecasts for each penod dur- 
ing that lead time L. Hence, the standard deviation to be used m making deci- 
sions is approximately oy/L Where there is senal correlation, the relationship is 
often approximately a L = L 6 a x , where is the standard deviation of one-ahead 
forecast errors, the lead time is L (measured in intervals between forecast revi- 
sions), and 5 is a constant charactenstic of the whole family of senes to be 
forecast 

5.3 Tracking Signals 

The accuracy that can be achieved for a forecast is limited by the noise in the 
input data However, it is reasonable to expect that the forecasts are unbiased— 
the mean of the forecast errors should be zero So long as the process continues 
to be consistent with the forecast model the forecast errors should vary around 
zero If the forecast model is wrong, or if the process itself changes so that the 
previous model is wrong, then there will be a sequence of positive (or of nega- 
tive) errors, so that the average error is no longer zero 

The tracking signal is a technique for determining whether the average error is 
currently reasonably close to zero If the average error exceeds some control 
limit, then a notice can be triggered to advise the user so that he can take appro- 
priate action. 

The best action to take is to find the assignable cause of the bias in the fore- 
casts and make such changes as are reasonable to correct the cause change one 
or more coefficients m the model, change the form of the model itself, or change 
some or all of the weighting factors used m revising the forecast There is one 
school of thought that seeks to have a computer system automatically compen- 
sate for tracking signals, because there might be too many for people to deal 
with Another school of thought holds that an occasional very long report, 
with many tracking signal trips, is itself highly useful information for manage- 
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ment The fact that many individual forecasts are out of control may indicate 
the necessity for intervention throughout the planning and control system to 
short-cut the response time of programmed decision rules to changes in the 
forecasts 

Cumulative Sums There are three types of control limits for topping the track- 
ing signal 

Brown [1959] proposed a cumulative sum of the forecast errors Y t = y,_, + 
e with Kq = 0 This fluctuates around zero if the forecasts are unbiased, but 
grows rapidly if there is a sequence of forecast errors all of the same sign For a 
discount rate (3 and a polynomial forecast model of degree n - 1, the vanance of 
the cumulative sum is 

tf 2 r = (O+0)/2(l -0)a!, 

where ol is the vanance of the forecast errors Whenever ]7 1 > 3o r a report is 
tnggered Obviously, the constant 3 could be made larger to reduce the number 
of false detections, or could be made smaller if it is vital to cut the risk of fading 
to detect real changes 

Smoothed Errors versus MAD Tngg [1964] proposed the use of single expo- 
nential smoothing on the algebraic forecast errors Y t = j + (1 - /3)e, If at 
any time | Y\ > 0 4 MAD (or any other constant), the exception report is tng- 
gered MAD is revised by MAD, = |3MAD f + (1 - 0)|e f | 

This approach has a decided advantage over the first in two respects, (a) Sup- 
pose that there were a single large error, but not quite large enough to trip the 
tracking signal From that point on the first method would have the (un- 
weighted) cumulative sum fluctuate around the level set by that single large 
error, and a quite reasonable forecast error might tnp the tracking signal much 
later (b) Suppose that the tracking signal were almost ready to tnp (the cumu- 
lative sum close to one limit) and we get a perfect forecast In the first method 
the unweighted cumulative sum would not change but the estimate of the stan- 
dard deviation a e would decrease and cause the control limits to shrink, tnpping 
the tracking signal The smoothed error overcomes both difficulties 

The vanance of the smoothed forecast errors is approximately 

°Y ~ ((1 " P)/(l + fi) 2 )Oe • 

V-Masks Barnard [1959] extended Wald’s sequential analysis teclmiques to de- 
velop a V-mask which could be centered over the most recent value of the (un- 
weighted) cumulative sum of forecast errors, pointing backwards If any previous 
value of the cumulative sum senes lies outside the mask, that is a sign of signifi- 
cant bias m the forecasts The slope and intercept of the two arms of the V are 
computed from the vanance of the errors and the nsks (a) of failing to detect a 
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Hons with a row for each of the m terms in the model and a column for each of 
the T time periods to be forecast, so that X is a vector of the next T forecasts 
If there are 12 observations during an annual cycle, the fundamental frequency 
is co = 2rr/12, and there are only seven possible forms of the model The sim- 
plest model has only a level and trend, while the most complex includes terms in 
the Founer senes up to cos 6 cot. The rows of the matrix F are shown below 

Used in Model 


Fitting Function 


2 3 4 5 6 7 


h(t) = t 

/ 3 (t) = coscot, / 4 (r) = sincof 
/s(0 = cos 2 cot, / 6 (f) = sin 2 cot 
/7(f) = cos 3 cot, / 8 (f) = sin 3 cot 
/ 9 (t) = cos 4 cot, /10(f) = sin4cof 
/ n (t) = cos5cot, /u(t)-sin 5 cot 
/13(f) = cos 6 cot 


X X X X X X X 

X X X X X X 

X X X X X 

X X X X 

XXX 
X X 
X 


Of course with other fundamental frequencies, other models are possible 
The coefficients a are initially computed by a least squares fit of N observa- 
tions of history to the ( m X N) matrix F, evaluated at corresponding points in 
time Terms are included in the model up to that frequency where the power 
(square of the amplitude) is at least 0 25 times the variance of the residuals from 
fitting that model, taking account of the degrees of freedom available for error 
With each new observation the vector a is revised by 

a?- L'aj’.j +he, 

where L is an (m X m) transition matnx defined by f (t) = Lf (t - 1) which cames 
the value of the fitting functions at one time period mto the next The f-th col- 
umn of the F matnx is denoted by f(t), and e is the (scalar) error in the most 
recent one penod ahead forecast, e = xx~ The vector h of m smoothing 

constants is determined by the following procedure 
Through the use of z-transforms and some elementary tngonometry (see Brown 
(1963 or 1967] ) one can denve a closed form for the matnx H = ^ )3 ; f (-7) /(-;), 
summed over; = (0, °°), where P<1 discounts the importance of older data, or 
increases the weight given to more current data Then the smoothing vector is 
h = H 1 f(0). Both L and h are program constants that need to be computed 
only once and stored for use m revising all forecasts. 

If the forecasts are for a rate vanable (such as demand on an inventory) and 
the observations are taken at irregular intervals of time, then the actual observed 
demand is transformed by a calendar mto a rate for a standardized interval of 
time The resulting forecasts can be transformed by the same calendar to corre- 
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spond to future interval lengths Note that this use of a “profile” common to all 
series is not subject to the same variance amplification as would be the case 
where the profile is inferred from historical data, rather than known absolutely. 

6.2 Box-Jenkins 

The pnmary reference is Box, Jenkins [1970] although the fundamental con- 
cepts were pubhshed much earlier [1962] . The forecasts are based on an exten- 
sive analysis of the statistical properties of the senes To gam the benefit of the 
full power of this approach, one needs quite a long senes (at least 100 observa- 
tions) and it helps considerably to understand the basic process being observed 
to have pnor judgement as to the lands of observations expected The range of 
models is much more general than in Section 6 1 , and the approach is valu- 
able where the more accurate forecasts are worth the effort to develop them 

The first step m the analysis is to difference the histoncal data available and 
compute partial autocorrelation functions 0 of the differenced senes w f = V d z t) 
in which the input data z t may have been transformed 

The second step is to express the differenced senes in terms of a model with a 
suitable number of autoregressive and moving average terms 

w t = <PiW t .i +--- + <p p w t . p +a t - Mr-i " "-O q a t -q, 

where the 4> p are the partial autocorrelation functions. There are least-squares 
techniques for estimating the coefficients m this sort of model, and for comput- 
ing the vanance of the noise in the data 

The difference and moving-average operators can be unscrambled to produce a 
forecast model in terms of the ongmal observations 

= 1 + •• + $pZr-p+©o+fi*-©iaf-i ~ ■ ■ - %a t . q . 

If the input data were transformed, the forecast would be generated m trans- 
formed terms and then put through the inverse process to get the forecast m ob- 
served terms. 

If there are seasonal cycles the contnbutions are computed by differencing 
over the length of the cycle, so that the September effect, for example, is based 
on data for all previous Septembers 

One of the major applications for this technique is to control processes in the 
chemical industry where, (a) there are senes of temperatures, pressures, flow 
_ rates, etc., with a great many observations available; (b) one knows quite a bit 
about the probable dynamics of the system being controlled; (c) the objective of 
the control is to change the stream of observed temperatures, pressures, and flow 
rates, and (d) the economics of improved yields on each of relatively few pro- 
cesses warrant considerable effort to develop highly precise forecasts of the state 
of the system over the control response time. 
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6 3 Bayesian Forecasts 

Harrison and Stevens [1971] have developed a practical forecasting scheme 
which includes the essentials of the previous two as special cases A rigorous 
treatment of the mathematical foundations and practical guides to use is in prep- 
aration So long as the data observed continue to be consistent with the fore- 
casts, the forecasts are stable and the projected distribution of errors approaches 
the minimum limits consistent with the noise m the observations A single large 
excursion increases the sensitivity of the process If successive observations con- 
firm a step or ramp change, the forecasts quickly settle down with a new fore- 
cast model. But if the excursion was a transient pulse, the forecasts stay where 
they were previously 

The computations are relatively much more expensive than those required by 
the method given in Section 6 1 so that the power is warranted in cases where 
there are significant and unpredictable changes in the underlymg process, such as 
forecasts of consumer products demand, especially where there is an element of 
style or irregular market promotions The user’s pnor probabilities about what 
might happen can be taken mto account so that the system can start producing 
useful forecasts with little or no available history Alternatively, where there is 
history available one can start at the beginning of the senes with an arbitrary 
state of “ignorance” and let the computations leam the appropnate pnois 
through simulation 

A typical basic model for the current observation is d t - fi t + e t , where p is the 
level of the underlymg process and e is the noise m the current observation The 
current level is related to the slope by n t = ii t -i + + j t , where the trend itself 

changes by fi t = P r -i + The step change j and the ramp change 5, as well as 
the noise e, are assumed to be samples from independent and normal distnbu- 
tions with zero means and known (but not necessarily constant) variances V e , 
V 7 , and Vg 

In the multi-state model there are generally two states for each possible pertur- 
bance, each with different variances V s In the no-change state the variances are 
small, m the change state, the variance is quite large There are also prior proba- 
bilities tt, that the state w'as j previously and is in / now An example of four 
states, the associated probabilities, and variance ratios used by the authors as 
standard starting conditions is shown below. The noise variance V 0 is specified 
by a variance-law relationship to the current forecast (section 5.2), and the 
ratios R (/ > = F O) /F 0 

State / 7iy R e R y R 5 

No change 1 0.900 I 0 0 

Step 2 0 003 1 100 0 

Ramp 3 0 003 1 0 1 

Transient 4 0 094 101 0 0 



FORECASTING 23 


Let the vector 4> have five elements for, respectively, (a) the expected value of 
the level, (b) the expected value of the slope, (c) the variance (second moment 
about the mean) of the level, (d) the covariance of the slope and level, and (e) 
the vanance of the slope Then, if the joint distribution of the level and slope at 
time t - 1 is a bivariate normal with parameters , then the posterior distribu- 
tion after the observation d t is also bivariate normal with revised parameters 

The five elements of the revised parameter vector are given on the left in each 
equation below— if the value appears on the right it is understood to be the value 
as of the previous iteration 

m = m + b + A , e 
b = b + A 2 e 
<V =r n -Mv e 
v np = r i2 ~ A i A 2 V e 
Vpp ~ r 22 ~ A\V e 

The five “smoothing” constants are defined as follows, where c is the error in 
the current observation compared with the most recent forecast 

r i i = "nn + 2^0 + v pp + V 7 +V 6 

ri2 = "up + vpp + F 6 

*2 2 ~ vpp + V c 

V e =r n +V c 

At =r u /V e 

A 2 - r l2 /V e 

(There are also expressions for seasonal profile indices, which have been omitted 
here ) 

If there were N possible states initially, this process generates N 2 possible com- 
binations of having been in state i(i= 1,N) prior to the current observation, and 
of now being m state / (/= l,N) These N 2 possibilities are condensed mtoiV 
bivanate normal distributions with the same (weighted) first and second 
moments, so that the revision procedure can be earned on indefinitely 

7. MARKETING INTELLIGENCE 

None of the statistical desenptive forecasts can anticipate a change in the model 
of the process being forecast As noted above, there are some elegant techniques 
for detecting the change quickly and for making the appropnate response When 
there is an economic advantage to do so, and as one gams a greater insight into 
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the mechanism underlying the observations, then the forecast model can be made 
more and more elaborate. 

In many instances there are changes in the process which can be foreseen, but 
which are not incorporated m the forecast model For example, an intensive 
direct mail campaign may increase the number of subscribers to a periodical, the 
mtroduction of value-added tax (VAT) m Britain caused a wave of buying just 
before it went into effect, the massive promotion to introduce a new product 
like Tange or the Polaroid SX-10 not only sells that product, but creates an 
awareness of genencally similar products, and displaces demand for old products, 
directives from Washington radically change the patterns of purchase and con 
sumption of petroleum products 

The consequences of these changes in products, in marketing, in the economy, 
and m government regulation often cannot be computed with any precision, but 
experienced managers who give careful thought to the possibilities are more 
likely to indicate the direction of the change than if the issue isn’t even raised 
since there are no formal methods of dealing with the problem As Forrestei 
[1961] has remarked, the only forecast of such an effect that is guaranteed tc 
be wrong is zero 

Therefore it is advisable to have competent managers review the forecasts pro 
duced by the statistical, descriptive, system and make whatever changes seem ap 
propnate to account for new products, promotions, competition, govemmen 
action, weather, shortage of materials, and so on 

Part of the implementation of a forecasting system should provide reports fo 
selected items of the statistical forecasts and any previous changes that have beei 
introduced by marketing intelligence These reports can be aggregated for re 
lated products, markets and time period, to make them easy for expenenced an 
knowledgable people to review Often a corporation will have total sales goal 
or forecasts of the available market, which don’t match the sum of the individu; 
product sales forecasts 

When there is a disparity between the top-down goals and the bottom-up fori 
casts, management should review the reasons why there is a difference, and wh; 
factors were considered in each Then if the individual product sales foiecas 
are to be changed to meet the goals or potentials, not only is there a question ( 
how to spread the aggregate change among items, but also what specific actioi 
must be taken to assure that the resulting forecast will materialize. 

If production and distribution decisions are taken on a good forecast, and the 
marketing action is taken to assure that the actual sales match the forecast, tl 
costs of having the wrong forecast are minimized. Marketing the forecast me 
be a more economical avenue toward accurate decisions than elaborate attemp 
to forecast the market 

Of course, anyone with experience in subjective sales forecasting will immec 
ately recognize that input from marketing is “no good ” In organizations whe 
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the people responsible for such forecasts feel sure that the results will be modi- 
fied, second-guessed and ignored, it is not surprising to find that the effort de- 
voted to their preparation is insufficient to do a good job. A practical device 
that is sometimes used is to provide feedback to encourage learning about what 
is effective intelligence to modify the forecast Suppose that the statistical fore- 
cast of sales for March is 1000 units The net subjective forecast for March, 
frozen earher to assure that ample material is available, was 1500 In April the 
actual sales reported for March are known to be 1375 If material had been pro- 
vided on the basis of the statistical model, there would have been a potential 
shortage of 375 (mitigated, of course, by safety stock— See Chapter 1-6) On the 
basis of the net subjective forecast there was a potential overstock of 125 If the 
shortage is considered twice as serious as extra inventory, the net improvement 
due to the subjective intelligence is (2 X 375) - 125 = 625 This could be ex- 
pressed in dollars, or as a normalizing factor, a multiple of the standard deviation 
of forecast errors. 

In any one particular period there are likely to be several forecast senes where 
there was some sort of change from the raw descnptive forecast A report back 
to the people who introduced the marketing intelligence, ranked from high to 
low in order of the figure of ment for the change, acts as positive feedback to 
encourage further significant and meaningful changes It also has the effect of 
minimizing the amount of time spent in making changes that are of httle value 
and actively discourages those changes which turn out to have been wrong 
Whether the reaction is to discontinue the wrong changes or to take more perti- 
nent action to market the resulting forecast, the result is greater profit, efficiency 
and pleasure for the organization. 
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1. INTRODUCTION 

Today, when dealing with firm-level problems of common concern, a rather 
broad interdisciplinary approach is bemg taken by (nominally) economics, ac- 
counting, or financial specialists This onentation was claimed, years ago, to be 
a primary benefit of a professional operations research (OR) study (Churchman, 
et al [1957]) and can, at least in part, be attributed to colleges demanding 
courses in quantitative methodology and research regardless of major business 
field Both practitioners and academicians possess, in addition to particulars of 
their own area, a common foundation in statistics and OR, economic principles, 
and industrial management 

Although accounting, finance, and economics roles tend to be blurred by rec- 
ognition of their interdependence, each individual's approach must, to some ex- 
tent, reflect the viewpoint of his departmental specialization The traditional 
role of accounting, for example, has been related to recording and analyzing 
economic events measured m dollar terms— a highly detailed and procedurally 
onented activity Managerial economics takes a rather aggregative approach to 
the firm, reflecting supply and demand schedules, material, labor and capital 
costs, product prices, production functions and technology, the nature of com- 
petition, and the firm’s relationship to the economic, political, and social en- 
vironment The financial specialist sits squarely in the middle, making financial 
decisions based on estimates of demand. But finance is also responsible for 
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investment, financing, and dividend decisions requiring the most detailed know] 
edge of their implications The economist has always studied inventory as an 
indicator of economic activity, the accountant has accepted detailed responsibil- 
ity f 0 r its valuation and security, and the financial specialist has recognized in 
ventory as a dominant element in working capital management, a principal deter 
rnmant of profitability 

Tins chapter offers a polarized approach to each area as a way of dealingwitlv 
progressively higher levels of organizational activity. Studies dealing with firm- 
level interdependencies and extra-firm influences and factors are, however, diffi 
cult to assign uniquely Therefore, any of the classifications of work which this 
chapter “assigns” to some specialist has been done for purposes of subject matter 
management rather than to imply boundanes 

1 1 Accounting 

The raw material for business decision making results from a pattern business 
events give nse to transactions which must first be expressed m dollar terms, then 
classified, recorded, summarized, and analyzed. Accounting, which cames out 
these tasks, is called Financial (external) ox Managerial (internal) 

Financial Accounting supplies periodic profit-and-loss and balance sheet state 
ments, and other reports for outsiders investors, creditors, regulatory bodies, 
and tax authontics, for example The sub classification. Tax Accounting, pro- 
vides expertise on tax regulations to guide the company in meeting its “minimum 
lawful tax” obligations, choosing inventory accounting procedures, depredation 
schedules, and organization of its corporate and subsidiary structure for mini- 
mum tax purposes 

Managerial {Internal, Cost) Accounting provides a variety of continuous and 
intermittent reports to management for purposes of performance measurement, 
cost analysis and control, and budgeting Internal Auditing is aimed at safe- 
guarding cash, receivables and payables, physical assets, and their records-with 
control variables which mclude both systems design and audit Accounting Sys- 
tem Design mtegrates the recording and classification phases of accounting with 
the many and diverse user needs for summaries and interpretation 

A relatively clear division between timely and accurate historical description, 
and useful information for normative evaluation and adjustment, is confounded 
by the existence of a common training and data base and the need to “shift 
gears” from one to the other in the interest of overall company benefit Mana- 
gerial Accounting is, then, both a descriptive procedure and a goal-seeking activ- 
ity engaged in performance measurement and control. 

Specific activities of accounting groups mclude. 

° management and control of current assets (cash, notes receivable, credit ac- 
counts, inventories), current liabilities (payables, notes, warranties, pension, 
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retirement, and other employee compensation programs), long-lived, fixed 
assets and acquisition or replacement programs, of long-term liability ac- 
counting and measurement retirement programs for bonds and other long- 
term debt instruments, 

• analysis and execution of short- and intermediate-term debt agreements in 
the context of liquidity maintenance, 

• accounting for multi-unit, multi-company, and multi-national organizations, 
and their unique valuation, tax/import duty, transfer, and consumption 
problems, 

• “patrolling” for compliance with legalities (e g , wage/pnce controls), 

• a variety of responsibilities m cost analysis, profit planning, performance 
measurement, and cash and performance budget programs 

Examples of statistical and mathematical programming applied to these ac- 
counting functions abound in the literature. Statistical decision theory is applied 
to optimal credit policy determination and probabilistic cost-volume-profit 
analysis Emphasis will later be given to linear programming (LP) and its use for 
transfer pacing, joint cost allocation, and working capital management 

1.2 Finance 

According to modem financial theory, the overall goal of the corporation is 
long-term maximization of its market value. This goal encourages good operat- 
ing decisions* to invest in new product development, to stnve for orderly and 
consistent earnings growth, to set and to achieve revenue and market-share tar- 
gets, etc -always reaching for the long-term, though possibly at the expense of 
some short-term profit reports. Financial management seeks to optimize the 
matching of sources and uses of funds in terms of their ability to enhance market 
value 

Fund sources are mcreases m equity capital, increases m debt, or the liquida- 
tion of assets (sales revenue)— all providing cash or its equivalent. 

Fund uses are decreases in equity capital (share purchase or dividend distribu- 
tions), reduction of debt, or investment m earning assets— all consuming cash or 
its equivalent Dividends to shareholders provide a yield on their stock invest- 
ment. Interest payment to a creditor is a before-taxes expense which goes to 
reduce an accrued liability. Each use of funds has some influence on the firm’s 
market value, as does the structure of the firm’s balance sheet. 

Market value is measured by earnings and the pnce-to-eamings ratio accorded 
the common shares in the market-place Earnings are added to the net worth or 
equity account, and thus a willingness to pay $20 for a share earning $2 accords 
a P/E ratio of 10. The required return on equity (reciprocal of the P/E ratio. 
010 here) is the cost of equity capital (K e ). K e taken together with K d , the 
cost of debt capital, provides a means of estimating the overall cost of capital 
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(K 0 ) One of the important elements in the analysis of sources and uses of funds 
is to manage the firm’s capital structure to achieve the lowest K 0 -since after-tax 
returns on investments of capital must equal or exceed K a m order to maintain 
the share pnce in the marketplace K 0 is thus an index of overall company 
performance 

Most financial situations/decisions are highly complex Investment commit- 
ments are interdependent and their returns are often correlated Correlated cash 
flows can lead, over time, to wide variances in total cash flows This business 
risk, then, with its multi-project companion portfolio risk , can lead to so-called 
nsk of rum, or financial nsk the likelihood that unfavorable variances in net 
operating income, combmed with creditor debt service requirements, could 
render the company illiquid and/or insolvent, and bring about either serious re- 
duction in net worth-or bankruptcy The combmed treatment of investment, 
financing, working capital management, dividend payout, and liquidity plan 
rung-all of which are probabilistic, mterdependent, and dynamic-leads to highly 
complex formulations and solutions The greatest attention here will be given to 
the integrated models and their interpretation for management purposes 

2. ACCOUNTING 

Underlying the uses of OR and/or statistics by the accounting profession are two 
differing themes A more or less descriptive approach uses methodology to en- 
hance the accuracy or efficiency of traditional accounting functions The pre- 
diction of accurate bad debt allowances is an example, depending heavily on 
statistics for both description and control Alternatively, and to an increasing 
extent, decision theory and mathematical programming are used to provide 
credit pohcy and planning guidance, or to enhance credit decision-makmg 
processes 

This section will consider both themes in dealing with elements of two areas 
of interest to the profession working capital (credit and Teceivables, cash, pay- 
ables, and inventory), and managerial accounting (budgeting, joint costs, and 
transfer pricing) Some bnef references to other work will help readers locate 
reports of many aspects not covered here 

2 1 Working Capita! Elements 

Sales volume for most businesses is greatly enlarged by the decision to sell “on 
credit ” The wheel of retailing is set in motion as assets (inventory) are con- 
verted to assets (cash) Sales on credit lead to Accounts Receivable Each credit 
sale is converted, eventually, mto either a Paid Account (cash) or a Doubtful 
Account (loss). The net proceeds ( Credit Sales less Uncollectible Accounts ) are 
then reinvested through orders and payment for Inventory— and the wheel begins 
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another turn. Accounts receivable are frequently the largest current assets a firm 
possesses, and therefore of great mterest to sales departments, credit managers, 
collection agencies, factors (who purchase accounts receivable), management, 
and stockholders. Cash and inventory management practices have substantial 
impact on return on investment. 

Credit Sales — Statistical analysis and Markov transition matrices with absorbing 
states have been successfully used to deal with prediction of the rate of conver- 
sion of accounts receivable into cash, and bad debt loss; and through compansons 
with these predictions, as a control device for credit department action. 

Detailed statistical analysis is used to identify different behavior classes of cus- 
tomers, their buying volume, and their payment patterns. Where significant dif- 
ferences justify the mcreased complexity, the proportion of credit sales attribut- 
able to each group can be calculated for weighting the results of the overall 
analysis Substantial variation m volume may result from seasonal fluctuations 
and promotional activities, this calls for ways of deseasonahzing sales experience 
and allowing for secular trending In order to assure accurate transition matrix 
values, estimation procedures have been suggested ranging from a moving average 
or exponential smoothing to the more extensive treatments by regression analy- 
sis (Lewellen and Edmister [1973] ) 

The statistical analysis results m frequency distributions describing the proba- 
bility that a dollar of credit sales will be paid at the end of successive time peri- 
ods The assembly of these data into a Markov matrix permits manipulation 
toward a number of ends In a regular Markov matrix, the first two columns are 
the absorbmg states, representing payment in full of a credit sale or movement 
mto the bad debt category The remainder of the matrix gives transition proba- 
bilities for the likelihood that a dollar of sales debt owed at the end of time pe- 
nod t will still be owed at the end of t + 1 , t + 2, . and including t = n, the bad 

debt absorbmg state Since each credit sales dollar must ultimately be absorbed, 
either mto “paid” or “bad debt,” the matrix can yield a steady-state distribution 
of receivables probabilities by age, and their variances, the loss expectancy rate 
and its variance, and the dollar expectancies for each age account when the vec- 
tor of current dollars of receivables by age is an input The basic theory of 
Markov processes is described quite clearly by Kemeny, et al. [1972, pp. 1 13-17, 
215-29,237-50], 

Through cychc repetitive chain manipulation (Cyert, et al [1962]), a vector 
of (past, or predicted future) sales can be premultiplied by the transition matrix, 
to yield the predicted dollar inflows and their variances as a function of time for 
cash management planning The steady-state probabilities can be used, with 
actual sales experience, to provide a control function within the credit depart- 
ment. So long as the actual account payments are within ± an appropriate 
number of standard deviations of those expected, no action is required, other- 
wise, possible shifts m payment patterns should be investigated The index of 
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mean collection period to that expected has also been suggested as a control 
measure (Bemshay [1965]) 

The results of credit sales analysis have been extended mto the realm of credit 
granting policy. Many banks and most finance companies use credit-scoring 
models. Descriptively, a scoring model attempts to assign numencal weights to 
various personal and credit history items on a credit application form High 
scores are then interpreted as high disposition to pay credit obligations promptly 
In a study on secured loans made by a West Coast finance company (Cohen L 
Hammer [1966]), a large sample of credit experience histones was analyzed using | 
score levels to “refuse” applicants, and the actual experience was talked against 
the rule For each successively higher score level, the percentage of bad (repos- 
sessions) accounts eliminated was compared with the percentage of good (paid 
off) accounts also eliminated by the hurdle score In its implementation, the 
volume of loans desired, probable proportion of losses, and probable number of 
satisfactory accounts refused were all considered in setting the hurdle score 

Mehta [1968] analyzes present credit policy as measured by bad debt ratios, 
receivables outstanding, the average collection periods, and volume of credit 
sales (aggregate of decisions to grant credit) The model is that of sequential de 
cision making under risk, using the Bayes criterion of minimizing the expected 
opportunity losses associated with each action choice. (The chapter on decision 
analysis provides details of concepts and solution procedures ) At each stage 
there exist three alternatives with respect to an application accept credit sales 
(opportunity cost is the likelihood of nonpayment plus expected credit collec- 
tion costs), refuse credit sales (opportunity cost is the likelihood of payment 
tunes the contnbution margin), or investigate further (opportunity cost is re- 
lated to evaluating records, obtaining agency ratings, doing checks of other credi- 
tors, or, finally, doing a financial statement analysis— each step of which involves 
some further costs but also provides more data for credit decision making) 

Based on response classifications, size of order, old or new customer, and other 
determinants of probability of payment or nonpayment, one of the three alter- 
natives (accept, refuse, investigate) mvolves the least expected opportunity loss, 
and is used to provide operating decision rules to the credit personnel Further 
work (Mehta [1970]) uses dynamic analysis and Markov chains within the nor- 
mal collection period, when action choices are presented which involve extension 
of credit, granting additional credit, or a possible decision to tighten credit 
through intensifying current collection efforts 

Cash Management— The cash balance acts to “damp” maladjustments in timing 
between inflows and outflows of funds According to a study by the National 
Industrial Conference Board (Pflomm [1961]), control of cash transactions is 
actually a variety of problems predicting cash balance changes, financing cash 
requirements, investing excess cash, and improving collection procedures Com- 
puter simulations have been run to describe (future) cash budgets under a variety 
of conditions of interest to management, while so-called optimal financing mod- 
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els have been developed using LP or dynamic programming (DP) (Elton and 
Gruber [1974] ) The major stock brokerage houses have sought to improve the 
firm’s earnings on excess cash through the services of institutional money market 
specialists. And extensive work has been done since the early 1950’s (Horn 
[1964] , Leone [1964] ) to improve collection procedures. 

Pro forma cash budgets, cash simulation models, and more sophisticated statis- 
tical cash forecasting models mclude not only the “driving force” of cash and 
credit sales for the planning period, but the effect of longer term decisions such 
as capital investments, term loan or bond maturities Also scheduled are shorter- 
term legal obligations such as tax dates, wages and salaries, and other contracts. 
The output of any cash forecasting model identifies the timing and amount of 
expected changes in cash balances 

Stochastic variation in the cash flows can be handled by maintaining a liquid 
balance whose level is determined by comparing the opportunity costs of short- 
ages (borrowing, forced premature assets liquidation, discounts passed up) to the 
carrying cost of excess funds (longer-term, higher-yielding securities not invested 
m, or no yield at all 1 ) Optimal policies may be defined for situations m which 
the expected holding and shortage cost is convex and in which decisions to 
adjust level of cash do not involve fixed cost (Girgis [1968] ) Under somewhat 
more complex assumptions, and with fixed costs associated with increases or 
decreases, a convex bounding approach can be used to provide a simple, nonop- 
timal policy, when the true optimal policy is complex (Neave [1970] ) Decision 
rules based on the policies will prescribe appropriate adjustments at each review 
stage Just as in its inventory counterpart, this form of cash management model 
does not choose among alternative investment and financing possibilities to opti- 
mally manage excess or shortage situations In recent years, LP has been fre- 
quently used for this purpose 

Several points must be mentioned here. First because of the general availabil- 
ity of high-speed computers and good user-onented mathematical programming 
software, the actual solution of a highly detailed yet comprehensive cash man- 
agement problem with, perhaps, several thousands of decision vanables and hun- 
dreds of important and realistic constraints, is completely feasible Any diffi- 
culty lies m the conception of the problem, m its detailed formulation, and m 
the interpretation of results 

Second the degree of detail and the frequency with which it must be run for 
decision purposes becomes a matter of economics Unpublished studies using 
City of Miami, Florida, data mdicate that weekly analyses are sufficient, with a 
fifty-two week rolling horizon for longer term A portion of the model uses daily 
stages, and then a set of longer, unequal-length periods (months) More detail 
means more realism— and probably more frequent revision and higher run costs 
Of course, less detail (or higher aggregation) means less accuracy, perhaps more 
managerial insight, and less run time. 

Third the trade-offs between detail and aggregation, and the level of decision 
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nut model construction aiming at optimal carrying levels and replenishes* 
programs. These are still very much m evidence in the accounting practitioner I 
literature (Slaybaugh [1971]) Recent work m accounting arms’ publication 1 
emphasizes the benefits of simulation m evaluating various policies which ncdn 
be applied to inventory management (Shaw [1971] ) 

Computerized inventory systems management is very much m vogue todr.' 
Some readers will recognize “MRP ” Materials Requirements Planning as a cur 
rent example (Peterson [1975]). The system captures data from thenomnl 
paperwork flow accompanying purchasing, production, sales, and service actm 
ties Such paperwork is all relevant to some portion of either accounting <k 
production/marketing It is not additional work, but rather another use of 
data/tasks accomplished for other purposes. 

Conclusions- Each Working Capital item can be treated separately, as can each 
subproblem under every item. One of the objectives of financial managements 
to balance the nsks and costs associated with small mventones, small cash bal 
ances, and small receivables, with the gains to return on investment that accrue 
by keepmg current assets small We have seen the varied roles of the accounting 
profession in detailed development of methodologies for managing working earn 
tal The same elements, being part of aggregate financial management, will 
appear again in that context. 

2.2 Managerial Accounting 

Reports, studies, and comparisons generated for internal management use in 
planning, operating, and controlling the business firm have none of the restnc* 
tions imposed by the principles and standards of financial accounting and audit- 
ing The normative elements of credit, cash, and inventory management all fall 
within managenal accounting Most of the contributions of OR to this area are 
m planning 

Cost-Volume-Profit (CFP) or Breakdown Analysis— CVP uses the concept of 
contribution margin, or marginal income per unit of sales, as a principal tool for 
comparison. With the trend toward more realistic assumptions and more inte- 
grated approaches to product decisions, a vanety of models has been developed 
The ongmal purpose of breakeven was to estimate the minimum required sales 
volume to recover the full costs of production. Its extensions (see Condition VH) 
have brought it fully into capital budgeting, a Finance function 
Conditionl. Single Period, Single Independent Product, Certainty Conditions- 
In an existing plant with excess capacity, a decision to increase output will in- 
sohe added material and energy costs proportional to output changes— and a 
fixed cost for the added labor input. This is a marked departure from traditional 
CVP analysis The comparison is between revenues from the additional product 
(P ■ AQ) and the sum of the added labor cost (L) (man-months, man-yeais) and 
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' the direct variable costs (VC) of the additional units produced ( L + VCAQ) This 
I 1 situation can arise in considering temporary second-shift operation of an existing 
* plant with all additional labor force bemg new-hires There may be some mini- 
? m um number of workers required to run the second shift. 

Condition II. Multi-Period, Single Independent Product, Certainty Condi- 
' tions— The known cost of increased fixed plant (F) and the variable labor, mate- 
■ nal, and energy costs (VC) associated with umts of production are compared 
! with sales revenues (R~P’Q) Volume greater than that at which the revenue 
' curve crosses the cost curve (F + VC • Q ) is profitable. Various assumptions 
: about costs, pnce per unit, and volume relationships, and the net profits and 
BEP’s associated with each, complete the traditional CVP analysis. Recent work 
(Manes [1966]) urges that cost of capital be mcluded in the CVP calculations, 
since there are opportunity costs associated with making the present capital in- 
vestment instead of others. If more than one (accounting) period is required to 
recover total costs (BEP), then the contribution margin should be discounted 
back to the present, 


Discounted Contribution Margin = 


\Z[P-Q(t)-VC-Q(t))l(l+K o y 


where K a is the overall cost of capital 

Condition IIP Multi-Period, Single Independent Product, Alternative Produc- 
tion Techniques, Certainty Conditions- The different combinations of 
(F+ VC(Q))'p yield RJEPy’s which are portions of the short-run cost curves for 
the technologies (T) described. The linear portions of their respective curves lie 
approximately in the long-run total cost curve for the product The range of 
demand must determine the technology chosen For a given pnce per unit, the 
proper decision is to choose the technology with the lowest total cost for the 
planning volume selected (Mitchell [1969] ). Cost of capital should be mcluded 
m the calculations according to present thinking 

Condition IV. Multi-Period, Single Independent Product, Alternative Produc- 
tion Techniques, Curvilinear Revenue and Cost Functions, Certainty Conditions- 
Elasticity of demand provides a pnce-volume relationship (P(Q)). Technology 
(T) provides a total cost-volume relationship C(Q, T) for each alternative pro- 
duction method, including both fixed and vanable costs without restnction to 
linear functions. The calculus denvative (dP/dQ) descnbes rate of change m 
profit (R(Q) - C(Q )) and determines the maximum profit point by solving for 
Q for zero slope (Goggans [1965] , and Givens [1966]). The problem may also 
take the form of changes m volume, pnce, or quality (vanable cost). This per- 
mits movement from one product-demand elasticity curve to another. Concur- 
rent changes in volume and price which result in the same profit can be used to 
develop a profit indifference curve to assist m the measurement of profit nsk 
when making pnce change analyses (Morrison & Kaczka [1969] ). 
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Two factors operate to make the model nonlinear, the learning curve in air- 
•' cr aft manufacture, which shows a consistent reduction in direct labor charges as 
' a function of the number of units produced (Hartley [1971]), and the finite 
: production rate (between three and five ships a month after delivery of the first) 

• A large and long-term capital opportunity cost is involved in the nonrecurring 
costs of RDTE and IIT, as well as the stream of payments on dehvered ships To 
: judge from the statements at the hearings, Lockheed apparently ignored cost of 
; capital in their breakeven calculations. The nondiscounted cash flows and the 
direct cost of RDTE and IIT led Lockheed to predict breakeven at about 200 
; ships sold Inclusion of the cost of capital at 10% for the four-year RDTE and 
i IIT periods, and for the long delivery period, moves the breakeven point out to 
1 some 500 ships Since the world market for wide-body, intermediate-range ships, 
r assuming a 10% annual rate of growth in air travel, was estimated to be some 
: 775 aircraft (an optimistic figure), and the Douglas DC-10 was a reality (leaving 
: Lockheed a 35-40% market share— perhaps 300 ships in all), the result is no 
r capital recovery on the opportunity costs of the biUion-dollar nonrecurring ele- 
:< ments Reinhardt concludes that the presentation of an undiscounted CVP 
: analysis by Lockheed, which induced the Government to guarantee a S250 mil- 
lion loan, may have consigned both airbus projects to languishing economic 
; futures 

Profit Planning and Control- The planning (or fixed) budget of the firm de- 
scnbes its future programmed activities and their outcomes in dollar terms, for 
the budget period, e g , the monthly pro forma cash budget provides details of 
: funds flows by day /week, and their timing and amount A planning budget re- 
, fleeting goals, decisions, and profit plans, when coupled with an income state- 
i ment, becomes a performance budget— a benchmark against wluch to measure 
, progress, e g , the monthly pro forma cash budget is coupled with investment 
opportunities for excess funds or costs of alternate sources of funds to meet 
s cash deficiencies), and the revenue (net cost) of cash management operations is 
_ estimated for the period. 

j When the performance budgeting concept is applied after the fact, and the 
, actual results are compared with those planned, the variances (favorable/unfavor- 
„ able) are analyzed The flexible budget provides programmed results allowing 
, for the effect of uncontrollable factors, and generates new performance stan- 
dards under the revised conditions Profit planning and control is routinely ap- 
„ plaod within decentralized operating organizations, assigning profit center man- 
, agement responsibility and authority, and evaluating managerial performance 
based on the results 

However, the development of computer technology has led to major changes 
m both planning budget generation and after-the-fact flexible budgeting the 
„ accounting data base can be manipulated statistically to provide the necessary 
empirical distributions for highly realistic and detailed simulations of budget 
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behavior under a variety of what lf*^ scenarios, and mathematical models can 
provide both the descriptive (flexible budget) and normative (feedback and con- 
trol responses) extensions useful for divisional activity management. 

The literature of accounting has descnbed a variety of budget simulation mod- 
els for both profit-making and non-profit-making enterprise, e g , RAPID is a 
university budgetary simulation (Peat, Marwick and Mitchell [1967]) The de- 
velopment of various mathematical models to yield budget and performance 
evaluation details will be briefly traced here 
The product mix which maximizes expected contribution margin can be ob- 
tained by a straightforward application of mathematical programming, and is the 
logical input for a planning budget. Treatments providing insightful discussion 
of the mechanics and interpretation of the results have been reported recogniz- 
ing linear conditions and showing the usefulness of sensitivity analysis (Onsi 
[1966] , Dopuch, et al. [1967] , Demski [1967] ), on the realistic effect of inte- 
ger restrictions (Rappaport [1967, 1969], Jensen [1968] , Glover [1969]), on 
the explicit recognition of random elements in both profit coefficients and 
resources/demand (Gonedes [1969] , Ferrara & Hayya [1970]) Ranging can 
help identify “strategic” resources and their values The stability of the solution 
in adjusting to resource quantity changes can be examined effectively through 
post-optimality analysis rather than using traditional flexible budgeting Identi- 
fication and explanation of under utilized (“non-strategic”) fixed resources 
which are slack at optimum, while avoiding performance penalty, and assessment 
of the impact of cost or productivity changes both directly and in terms of the 
contribution, technology, resources combination, all are demonstrated in the lit- 
erature, and are identified with industrial applications. The decision to engage m 
wide-ranging parametric programming in order to trace a probabilistic profit pro- 
file (Ferrara &. Hayya [1970]) is an analytical approach to earlier simulation 
procedures (Hertz [1964, 1968]) with essentially the same objectives 
Cost Accounting — “In the past ten to fifteen years considerable emphasis has 
been placed on ‘proper’ methods of planning and controlling a decentralized 
firm. If we postulate that the firm’s objective is to maximize profits, the prob- 
lem becomes one of the allocation of scarce resources Decentralization is in- 
tended to combat the inefficiencies inherent in a large centrally planned and con- 
trolled organization By making each division a profit center, thus responsible 
for its own planning and controlling, the informational flow is greatly reduced 
and decisions are more in keeping with the current state of affairs If there were 
no dependencies between divisions, a simple division of the firm into smaller 
independent operating units would be highly advantageous” (Hass [1968]) 

Most decision centers are, however, interdependent with respect to factors of 
production, particularly capital Economy of scale suggests sharing of certain 
services (firm-level coordination, and more obvious technical service elements) 
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Divisions are frequently suppliers of product to other decision centers— where 
selling pnce, perceived as revenue to supplier-division, is a material cost to the 
buying division Ideally, the method devised to assign overhead, jomt costs, or 
transfer payments will have each decision center making decisions optimal for 
the whole firm, with a minimum of cost for coordination, information flow, and 
messages Shubik [1964] suggests using game theory and the “Shapley Value” 
derived from the individual profit possibilities of each division operating alone, 
compared with their superadditive profits (synergism) when acting together 
guided by a corporate coordinating function. 

There is general agreement that an effective way to accomphsh goal-congruent 
behavior is through an administered pnce system Decision center management 
acts to achieve optimal divisional operations in response to matenal, labor, and 
capital costs, and product pnces— each, to some extent, a decision vanable con- 
trollable by the firm (Gordon, m Bonrni, et al [1964] ). 

Inventory Valuation — shows the effect of differing cost systems A direct cost 
accounting system accumulates all of the vanable costs of manufacture and as- 
signs them to finished umts of production as inventory value— a current asset In 
addition to direct costs, a full absorption cost system also prorates costs of fac- 
tory and administrative overhead to units of production on a standard volume 
basis Substantially all of the costs of operation are charged against inventory as 
it is created, thus increasing its book value One of the results of this procedure 
is that reported profits increase as end-of-penod inventory builds up OR studies, 
one using analytical inventory models (Ijm, et al. [1965]), and the other DP 
(Bailey [1973]), have compared the two costing methods to show that direct 
costing leads to production-inventory decisions favoring the firms’s profitability 

Considerable challenge is offered by the need for allocation procedures which 
decision centers understand, and which will motivate decisions good for the firm. 
Statistical studies supplemented by calculus have developed two criteria consis- 
tent with firm goals, by which allocation schemes may be evaluated Quite often 
indirect costs are allocated to profit centers on the basis of a product attribute, 
e g , direct cost, value, size, weight. Brief and Owen [1968] recommend using a 
least-squares minimization to evaluate the choice of both the attribute and the 
weighting scheme, i e., the most consistent and equitable scheme will have the 
smallest sum-of-squares. A second study (Brief & Owen [1970]) look at the 
purpose of overhead allocation to product, that of matching period costs with 
period revenues The best allocation scheme is the one which yields an efficient 
estimator of the overall rate of return m each reporting period, l e , a scheme 
which minimizes the least-squares deviations of return in period t from the over- 
all return determined to have been achieved m the planning honzon. Monarty 
[1975] suggests that joint costs are only incurred to avoid the higher cost of 
purchasing the needed services elsewhere— hence the allocation of the costs 
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sources and customers are truly competitive under all conditions of the market 
when clearly defined firm goals guide all decision centers. 

2 An opportunity cost transfer price can be developed under perfect compe- 
tition and under the monopsonistic seller (or monopsomstic buyer) conditions 
often prevailing in the firm (Holstrum and Sauls [1973] ) The opportunity cost 
is defined by evaluation of the next best alternative (purchase or sale) and of the 
benefits foregone by not accepting it The analysis of detailed market condi- 
tions, and the careful application of marginal analysis to demand shifts m both 
intermediate and final product markets, are involved The firm must set the 
proper pnce, and check against possible data misstatements by decision centers 

3 Taxes or Subsidy Payments should operate to equalize the true firm-level 
contributions of the decision centers (Hirschleifer, [1964] ,Ronen & McKinney 
[1970]) The Central Office (firm) acts as a cleanng house for data from 1 sup- 
plying and purchasmg divisions which describe their supply and demand sched- 
ules Through the subsidy (tax), the division is credited (or charged) with its 
quantity-price decision’s effect, including external-market elasticity, on profits 
at the firm level 

These three “philosophical” views of optimal transfer pnce development are 
not unquantitative. Rather, they point up the shortcomings of those pure math- 
ematical programmmg approaches which, at the present state of the art, do not 
adequately handle the internal (division managers) and external (market) behav- 
ioral aspects of the situation 

Mathematically denved shadow pnces (marginal worth of a resource) can be 
used to set selling pnces on goods for which there is no intermediate market 
(Onsi [1970] ) The solution chooses the volume that maximizes firm-level prof- 
its for a given demand schedule and a pnce equal to the shadow pnces of re- 
sources used in production. This is only appropnate, however, when these same 
resources can be used for other products having outside market pnces The sell- 
ing division then pnces the intermediate product to maintain total contnbution 
margin 

When a resource is underutilized, or when the shadow pnce associated with the 
outside product is very high, this approach will cause difficulties through high 
intermediate product pncmg to buying divisions Decomposition techmques 
can be used to achieve an optimal firm-level solution by centralized pncmg 
(“negotiation”) (Baumol & Fabian [1964] , Hass [1968]) There are many ex- 
amples of the failure of pure economic shadow pnces to assign proper transfer 
pnces for decentralized operating divisions (e g , Manes [1970] ) Where central- 
ized pncmg can be justified on a behavioral basis the decomposition technique is 
effective 

Shulman [1969] discusses the added complexities of national instability, 
“joint” ownership, taxes, profits repatnation, and other elements of transfer 
pncmg ansing m the operation of overseas divisions and subsidianes— the multi- 
national firm— but makes no mathematical proposals 
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2 3 Trends and Conclusions 

Accounting professionals are thinking and acting at the firm level Each of th 
topics covered m this fragmentary treatment ends with a consideration of broad 
implications of managerial action A thrust in the professional consulting area- 
the management services offered by accounting firms outside the tradition:! 
auditing and accounting systems areas-includes such diverse activities as mar, 
agement information systems design; merger valuation advice, obtaining locd 
investment in overseas firms, reorganizations overseas, parochial school financial 
systems, improving market efficiency; PPBS, systems analysis for higher educa 
tion , pastoral planning, and a variety of other profit- and non-profit-management 
applications with little “traditional accounting” relevance. 

Implicit in the existence of a computerized accounting system, the great com 
putational power m third- and fourth-generation functional mathematical pro- 
gramming codes, the many user-onented statistical packages, the optical scanning 
devices used for bank check processing, and in the strong interest expressed by 
accounting practitioners m broad management topics, is the possibility that, at 
least technically , many of the compromises of decentralization may no longer 
be necessary. The increasingly complex formulations of recent years suggest 
that more centralized administered pnce systems may be nearly here And, at 
the opposite pole, accountants are studying quantitatively the behavioral effects 
of information for both descriptive and normative purposes (Theil [1969], Lev 
[1969] , Hinomoto [1971] ,Demski [1972]) 

3 FINANCE 

“The principal role of the capital market is allocation of ownership of the econ 
omy’s capital stock In general terms, the ideal is a market in which pnces pro- 
vide accurate signals for resource allocation that is, a market in which firms can 
make production-investment decisions, and investors can choose among the 
secunties that represent ownership of firms’ activities under the assumption that 
security pnces at any time ‘fully reflect’ all available information [i e , an “effi- 
cient’ market] (Fama [1970, p. 383] ) The goal “long-term maximization of 
the market value of the firm” implies strategic and operating decisions involving 
many vanables and constraints “Price” is the best estimator of value Some of 
tlie determinants of value are earnings, growth of earnings, dividends, net worth, 
size, and leverage (Gordon, [1962} ,Sloane & Reisman [1968]) These vanables 
influence the cost of debt borrowing, the cost of equity capital, and the overall 
cost of capital K 0 , over time 

K a prescribes the investment opportunities schedule which the firm may con 
sider. The investments, their business and portfolio risk elements, and the 
method(s) by which they are financed influence the cash flow and working capi 
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tal position of the firm and determine its solvency or financial risk of rum The 
net result of these decisions over time is a market price reflecting the investors’ 
assessment of expected returns from holding, length of time required to achieve 
the returns, and the variance of returns (or risk) inherent in the mvestment 
This complex and interdependent set of relationships leads to a financial sys- 
tem model made up of many elements of micro- and intra-division decision prob- 
lems and cash management variables, plus more aggregative elements of demand, 
pnce, factor costs, and environment 
It was not ever thus 1 

3.1 Finance— Historical 

Principal financial concerns m the 1900’s related to capital market and institu- 
tions, equity and debt financing, promotion, mergers, and consolidations In 
the heyday of post-World War I prosperity, the mvestment banker’s role, and 
securities and common stock financing principles, were added to financial think- 
ing During the Depression (1930’s), urgent and continuing emphasis rested on 
liquidity management, lender protection, and the response of the firm to reor- 
ganizations and proceedmgs m bankruptcy The regulatory requirements for more 
financial disclosure, and the great increase m emphasis on financial accounting 
systems, subsequently led to work on evaluation of firms through analysis, with 
much study of sound financial structure. During these decades, most financial 
thinking had empirical, expenence-based origins 
By the 1950’s, external financing and analysis, planning and projection of cash 
flows, and a nsmg interest m the efficient allocation of capital in the firm had 
been added In the 1960’s, the financial role expanded to include aggregate fi- 
nancial assets management on the basis of contribution to goals Since then, the 
valuation of the firm both by investors and by creditors, and integrative theories 
of finance have led to an analytical field of study with a full complement of ad- 
vanced mathematical and statistical methodology (Van Horne [1969] , Philip- 
patos [1973] ) The uncertainties of inflation, violent pnce changes, non-growth 
conditions, and floating exchange rates, are all explicitly represented in the com- 
plex analytical models of the mid-decade 

3 2 Elements of Financial Decision Making 

Investments — A rational investor seeks the highest possible certain returns. If 
only nsky investments are available and their vanances of return are equal, the 
investor will choose to receive the highest expected return If different return 
vanances exist for equal expected return, the mvestment with the lowest vanance 
will be chosen. Investor utility (nsk aversion) will operate to select among in- 
vestments with unequal expectations and unequal vanances Weighted average 


ACCOUNTING AND FINANCE 47 



Fig 1 The process of investment management Source Burnham, J M Con- 
ditional Chance Constrained Programming Techniques in Portfolio Selection 
University of Texas at Austin, Graduate School of Business Administration 
(April, 1970) and on demand by University Microfilms, Ann Arbor, Michigan, 
with permission 
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orthodox application of regression concepts is used to determine “Alpha”— the 
percentage change m stock pnce, with NO change in the level of the maiket 
index' In an even or rising market as determined by the forecasting techniques, 
selection wall favor high positive Alpha and high positive Beta stocks, the maxi, 
mum Beta values being constrained by risk tolerance. 

Like most stock selection work the QUANTITY ANALYSIS activities are en 
tirely computerized Their key elements include* the amount of stock outstand- 
ing that m ‘public’ hands, and the volume-behavior of the stock (price response 
to large purchases and sales) See the work of Computer Directions Advisors 
(Levy [1969] ) for an example of proprietary services available. At this stage the 
various regulator}' and policy constraints on portfolio proportions of individual 
stocks may be applied to the analysis. 

PORTFOLIO SELECTION activities use various mathematical models to 
examine the expected behavior of the portfolio (bundle of risk}' assets) in terms 
of its reward and risk characteristics Quadratic programming (Markowitz 
[1959]), Linear Programming (Sharpe [1963]), and geometric mean return ca- 
tena (Latane [1975]) have been applied to the portfolio problem. Satisficing 
(as contrasted with optimization) has been a guide to investment decisions, where 
risk of loss in individual holdings (Burnham [1970]) or across the portfolio as a 
whole (Barron, Burnham, and Joy [1973]) has required preemptive selling de- 
cision rules to protect the assets. Logically, the satisficing individual or funds 
manager wants to maximize the likelihood that a specified asset growth goal (the 
satisficing level) is, m fact achieved This objective function has been descnbed 
as a conditional chance-constrained multi-stage problem (Burnham [1970]) and 
small test problems have been solved using SUMT (Fiacco and McCormick 
[1968] ) Mathematical conversion of the probabilistic form to its deterministic 
equivalent leads to an expression with the measure of anticipated gam divided by 
the measure of anticipated risk -more or less equivalent to “Alpha divided b) 
Beta”' This sort of reward/nsk ratio has been institutionalized by the Value 
Line (Bemhold [1976] ) advisor}' service m ranking stocks for year-ahead perfor- 
mance AND risk class, as w’ell as for the longer three-to-five year horizon 

ORDERS and TRADING activities provide execution of decisions made by the 
Portfolio or Program Manager Since large buying or selling activities can effect 
the trading paces obtainable, Quantity Analysis is a vital input to this activity 
So block trading. Third Market activities, and trading through regional exchanges 
can be employed to obtain the highest average realization from a sale, or lowest 
average pnce on the buy side Data on “float” or number of shares NOT closely 
held, and on Exchange floor activities, and on Third Market and block pacing 
are nearly all computerized. 

Perhaps the most vital and least publicized activity is CONTROL, m the many 
respects indicated m its block m Figure 1 . As a management system, CONTROL 
can achieve substantial gams despite inadequacies or inexactness in other areas. 
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such as FORECASTING, STOCK SELECTION, or PORTFOLIO SELECTION 
Since price is a random variable, and value an inexactly estimated quantity, and 
estimates and decisions m each of the other areas is dependent on these quanti- 
ties, a set of decision rules should, and can, be estabhshed and implemented to 
protect the portfolio assets from serious damage due to these inexact figures 
Ongoing research by Burnham et al. [1971] has developed the “shadow” con- 
cept— using a simulation model of the ongomg portfolio of risky assets with all 
additions to the portfolio based on reward/nsk and minimum anticipated gain 
catena, and all deletions from the portfolio based on having realized most, or 
all, of the gams anticipated when buying, or on having expenenced a decline in 
pace greater than some predetermined magnitude for the risk class involved 
Whitmire, et al [1971] and Lmdsley [1971] provide more detail m these areas 
Lindsley also reports the results of test apphcation to the portfolio of a pension 
fund managed by an insurance company. A number of doctoral dissertations 
have developed from these beginnings The “shadow” idea is not to manage a 
portfolio, but rather to give the Program Manager a control measure against 
which to evaluate his own actions m the real portfolio. Thus, the mechanically- 
managed “shadow” is a benchmark and a means of evaluating the likelihood of 
meeting the management’s goals by using the policy guidelines, regulations, and 
so forth which constrain the manager, AND the actual state of the market for 
the secunties held m the portfolio. For access to much of this material consult 
the PROBE 2 office (Kozmetsky [1976]) 

Recent federal pension reform legislation in the United States, especially with 
respect to liability of the company for the acts of its fiduciary officers, may give 
added impetus to more rapid development of the PROBE control concepts 
pioneered at the University of Texas It seems certain that further developments 
in the fiduciary investments management area will continue to involve OR 
practitioners because of the required blend of statistical, decision-analytic, 
simulation design and evaluation, and optimization skills required to assist the 
new “prudent men” money managers m both performance and protection 
Capital Budgeting— is to the firm what secunty or portfolio choice is to the 
investor Capital rationing— implies more acceptable projects than the available 
capital can undertake, requiring discrimination in selection. The interdepend- 
ence of expected net cash flows vanances, varying matunties or timing of flows, 
and differing levels of return expectations require a full range of mathematical 
methodology. The essence of the procedures is to maximize the expected return 
from a bundle of nsky assets subject to some upper bound on risk, using integer 
linear or quadratic programming (Wemgartner [1966a, 1966b] , Byrne, et al 
[1967, 1969] , Carleton [1969] , Mao & Brewster [1970] 


2 PROBE means Portfolio Rational and Objective Beneficial Evaluation 
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Business firms have generally been slow to adopt these sophisticated capita] 
expenditures optimization techniques (Mao & Helliwell [1969]) Perhaps be- 
cause the model framework is more understandable, simulation models havebeen 
widely used Simulations treat the cash flows from projects as random vanables, 
and use some combmation(s) of Monte Carlo, sequential decision tree analysis, 
iterative parametric manipulation, or stochastic LP to develop heuristically a 
risk-return curve for multiple risky projects For a stochastic returns, LP ap. 
proach including a detailed formulation, see Lockett and Gear [1975] An ex 
cellent summary of the vanous capital budgeting model classes appears in 
Sundem [ 1975] The paper also provides simulation results to aid in evaluation 
of the usefulness of various models in particular environments For the use of 
decomposition to establish the correct transfer price for the financial resource 
and a solution for capital mix, dividends, and new financing based on optimal 
allocation, see Moms [1975] Integer restrictions are readily handled by Simula 
tion (Hertz [1964, 1968] , Salazar & Sen [1968] ; Economos, 1969) 

The principal distinction between investment portfolio analysis and multi 
project capital budgeting is reversibihty— the opportunity to convert the nsky 
asset back into cash at a known transaction cost and approximate sale pnce, 
so that negative returns can be limited There is no organized and orderly 
secondary market for capital equipment, and installation and removal expenses 
are substantial Many capital budgeting decisions include heavy, nonrecurring, 
irreversible mvestments in technological know-how and in research, develop- 
ment, and prototype testmg (Reinhardt [1973]) 

Management is, m reality, engaged m sequential, incremental decision making 
based on the prospective returns and costs associated with a continuation of 
funding for current projects, as well as with new mvestments, many of which 
costs are also incremental Those present projects (and capital equipment) that 
do not have future net returns meeting the catena for new investments are can- 
celled (salvaged) Salvage becomes return of capital, available for reinvestment 
Losses are applied to shelter current income from taxes. This sort of partial 
reversibility is called the optimal abandonment decision, and has been applied to 
venture capital, aerospace, and consumer, new product development (Van Home 
[1969]), and to fixed capital (Robichek & Van Home [1967]) The reversibil- 
ity framework applies, m a somewhat modified form, to the determination of 
value of a call option (the contractual right to retire a bond before maturity by 
Paying a “call premium”), and to the bond refunding decision itself Solution 
techniques use DP, and depend on probabilistic forecasts of future interest rates 
over the horizon to bond maturity (Pye [1966] , Wemgartner [1967] , Elton & 

Gruber [ 1971 , 1972 ]) 

Financial Structure— The leverage inherent in the after-tax cost of debt capital 
makes desirable some proportion of debt in the firm’s permanent capital struc- 
ture The addition of debt capital implies the existence of investment oppor- 
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tumties which can meet the debt interest requirements and also provide incre- 
mental equity returns over the life of the project without lowering the market 
pace of the stock The firm seeks the lowest K 0 possible, and calls the associ- 
ated capital mix its “optimal structure ” 

Risk is implicit m all cash flow analysis of investment, capital additions, or 
dividends The portfolio of investment returns and their variance, and the 
stream of interest payments and expected net operating income over time pro- 
vide a measure of the risk of deficit (negative earnings) Tinsley [1970] calls 
this the risk of “runout” and disengages it from debt additions per se Runout 
is, rather, an aggregate condition associated with cash flows of all types When 
runout threatens, asset liquidation is required to assure that fixed payments to 
creditors can be made The dollar loss of runout is the discount accompanying 
forced conversion of assets The probability of runout, developed from the 
portfolio cash flow, combined with these distress liquidation losses, provides a 
quantitative measure of the expected loss associated with leveraged firms Mar- 
ket value becomes, then, a function of the particular likelihood of runout, and is 
lowered when expected runout costs exceed expected income gams from debt 
In this sense, precautionary liquidity is the analog of inventory safety stock 
Dividends — The disposition of after-tax earnings is a financing decision Earn- 
ings not distributed increase the book value (net worth/share) and are a source 
of funds for investment In theory at least, all earnmgs m excess of the firm’s 
needs (1 e , that cannot be employed to earn at the rate K a ) should be returned 
to the shareholders as dividends, or else the market value of the shares will fall 
However, firms behave as though there is a “target” payout proportion which 
may increase dividends in a time of earnmgs growth, m a discrete though some- 
times regular manner— but which resists dollar reduction m payout despite un- 
favorable, temporary earnings performance Some analysts suggest that divi- 
dends form a reasonable basis for market value (Walter [1963] , Bauman [1969] , 
Hakansson [1969]) By the use of marginal analysis and the “ex dividend” 
change in market price, dividend payout should be mcreased until the pomt at 
which the downward change in market price exceeds the amount of dividend 
paid— leading to the condition of maximizing shareholder “wealth”— the present 
value of the dividend stream and the maximum market price for the shares held 
These arguments are usually incorporated mto a “sources and uses” model, 
such as was described in Section 2 1 for cash management, or in the context of 
an aggregate financial planning model (Section 3 3) For self-financing firms 
(no debt), two formal models, using analytical techniques, provide some insight 
into the relations between growth, mvestment, and dividends Manne [1968] 
demonstrates that, a) nonlinear marginal utility for cash withdrawals explains 
positive mvestment decisions and concurrent dividend distributions by the firm, 
b) optimal dual variable values permit recursive identification of the primal 
vanables that may be operated at positive levels m capital mvestment, in time 
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convergence to a local optimum only, due to nonconvexity. The simultaneous 
solution profitability is 27 percent greater than that achieved by the best 
sequential model 

Vertically integrated, multi-plant, multi-product firms such as steel, petroleum, 
synthetic fibers and textiles, and automobile manufacture, have special problems 
in dealing with optimization of the entire system Extraction, conversion, refin- 
ing and fabrication/assembly operations take place in many different plants and 
locations Each such facility may be independent technologically, have a 
marketable intermediate product, and (usually) is decentralized for accountmg 
as well as management purposes. Overall optimization is not a simple matter. 

To deal effectively with the various aspects of this problem m the English 
chemical industry, Tuckett [1969] found it necessary to solve for three distinct 
‘optimal’ conditions minimize input costs, maximize net profit, and maximize 
the throughput or turnover of products for each accounting entity m the firm 
Outside purchase as well as sale possibilities for intermediate products, net 
balance-of-payments, quality, plant-to-process and plant-to-product relationships, 
and input/output technology imbedded in the product-in, product-out vectors of 
the various processes, are important elements of the constramt set. Once the 
three separate firm-level solutions are available, “super-standard” costs are 
generated by using the minimum-cost solutions in conjunction with the 
maximum-profit solutions. When volumes, costs, and marginal worth are all 
available from this adjusted optimum, any plant variances result in penalties at 
the level of the firm A somewhat similar example for the English Coal Board 
appears m Harrison and Baker [1974] 

An informal Working Paper (Gentry & Phyrr [1972]) suggests a long-run 
(8 years) simulation of the financial planning process A target earnings-per-share 
(EPS) growth rate is substituted for the financial goal of market value maximiza- 
tion The selected growth rate is “reasonably” stable and competitive, and will 
be sought over a definite planning period, e g , 10 percent annual compounded 
EPS growth for the next four years The program simulates management’s 
selection among various new mvestment alternatives which, combmed with the 
existing portfolio, will yield the firm’s target EPS Output relates the required 
rates of return distribution with the desired EPS rate of growth Model reality 
is added by financial risk, debt/assets ratios, and cash flow stability constramts 
Twenty-three variables are mputs for the simulation, permitting detailed evalua- 
tion of the feasibility of various target goals of the firm. This small model has 
been successfully used as a teaching device by the authors m their graduate 
finance classes For a report on the use of full-scale models by several large 
corporations, see Gnnyer and Batt [1974] . The discussion is nontechnical and 
includes costs, activities for which the models are used, and some of their short- 
comings in practice and in development 



54 I APPLICATIONS OF OR TO COMMON FUNCTIONAL PROCESSES 


3 4 Banking 

The above models have dealt with modem coporate finance. Banking institu- 
tions have similar issues to face profitability, return on equity, liquidity, port- 
folio structure, demand for funds and interest rates cash management, compos 
tion of secured and unsecured loan portfolios and criteria for granting loans n 
each category, portfolio management as trustees . . . the list seems endless 
Cohen and Hammer [1966] give a reasonably current survey of analytical 
methods applied to the banking busmess The bibliography accompanying Cmna 
[1971] deals with LP approaches to bank bond portfolios Crane applies two- 
stage LP under uncertainty seeking to maximize expected return subject to an 
upper bound on permissible loss When probabilistic cash outflows are involved 
the solution provides a recommended mix of bonds of varying matunties A 
paper covering cost of capital and dividend policies in commercial banks (Magen 
[1971]) shows the significant differences between banks and other corporate 
enterprises in these important relationships with stockholders 

3 5 Conclusions and Trends 

To the extent that the conditions and assumptions surrounding the various 
financial planning models are valid (or do not distort reality significantly), exist- 
ing mathematical programming techniques and computer codes can yield inter- 
pretable even implementable. solutions Progress has largely been conceptual- 
the recognition that many of the traditional elements of finance (and even of 
other functional areas') are interdependent, stochastic, and dynamic Recent 
work shows explicit nonlinearity, risk, and both long- and short-term horizons in 
the same framework Cash management has become very sophisticated. The 
numerous examples of working, capital-onented models shows increasing con- 
cern with return on this asset element Willingness to use a wide variety of tech- 
niques to reach desired goals (analytically speaking) and to move to heuristic: 
to trace probability distributions for analysis of outcome where single values are 
not sufficient is healthy. Even healthier is the evidence that some of the models 
are m active use 
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INTRODUCTION 

Although operations research (OR) is a relative latecomer in marketing, it has 
already yielded useful insights and decision models in such areas as new product 
development, competitive pricing, advertising budgeting and media selection, 
sales call time allocation, and marketing mix panning Beginning in the late 
1950’s, marketing operations researchers have produced a rich harvest of models 
on almost every conceivable, quantifiable marketing problem or process Un- 
fortunately, usage has lagged substantially behind model development; in some 
cases due to the inappropnateness of the models, but in even a larger number of 
cases to marketing management’s widespread lack of understanding and sym- 
pathy for quantitative approaches to marketing Today, some models are fully 
established and running in some larger companies but constitute the exception 
rather than the rule The vast majority of marketing decisions are still made 
intuitively despite the availability of more rigorous decision procedures borne 
out of years of patient OR work. 

COMPLEX FACTORS IN THE MARKETING PROCESS 

Although modern companies spend large sums of money collecting information 
about their customers, competitors, and the general environment, marketing 
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executives still feel substantial uncertainty surrounding their marketing deci 
sions At least nine types of complexity can be identified 


Shape of Response Function 


U 


The shape of the market’s response to additional marketing expenditure is 
typically unknown If a firm doubles the scale of its marketing expenditures, 
will its sales double, more than double, or less than double 9 Adequate data to 
learn the answer are difficult to collect and analyze m any real situation 


Marketing Mix Interaction 




Marketing effort, far from being a homogeneous input, is a composite of many 
different types of activities undertaken by the firm to improve its sales Market 
ing effort mcludes (1) pricing, (2) promotional activities such as advertising, 
personal selling, sales promotion, and public relations, (3) distribution activities 
related to the avadability of goods and servicing of orders; and (4) product 
development and improvement activities The firm’s marketing problem is to 
develop a sound mix of these activities in the face of great uncertainty as to the 
separate and joint effect of different activities The market’s response to vans 
tions in the level of any one marketing input is conditional on the level of the 
other activities Furthermore, vanation of two or more marketing activities at 
the same time can have joint effects that are greater or less than the sum of the 
separate effects To model these interactive effects on a conceptual level, let 
alone to measure them on an empirical level, is an extremely challenging task 


Competitive Effects 

Sales results are a function of the relative marketing efforts by the firm and its 
competitors, and the firm has no control over competitors’ moves At best, the 
firm imperfectly forecasts the behavior and reactions of competitors The 
notion of optimal decision making means choosing the best decision that could 
be made m the light of forecasted competitors’ behavior or response 

Delayed Response 

The market’s response to current marketing outlays is not immediate, but in 
many instances stretches out over several time periods beyond the occurrence of 
the outlays A large firm such as Coca-Cola can stop all its advertising and yet 
continue to enjoy current and even increasing sales for a while, living off its 
advertising capital ” The delayed or carry-over effects of many marketing 
expenditures make the optimal timing of marketing expenditures particularly 
challenging 
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Multiple Territories 

The market’s response to different levels of marketing expenditure will vary by 
territory, making it difficult for the firm to determine the best way to allocate 
its marketmg funds Should company funds be concentrated in the areas where 
the firm is already doing well or in the areas where it is doing poorly? In one 
form or another this question plagues most firms, and their present methods of 
resolving it leave much to be desired 


Multiple Products 

Most companies produce more than one product and face a difficult problem of 
allocating scarce marketmg funds among them Marketing strategies cannot be 
evolved for each product separately because of the strong demand and cost 
interactions that generally prevail among different products in the company’s 
line The pace on a particular company product cannot be raised without con- 
sidering its effect on the sale of the other products A new product cannot be 
added to the product line on its own merits if it might severely reduce the 
revenues of existing company products Many organizations never grapple with 
these critical issues, and as a consequence they achieve substantially suboptimal 
results 


Marketing-Corporate Interactions 

Marketing decisions cannot be optimized without simultaneous decision making 
m the production and financial areas Whether a new advertismg campaign will 
be profitable depends not only on the sales it produces but also on its effect on 
company employment, inventories, and cash flows Marketing, production and 
financial decisions must be made in concert so that they produce the best excess 
of total sales over total costs Unfortunately, most departments are guided by 
departmental instead of corporate utility criteria when they plan their respective 
actions 


Multiple Objectives 

A company tends to pursue multiple' and often contradictory objectives Com- 
pany presidents are often heard to say that they seek maximum sales at mini- 
mum cost While this may be good rhetoric, it is terrible logic in that there is no 
marketing plan that simultaneously maximizes sales and minimizes costs The 
firm must somehow state its multiple objectives in such a way that a clear objec- 
tive function emerges to guide the choice of a marketing strategy from a poten- 
tially large number of strategies 
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Uncertainty Effects 

Marketing processes are full of uncertainties beyond those just isolated R e i a 
tions between marketing efforts and sales responses are subject to systematic 
and random disturbances through time and space which must be taken into 
account in the marketing planning process 

HOW COMPANIES COPE WITH THE COMPLEXITY OF 
MARKETING PROCESSES 

Given the numerous complexities associated with marketing, how do marketing 
managers reach decisions in which they can place any confidence’ Production 
managers in their decision making can turn to a body of engineering theory, and 
financial managers can turn to a body of financial theory Can the marketing 
manager turn to a body of marketing theory’ 

The general answer to this question is “no.” A systematic body of normative 
marketing theory is not fully available to marketing decision makers They 
cope by turning to one or more of four sources of support 

Experience 

Most marketing men beheve that expenence is the best teacher in the area of 
marketing The marketing practitioner knows that inspired marketing ideas are 
not enough, that salespeople are unevenly endowed and motivated, that custo 
mers vary immensely m their perceptions of product and company attnbutes, 
and that production and financial managers m the company have different ideas 
on the right marketing move 

Yet expenence is not enough, and herein lies the difference between the old 
marketing philosophy and the new The great fault of experience is that it is 
unique in every man Each man distills a message biased by his own expenence 
and personality It is not a random comcidence that sales managers attnbute 
more power to personal selling and advertising managers attnbute more power 
to advertising 


Standard Operating Procedures 

With the passage of time, companies tend to evolve standard policies and proce 
dures to guide their decision makers Product managers are given advertising 
budgets that reflect safe histoncal ratios of advertising budgets to sales, salesmen 
are advised on how many calls to make to customers of varying importance, 
pricing executives abide by certain traditional markups on cost, and many other 
marketing activities become rule-bound over time The unfortunate and disturb- 
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mg characteristic of rules is that they typically start off as sound, but always 
continue past their relevance to the situation 


Facts 

Many executives act as if the answers to most marketing problems lie in the col- 
lection of facts They will say to marketing research. “Go and find out how 
many people like this flavor or “How do people view our company 7 ” or “How 
do customers and prospects view our competitors 7 ” It is not that these requests 
are wrong, but rather that there is an erroneous implication that the facts talk 
for themselves and will resolve the issue Facts take on meaning only m the con- 
text of a framework of assumptions and theory The fact that more people re- 
port a preference for one flavor over another does not in itself mean that the 
first flavor is the one to produce. It is also important to understand the strength 
and stability of preference, and the relation of reported preference to actual 
behavior. Solutions to problems are often as sensitive to the models for analysis 
as they are to the bare facts themselves. Facts are important, but like experience, 
they are not enough. 


Assorted Theories of Market Response 

Companies occasionally make a special effort to build an explicit theory of mar- 
ket behavior Outside experts are called in, marketing experiments may be de- 
signed, and mathematical models may be formulated It is at this point that it is 
realized that there is no shortage of company theories about market behavior 
One executive believes that small amounts of advertismg do not do any good, 
another that higher prices improve confidence in the product, and another that 
buyers mainly want quality All these have mathematical translations and could, 
if systematized in larger models, have important implications for the company’s 
marketing programming Yet one rarely sees a company where the executives 
venture to integrate their theories of marketing response into an explicit system 
for analysis and marketing decision making 


ENTER OPERATIONS RESEARCH 

Early OR breakthroughs on problems of production, inventories, and physical 
distribution did not surprise marketing practitioners, because these business 
problems appeared to have a clear quantitative nature Then, in the late fifties, 
OR began to be apphed to such marketing problems as advertising budgeting, 
sales-force assignment, and pricing strategy. Hie first model building efforts 
attempted to fit the marketing problem to existing models and tools— calculus, 
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linear programming, queuing theory , and Markov processes— rather than to 
develop fresh models for the unique problems For example, consumer brand 
selection was modeled as a simple first order Markov process, even though this 
left out competitive marketmg strategy, in-store purchase factors, mass com 
mumcations, and word-of-mouth influence in the buying process The problem 
of optimal advertismg media was modeled in straightforward linear programming 
terms, although this meant overlooking media duplication and replication and 
the nonlinear discount structure In time it was recognized that the simplified 
problems bore insufficient resemblance to the real problems facing marketing 
management The very naivete of these early models inspired criticism and revi 
sion and led inevitably to more complex models embodying a higher degree of 
realism 

Today, the published literature includes several hundred marketing articles, 
books of readings, textbooks, and bibliographies (See Selected Bibliography 
at the end of the article) New articles regularly appear m Management Science, 
Operations Research, Operational Research Quarterly, Journal of Marketing 
Research, and the Journal of Advertising 

One of the first companies to invest heavily in marketing OR was DuPont 
The company placed over $ 1 million in the hands of a specific group of com 
pany operations researchers to discover and quantify how advertismg works 
(“A Profit Yardstick ,” [1 958] ) Other DuPont operations researchers made 
some early applications of modern decision theory to problems m product 
pricing and new-product introduction (Green [1963] ) 

Other companies making early appearances in marketmg OR were Scott Paper, 
which conducted sophisticated field advertising experiments, Monsanto, which 
developed a large number of computer programs to help its executives analyze a 
variety of marketmg problems (Clark [1962]), General Electric, which has 
worked for many years on the construction of simulators of specific markets, 
and Anheuser-Busch, which earned out sophisticated advertismg experiments 

These early companies were later joined by Pillsbury, Union Carbide, Lever 
Brothers, and Westinghouse Electric Advertismg agencies such as Batten, 
Barton, Durstme & Osborn, Young and Rubicam, and N Y Ayer, have reported 
the development of sophisticated models in the areas of media selection and 
new-product development Short summer courses m marketmg OR have been 
offered periodically by M I T , Wharton, and Stanford. 

The Diebold Group, Inc , sent out in 1966 a questionnaire to companies and 
academics doing marketmg OR in order to find out what was being done Their 
summary report indicates, among other things, that the marketmg areas of 
greatest application (in descending order) were internal profit analysis, market 
analysis, competitive strategy, sales effort effectiveness, and pricing The most 
promising techniques (also in descendmg order) were simulation, modeling, 
Monte Carlo methods, linear programming, and critical path analysis 
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Specific Applications 

The most viable marketing OR models have been developed in the areas of 
(1) new products, (2) pricing, (3) advertising, (4) sales-force management, and 
(5) marketing mix planning Substantial progress has also been made in physical 
distribution models (these are reviewed m Chapters 6, 8 and 9 of this section of 
this Handbook) Fewer results have been achieved to date in modeling the sales 
promotion decision, although encouraging signs of progress are now appearing 


NEW PRODUCT MODELS 

Many new product models have been developed bearing such acronyms as 
SPRINTER, DEMON, NEWS, and STEAM The company interested in finding a 
model to aid in its new product decision making is confused by the abundance 
of available models, which differ in their level of aggregation, data demands, and 
purposes The company often requires an independent consultant to help it 
choose a relevant model from among those available 

Part of the confusion can be cleared up by distinguishing three types of new 
product models (a) models for identifying new product opportunities, (b) 
models for estimating the potential sales and profits for new product concepts, 
and (c) models for forecasting the future demand for recently launched products 
on the basis of initial market results 

New Product Identification Models 

Companies typically rely on market surveys, focused group interviews, internal 
brainstorming, salesmen suggestions, and research laboratories for new product 
ideas A growing number of companies are turning to rigorous market structure 
studies pioneered by Stefflre [1968] (Silk [1969]) to reveal attractive new 
product opportunities The first step m the study uses multidimensional scaling 
(Green and Rao [1972]) to map buyers’ perceptions of the dimensions making 
up a familiar product space and the perceived location of existing brands in that 
space Management examines this space for areas lacking brands Any interest- 
ing new brand possibility is turned mto a product concept that is tested on a 
sample of consumers If consumer response is positive and the market looks 
large enough, the new brand is designed carefully m terms of elements that will 
position it exactly where it was seen in the space Market structure studies are 
also used to analyze possible repositionings of weak products through product 
redesign and fresh marketing strategy. 

In addition to having good demand potential, new product concepts must fit 
the company’s resources and constraints. The major device for quantitatively 
appraising the company-product fit is some version of a weighted factor score 
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device (Kline [ 1955 ] , O’Meara [1961], Richman [1962]) It requires Ustrng 
important company and marketing factors, assigning weights reflecting the* 
relative importance in product success, and scoring the product on each factor 
according to the degree to which it is favorable By multiplying the factor 
scores by the factor weights, a single number is derived which reflects the dear 
ability of developing the product 

New Product Profit Potential Models (Pre-Launch) 

If a firm finds it can logically undertake development of a new product concept 
m terms of company objectives and resources, it must determine whether it 
would in fact be worthwhile to do so The question is answered by evaluating 
long run profit potential 

This essentially calls for projecting expected revenues and costs over a given 
time horizon and then applying some decision criterion to the data The future 
revenue stream calls for estimating total market volume and growth, future 
prices, and company share of market Total market volume is a function of 
population size, per capita consumption, effective purchasing power, and the 
availability of substitutes Market share is a function of the relative attractive 
ness and force of the company’s marketing mix (product quahty, price, promo 
tion, distribution) m relation to competitors’ marketing mixes (Kotler [1971], 
Chapter 4) The future cost stream is estimated on the basis of the opportunity 
value of the funds invested in the product and required to meet the expected 
demand levels 

Different decision criteria can be applied to the estimates of future revenue 
and costs to make the final decision Many firms rely heavily on breakeven 
analysis or payout period analysis They judge a new product opportunity 
favorably if the breakeven sales level seems easily attainable or the payout 
period seems reasonably short Unfortunately, neither analysis provides an 
estimate of return on mvestment (ROI) nor handles uncertainty m a quantitative 
way 

An increasing number of companies are applying discounted cash flow analysis 
to decide whether to launch a new product Specifically, future net income is 
discounted by the company’s cost of capital to yield the present value of the 
opportunity If this figure exceeds the present value of the required investment, 
the firm can make a GO-decision Alternatively, the company can look for, that 
rate of discount of the future income stream which would bring its present value 
into equivalence with the present value of investment, and use this ROI as the 
sign of the attractiveness of the opportunity. 

Further refinements are possible Management can examine how alternative 
marketing mix plans would effect estimated revenue and costs and therefore 
ROI Or management can adopt one of several methods for quantifying un- 
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certainty as part of the estimation process For example, Disman [1962] recom- 
mended scaling down the present value estimate by management’s subjective 
probability of the product actually achieving technical and commercial success 
Other possibilities mclude modeling the problem m terms of decision tree analy- 
sis and deriving expected values, getting measures of both return and risk, or 
denving the full probability distribution of expected ROI through Monte Carlo 
simulation (Pessemier [1966] ) 

Two specific pre-launch models deserve special attention. DEMON (Decision 
Mapping via Optimum Go-No Networks) (Learner [1968]) was developed by 
operations researchers and the advertising agency of Batten, Barton, Durstine, 
and Osborn, Inc (BBD&O) The model is set up to indicate whether to go 
national (Go), drop the product (No), or collect further information on the 
product’s chance of success (On) The decision is made on the basis of which 
alternatives promise the highest expected return, given the latest data If the 
answer is “On,” the model mdicates which new marketing research study is the 
best to carry out— that is, best in the sense that it would probably do the most to 
reduce the uncertamty clouding the Go-No alternatives After this study is 
made, the results lead to a revision m the proposed marketing strategy, and a 
new evaluation is then made of the Go-No-On alternatives This approach re- 
quires that top management state its constramts regarding the planning period, 
payout penod, minimal acceptable profits, profits required to go national, 
marketing research budget, and the degree of confidence needed. Furthermore, 
management must state its marketing program for introducing the product 
The proposed advertising, sales promotion, distribution, and pncing plans are 
critical in making an estimate of product sales A distinctive feature of the sales 
forecasting model is the utilization of recursive links between levels of advertis- 
ing expenditure, audience exposure, awareness, market trial, and market usage. 
These links have been functionally estimated on the basis of least squares regres- 
sion using past data from 200 packaged goods m sixteen product categories 
DEMON has been used on some products, but its cost of implementation pre- 
vented widespread adoption More recently it was revised and renamed NEWS 
(Light and Pringle [1970]). 

The N W Ayer new product model (Claycamp and Liddy [1969]) also 
attempts to predict product performance before market introduction It utilizes 
three equations, with three dependent variables and twelve independent vari- 
ables The first equation is designed to predict the level of advertising recall, to 
be expected 13 weeks after launch, as a function of product positioning, media 
impressions, copy execution, consumer promotion, and product category 
interest. The second equation is designed to predict the expected level of initial 
purchases at the end of 13 weeks as a function of the estimated advertising recall 
from the first equation plus distribution, packaging, family brand, consumer 
promotion, product satisfaction, and category usage. The third equation is de- 
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signed to predict repeat purchase levels after 13 weeks on the basis of advertise 
recall and initial purchase estimated from the first two equations plus relate: 
price, product satisfaction, and purchase frequency Values for the independent 
variables are estimated from commercial data and expert judgment Parameter 
estimation and model validation utilized a data base of 60 new consumer pro. 
ducts introduced in the Philadelphia area dunng the late sixties The model 
structure allows the firm to estimate initial and repeat sales on the basis of 
planned and/or expected values of the independent variables These results 
help the firm decide on whether to launch the product 


New Product Sales Forecasting Models (Post-Launch) 

After a new product has been introduced mto the market, the company must 
carefully analyze early sales to make sure that it has a winner It turns out that 
early sales alone are an insufficient basis for making a confident forecast o! 
future sales Initial sales do not reveal how satisfied the market is with the 
product and what users are saying to nonusers High initial sales may reflect an 
effective promotion campaign designed to get high trial, if the product fails to 
meet expectations, sales may shortly turn down For this reason, disaggregate 
sales and other data are required by most models We will review the better 
known models here 


Fourt and Woodiock Model Fourt and Woodlock [I960] proposed a simple 
data-based model for forecasting future sales of consumer packaged goods based 
on early sales returns Their model consisted of submodels for predicting first- 
time purchases and repeat purchases, respectively They realized that reliable 
sales forecasting required disaggregating total sales mto the amount of purchases 
occurnng for the first time and the amount of repeat purchases (first-repeats, 
second-repeats, etc ) If trial and repeat purchase rates were low, the product was 
in senous trouble, if trials were high and repeats low, the product was apparently 
not delivering the expected satisfaction to the consumer and this called for 
product or message redesign or market retargeting, if trials were low and repeats 
high, the product needed better promotion to stimulate first purchases, and if 
trial and repeat purchase rates were high, the product’s future looked assured 
To get data for first time and repeat purchase, the company had to obtain con 
sumer panel data Store audit data and warehouse receipts data were not 
adequate 

The first time purchase model was given by 
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where 

Q t = sales at time t , 

r = rate of penetration of untapped potential, 

Q = potential sales, 
t = time period 

This is a one parameter model requiring estimating r from the latest sales data. 
The repeat purchase model consisted of projecting measured repeat ratios by 
depth-of-repeat class into future total purchases, on the assumption that these 
repeat ratios would hold constant. 

The basic type of model has been refined in subsequent work. Parfitt and 
Collins [1968] published a model which estimates ultimate brand share as the 
product of three factors - 

s = prb, (2) 

where 

s = ultimate brand share, 

p = ultimate penetration rate of brand (percent of new buyers of this product 
class who try this brand), 

r- ultimate repeat purchase rate of brand (percent of repurchases of this 
brand to all repurchases by persons who once purchased this brand), 
b = buying rate index of repeat purchase of this brand (average buyer = 1 00) 

This model is fitted to early sales results and updated Massy [1969] signifi- 
cantly extended the basic Fourt and Woodlock approach in his sophisticated 
model called STEAM (Stochastic Evolutionary Adoption Model). STEAM is 
designed to predict the probability that a household will make its first or next 
purchase at or before a particular time, given that its last purchase occurred at 
a given time It predicts the time paths of the cumulative proportions of one- 
time buyers, two-time buyers, and so on, and therefore future demand. It com- 
bines several sub-models, probability distributions, parameter estimation tech- 
niques, and simulation to produce the forecast 

Sprinter. Urban developed several models which go under the name of 
SPRINTER (Specification of Profits with 7/iteraction under Trial and Error 
•Response) His original SPRINTER (1968) consisted of demand, cost, profit, 
and uncertainty submodels The demand submodel considered life cycle, in- 
dustry, competitive and product interdependency effects SPRINTER allowed 
the manager to estimate the differential company profit and uncertainty that 
would be obtained by including the new product in the line The manager could 
also use the model to find the marketing strategy that would optimize profits 
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subject to risk constraints The model was primarily designed for prelaunch 
Go-No decision making and tested on a set of chemical products 
Subsequently, Urban introduced SPRINTER MOD III (1970) which u 
onented to frequently purchased consumer products and which uses test market 
results to forecast future sales. It employs a more behavioral conception of 
demand by postulating buyers as being in several states such as potential tit], 
preference, loyalty I, and loyalty II, with different probabilities of inter-state 
transition, depending on advertising, specific product appeals, and word-of 
mouth The model requires early national sales and micro-level behavioral data 
to forecast future sales as a function of alternative marketing strategies and pro 
vides a method for finding the optimal marketing strategy The model is aval 
able on a conversational on-line basis and has been applied with impressive 
success to a number of new consumer product entries 

Bass Model. Bass [1969] developed a model differing from the previous ones 
in (1) addressing itself to consumer durables rather than nondurables and (2) us 
ing an epidemiological model as a basis Bass applied his model to eleven major 
appliance innovations, including room air conditioners, electric refrigerators, 
home freezers, and black and white television He used the first few years of 
actual sales, when these products were first introduced, to estimate the param 
eters p, r, and Q of the following equation 

Qt = (p + r ^yQ-Qr), ( 3 ) 

where 

Qt = the number of new adopters in the current period, 
p = coefficient of innovation, i e , the individual conversion rate in the 
absence of the adopters’ influence, 

r — coefficient of imitation, le , the effect of each adopter on each non 
adopter, 

Qt ~ the cumulative number of adopters to date, 

<2 = the total number of potential adopters 

With the equation fitted, Bass estimated future sales including the time when 
annual sales would reach a peak and the magnitude of sales in the peak year 
All of these appliances were not expected to have replacement sales for some 
years, at which point his forecast stopped He obtained excellent fits to actual 
sales data in several product cases for example, an R 2 = 92 for fifteen years of 

room air conditioner sales, based on using the first three years of sales to fit the 
equation 
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PRICING MODELS 

'] Although there is much talk about the growing role of non-pnce factors m the 
5 marketing process, pricing remains a very complex issue for many firms Pricing 
} is a problem when a new product is being introduced or an old product phased 
' out, when a price change is contemplated in the face of uncertain customer and 
i competitor reactions, and when a company must react to a competitor who has 
; just changed his price Pricing is also a problem m industries when companies 
; submit sealed bids for jobs. And it is a problem when the company’s product 
; line is characterized by substantial demand and cost interdependencies 


The Price Modification Decision 

An mcreasmg number of companies are usmg Bayesian decision theory for for- 
mal analyses of the likely response of customers and competitors to a contem- 
plated change Green [1963] described a specific application by a large chemi- 
cal manufacturer The company had been selling a plastic substance to industrial 
users for several years, and had captured 40 per cent of that market Top 
management became concerned as to whether or not its current price of $1 per 
pound could be maintained much longer because of a developing oversupply 
Management saw that the solution to its problem lay in penetrating a certain 
market segment which was closely held by a substitute plastic product produced 
by six compames Therefore, it was decided to evaluate the following four 
alternatives maintaining the price at $1, or reducing the price to 93 cents, 85 
cents, or 80 cents 

Among the chief uncertainties top management considered were 

1 How much penetration in the key segment would take place without a 
price reduction 9 

2 How would the six companies producing the substitute plastic react to each 
possible price reduction 9 

3 How much penetration in the key segment would take place for every 
possible price reaction by the suppliers of the substitute plastic 9 

4. How much would penetration into the key segment speed up penetration 
in other segments 9 

5 If the key segment was not penetrated, what would be the probability that 
the company’s competitors would initiate price reductions soon 9 

6 What would be the impact of a price reduction on the decision of existing 
competitors to expand their capacity and/or potential competitors to enter 
the industry 9 

The data gathering phase consisted mainly in askmg key sales personnel to 
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place subjective probabilities on the various possible states of the Uj 
uncertainties 

The next step was to estimate the likely payoffs of different courses of action 
A decision-tree analysis revealed that there were over four hundred possible 
outcomes For this reason, the estimation of expected payoffs was program 
on a computer The results indicated that in all cases a pnce reduction had a 
higher expected payoff than status quo pricing, in fact, a pnce reduction to SO 
cents had the highest expected payoff 
Finally, to check the sensitivity of these results to the original assumption, 
the results were recomputed for alternative assumptions on the rate of miikct 
growth and on the appropnate cost of capital It was found that the ranking of 
the strategies was unaffected by the change in the assumptions 

The Bidding Decision 

The theory of competitive bidding has received considerable refinement in the 
hands of applied mathematicians The objective of a company in a bidding site 
tion is to get the contract, and this means setting a lower pnce than the compel! 
tion The lower the company sets its bid, the lower its potential profits but the 
higher its probability of getting the contract award. The chief hurdle is to esti 
mate the probability of getting the contract at vanous bidding levels Thu te 
quires estimating the bids of vanous competitors, and also judging the influence 
of nonpnce factors on the buyer's final choice (Simmonds [1968]) 

The Product Line Pricing Problem 

When a company’s products have demand and cost interdependencies, none of 
its products can be priced in isolation Total sales and profits on the line must 
be expressed as a function of the simultaneous prices set for the individual 
products Urban [1969] advanced a model for the case of a class of frequently 
purchased consumer products Hess [1967] analyzed a complex problem deal- 
ing with the optimal pricing of two related chemicals, one bemg an improved 
version of the other it was gradually replacing. 

ADVERTISING MODELS 

A number of thorny problems confront companies in connection with the wise 
use of advertising monies They would like to have better ways to analyze 
whether they are spending too little or too much on advertising, whether they 
are timing their advertising expenditures optimally through the year, and 
whether their agency is choosing the best media 



MARKETING 75 


The Spending Level Decision 

One of the earliest and still most interesting spending level studies on advertising 
was developed by Vidale and Wolfe [1957] In their model, the change in the 
rate of sales at time t is a function of four factors the advertising budget, the 
sales response constant, the saturation level of sales, and the sales decay con- 
stant Their basic equation is. 
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where 

S = rate of sales at time t; 
dS 

— = change m the rate of sales at time t; 

dt 6 

A = rate of advertising expenditure at time t, 

r = sales response constant (defined as the sales generated per advertising 
dollar when -5=0), 

M = saturation level of sales, 

X = sales decay constant (defined as the fraction of sales lost per time unit 
when A = 0) 

The task of the company is to estimate the three parameters of the model and 
then use the equation to determine the advertising budget that would produce 
the desired or optimum levels of sales and profits 
Kuehn [1961] developed and tested an elaborate advertising model in which 
sales are a function of 

1 The percentage of customers with brand loyalty and the rate of decay in 
this brand loyalty 

2 The percentage of customers not committed to this firm or its main 
competitors 

3 The size and rate of growth of the total market 

4 The relative influence of price and distribution m the marketing process. 

5 The relative influence of the interaction of product characteristics and 
advertising in the marketing process 

6 The relative share and effectiveness of this company’s advertising 
expenditure 

Given the vanables and the information required as mputs to this model, it is 
possible to derive a theoretically optimal advertising expenditure level 
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Subsequent advertising budget models introduced the desirability of estimating 
sales/advertising response functions through the use of planned experiments in 
the early sixties, Ackoff and his associates planned experiments to measure the 
effect of different levels of advertising expenditures on beer sales for the 
Anheuser-Busch Company (Rao [1970]) The analytical use of these results 
allowed Anheuser-Busch to achieve substantia] increases in sales and market 
share for their brand while bringing down per case expenditures on advertising 

The theory of using experiments for deriving optimal advertising expenditures 
was earned to its ultimate form by Little [1966] who developed an adaptive 
control framework requiring penodic experimentation Little conjectured that 
the sales advertising response function was probably neither very stable nor very 
unstable from penod to period but drifted and had to be tracked The latest 
measured results would be used to set the next advertising budget Specifically, 
suppose a company set a budget for the coming period on the basis of applying 
profit maximization criteria to its most recent information on the sales function 
It would plan to spend this rate in all markets except a subset of 2 n of them 
randomly drawn In n of the test markets the company would spend a deliber 
ately low amount of dollars, and in the other n it would spend a deliberately 
high a mount of dollars This experiment would yield information on the average 
sales created by the low, medium, and high rates of advertising, and this would 
provide the best estimate of the current sales reponse function In turn, this 
estimate is used to determine the best promotional rate for the next penod 
If this procedure is carried out each penod. Little showed that actual advertising 
expenditures will track closely to the optimal advertising expenditures A 
number of companies have tried or are using tins adaptive control method of 
setting their advertising expenditures 

Little [1970] subsequently developed an alternative approach called 
ADBUDG that departed radically from the scientific control framework of his 
first model He found a considerable number of managers who did not want to 
or were not able to carry out penodic experiments and who resisted leaving bud 
get settmg to the mercy of the results of experiments This led him to adopt an 
evolutionary approach to model building characterized by asking a manager 
how he thought advertising worked and developing a veiy simple quantitative 
version of the manager’s mental model This model would go through subse- 
quent refinements as the manager showed a readiness and wish to add further 
vanables Much of the data was also drawn subjectively from the manager, such 
as his estimates of what would happen to sales if advertising were cut in half, 
or reduced to zero, or increased by 50 percent over the normal rate ADBUDG 
was introduced into several companies with good management response and w 
fact has evolved into a more total approach to setting the marketing mix called 
BRANDAID (Little [1975] ) 
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The Advertising Timing Decision 

Kuehn’s model (1961) permits a determination to be made of the optimal timing 
pattern of advertising expenditures through the year Given seasonal sales move- 
ments, Kuehn shows that the appropriate timing pattern depends on many 
factors, of which two important ones are the degree of advertismg carry-over and 
the amount of habitual brand choice Thus, under specific assumptions, the 
greater the amount of the advertismg carry-over effect, the greater the lead time 
should be, and the smaller the amount of habitual purchasing behavior, the more 
the advertismg curve should vary in amplitude than the sales curve (Kuehn 
[1962]) 

A somewhat different approach to the timing question has been developed by 
Forrester of MIT In one of his company applications of “industrial dynamics” 
Forrester [1959] showed how the poor timing of advertismg expenditures was 
responsible for accentuation of production and inventory fluctuations This 
stemmed from the fact that advertismg has a lagged impact on customer be- 
havior, customer buymg decisions at retail have a lagged impact on factory sales, 
and factory sales have a lagged impact on production schedulmg and new ad- 
vertismg scheduling 


The Media Selection Decision 

On October 1, 1962, Advertismg Age earned the headline “Y&R, BBD&O 
Unleash Media Computerization ” Later, BBD&O sponsored full-page news- 
paper and magazme advertisements readmg “Linear Programmmg showed one 
BBD&O client how to get $1 67 worth of effective advertismg for every dollar 
in his budget ” 

The model developed at BBD&O used a hnear programmmg approach (Buzzell 
[1964]) The problem is stated as one of selectmg the media mix which would 
maximize the number of effective exposures subject to (1) the size of the total 
advertismg budget, (2) minimum and maximum usage rates of vanous media, 
and (3) specified exposure rates to different market segments 

In the meantime, the Young and Rubicam (Y&R) agency developed a different 
approach that they called the “high assay model” (Moran [1963]) The Y&R 
model uses a sequential rather than a simultaneous decision process The basic 
idea is to start with the media available m the first week and select the single 
“best buy ” After this selection is made, all the remaining media choices are 
reevaluated to take into account duplication and potential media discounts 
Then, if the achieved exposure for the week is below the optimal rate, a second 
selection is made for the same week The optimal rate is a complex function of 
several marketing and media variables The cycling process continues until the 
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problem as one of maximizing total sales subject to current exposure value con- 
straints, media usage constraints, and budget constramts The model is solved 
either through piecewise lmear programming, dynamic programming, or heuristic 
techniques depending on the size of the problem and the complexity of the 
functions 

Much remains to be done m the media selection field Many advertismg 
agencies still use no or very simple models for media selection, arguing that they 
cannot get the client to pay for the development or use of these models Clients 
m turn are too lenient in accepting exposure data from their agency rather than 
insisting on post measures of attitudinal and sales changes caused by the 
advertismg program Finally, most of the models need to incorporate improved 
behavioral underpinnings about the effects of learning, forgettmg, and competi- 
tive exposure so that more meaningful solutions to the schedulmg problem can 
be obtained 


SALES-FORCE MODELS 

In spite of the great cost and importance of personal selling in the marketing 
mix, less OR has been reported in this area than in the advertising area, which 
m many ways is a less tangible problem Nevertheless, the studies that have 
been conducted have significance for sales-force management 


The Salesman Routing Decision 

In situations where salesmen have many calls to make through large territories, 
the traveling salesmen algorithms can be used to find the optimal routing for the 
salesmen (Little, et al [1963] , Karg and Thompson [1964]) Often the prob- 
lem is not simply the optimal routing of salesmen through a set of cities but also 
the choice of cities or accounts to call on The cost interactions between the 
two problems call for a jomt solution to calling and routing Cloonan [1966] 
has formulated a model for this problem and has investigated the power of 
different heuristics to achieve the highest profit call routing solution 


The Sales Manpower Requirements Decision 

Markov process analysis has been used by a large insurance company to aid m 
the analysis of its sales-force manpower needs (Midler [1961]) Each year the 
company loses a fraction of its sales force through resignation, retirement, and 
death The existing salesmen have different levels of experience, education, and 
ability The company has to hire new men to replace those who leave and addi- 
tional men to meet the company’s growth requirements Top management’s 



MARKETING 81 


sales in response to several alternative call levels on each account and prospect 
The computer fits a curve through the salesmen’s estimates to develop a sales 
response function for each account The response functions, costs, and con- 
straints are then solved mathematically to produce the best time allocation to 
maximize contribution. The solution reflects such factors as travel time and 
costs to get to geographical areas within the territory, amount of time required 
per call on an account within an area, account profitability, and minimum and 
maximum account call frequency limitations. CALLPLAN is being tried or used 
in several companies (“Computers Route . , ” [1972] ) and producing sales in- 
creases of between five and twenty-five percent in the majority of applications 
A more specialized call plan model was designed by Montgomery, Silk, and 
Zaragoza [1971] to handle the allocation of salesmen’s time to products as well 
as accounts and time periods Called DETAILER, the model has been used in 
the pharmaceutical mdustry to help detailmen (salesmen) know which company 
products they should promote on each trip to each account The model requires 
the estimation of sales response functions to call effort for the various products 
in the line and an allocation heuristic 

The Sales Territory Design Decision 

Sales territories are usually designed on an intuitive or a loose workload basis 
They have to be periodically revised because the territories undergo different 
growth rates m potential and workload Hess [1967] has formulated a com- 
puter program for this problem based on an earlier program usmg linear pro- 
gramming to create optimal size congressional districts. The program builds sales 
territories that are equal either in sales potential or workload, and as compact 
as possible to minimize traveling time Hess and Samuels [1971] reported the 
results of seven apphcations (primarily m the pharmaceutical mdustry) and the 
demonstrated effectiveness of the new alignments produced by the computer 
program 

MARKETING MIX MODELS 

A final area of marketing OR is the development of interactive computer-based 
models to help marketing executives, particularly product and brand managers, 
develop short-run and long-run marketmg plans Increasingly, companies are 
requiring their product managers to submit a detailed marketing plan that is 
quantified m terms of expected sales, costs, and profits To help them m this 
task, several companies have developed their own version of a conversational 
computer program for marketmg planning Early marketing planning simulators 
were highly aggregate and financial m character Subsequent simulators allowed 
product managers to test the effect of alternative marketmg mixes on sales and 
profits 
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statistical techniques will make it possible to derive more hard-data based 
marketing mix equations to use m computerized marketing planning models 


CURRENT ISSUES IN MARKETING OPERATIONS RESEARCH 
Elegant or Evolutionary Model Building 

The original orientation of operations researchers in marketing was to create the 
best possible model for each type of problem, one that would mclude all the 
relevant variables, the best data estimation techniques, and produce optimal and 
not just satisficing results This orientation worked in the areas of production 
and inventory control where the clients were technically oriented and where 
the tangible superiority of the model can be demonstrated In marketmg how- 
ever, such models meet with great resistance from hostile managers who are 
largely unexposed to higher mathematics They see marketmg processes— with 
their nonhnearities, lags, and interactions— as too complex to be wrapped up m a 
small set of equations, and they know that hard data are rarely available for an 
accurate fitting of these equations As a result, elegant marketing models found 
httle reception m executive suites Many operations researchers soon adopted a 
more evolutionary strategy’ of model building (Montgomery and Urban [1969] ), 
calling for developing a simple model out of the manager’s own statements about 
how he thinks the market works and gettmg the manager to use it The model 
would be refined in stages as the manager himself calls for or agrees to the desir- 
ability of additional features, all the time with his full understanding of how the 
model works This gives him a proprietary feeling for the model and he is not 
afraid to use it Schultz and Slevm [1972] have gone further and called for 
behavioral model building , that is choosing model features that will maximize 
the likelihood of the model’s implementation because these features take into 
account the attitudes and behavioral tendencies of the ultimate users 
The evolutionary model building approach is winning increasing support 
among marketing operations researchers This is occurring at some price, how- 
ever, in that few elegant models have appeared since 1970 because of the belief 
that they would not find practical acceptance by management 

Aggregate, Flow, or Disaggregate Models 

Early marketing decision models employed an aggregate sales response function 
in the tradition of economic demand functions In 1967, Amstutz [1967] went 
to the other extreme m creating a micro-behavioral model m which hypothetical 
individual buyers making up a market went through experiences of being ex- 
posed to products, ads, word-of-mouth, and retailers, and individually making 
buying and brand choices as a stochastic function of their demographics, pro- 
duct ownership, and other characteristics Although Amstutz’s microsimulation 
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was impressive in its detail, man}' operations researchers felt that it was tr j 
detailed, complex, and costly to use as a normal strategy for model builfotc 1 
the marketing area Urban [1968] advocated an intermediate microanalvb. 
level of aggregation that modeled flows of population groups from state to st- 
over time and their average characteristics (SPRINTER MOD 111) Currc-t 
model builders still seem to favor aggregate response functions, although thou 
who would incorporate more behavioral processes and underpinnings will coo 
tinue to press for microanalytic or microbehavioral models 

Hard Versus Soft Data 

Model builders and marketing managers have a strong preference for hard-data 
(objective)* based models, although for possibly different reasons Mode! 
builders feel more scientific and objective Managers feel more confident and, 
furthermore, hard data saves them from having to furnish numbers which might 
be difficult or embarrassing to supply Hard-data analysts believe in the ultimate 
possibility of accurately measuring and estimating most processes, given ade 
quate time and financial support, and they continue to improve econometnc and 
experimental techniques for producing objective data They favor the growth of 
data utilities containing media data, consumer panel data, store audit data, buy 
mg power data, and so on that can be accessed by different users Soft-data 
(subjective) analysts have nothing against hard data, but are impressed by its 
scarcity and cost They do not believe that models should be in limbo because 
hard data is not available, or that important variables should be left out of a 
model for the same reason They have a positive feeling that every' company 
has some experienced managers who have an uncanny judgment about the true 
magnitudes and parameters that are needed The task is to draw out these 
estimates through the best available expert query techniques They believe that 
inadequate data is no justification of inadequate reasoning, and that an or- 
ganized quantitative analysis should be preferred to a disorganized, nonquantita 
live analysis Lodisli has suggested that the inclusion of soft data and vanablcs 
often has an advantage of leading to results that are “vaguely right instead of 
precisely wrong ” The trend seems to be in favor of increased acceptance of 
soft-data when necessary and obtained through careful expert query techniques 

Batch or Interactive On-line Models 

Early models were on a batch processing basis, which meant that the manager 
supplied the needed numbers on a form which would be keypunched into a data 
deck that would be added to a program deck and loaded on a computer, with 
some time elapsing before he saw the results of his first round of analysis This 

Hard-data describes objective data based on survey or experimental methods, as opposed to 
soft-data which describes subjective data based on expert estimates 
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added another obstacle to management’s interest in models With the advent 
of on-line terminals, marketing operations researchers began to cast their models 
into conversational on-line form. Managers could sit down comfortably at a 
computer terminal, type in answers to questions posed by the computer, and get 
immediate solutions They could change any input on the spot to see what 
changes it would produce in the solution. This has been an immense boon to 
furthering managerial interest and usage m models, and most marketing opera- 
tions researchers are putting their models on an interactive on-line basis 

Narrow or Comprehensive Models 

Early models focused on one marketing variable such as advertising, sales force, 
or price, and sought to set, optimally, that variable independently of the levels 
of the other variables In marketing this is likely to lead to suboptimization 
because of the strong interactions between the elements of the marketing mix 
in influencing consumer response Marketing managers rarely change one 
marketing variable without making compatible adjustments in some others, for 
example, a price mcrease may require some advertising to inform the buyers 
and some repackaging to support a higher demand image. Furthermore, market- 
ing variables cannot be optimized without simultaneous and fuller consideration 
of production and financial variables Although a narrow focus permits explor- 
ing the detailed links between sales and a particular control variable, the practi- 
calities of developing marketing plans favor more comprehensive model building, 
and this trend is taking place. 

Nonadaptive or Adaptive Modeling 

Early models were developed on the assumption that the response parameters, 
once measured, would hold true for a long time Little [1966] has questioned 
the stability of response parameters and has advocated that parameters be 
regularly updated through systematic and periodic field experimentation This 
pnnciple is widely accepted today, although most companies have not formally 
implemented it. 

Deterministic or Stochastic Modeling 

Early models were deterministic in their formulation While most of the leading 
models are still deterministic, model builders increasingly favor some way of 
explicitly introducing and handling uncertainty. 

Single Variable or Multiple Variable Objective Function 

Most marketing decision models are formulated to maximize short-run profits 
or, at best, a discounted cash flow Few have grappled with the fact that manage- 
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ment normally seeks to satisfy several objectives through its marketing strateg. 
and that the problem formulation should reflect this A few models introduce 
the other objectives in the form of constraints on profit maximization Other 
ways of handling multiple objectives, such as goal programming or weighted 
multiple vanable objective functions, have yet to make a strong appearance m 
marketing models 

INTRODUCING MARKETING OPERATIONS RESEARCH 
INTO THE COMPANY 

An increasing number of companies will take a close look at their marketing 
problems through the eyes of OR This is inevitable because marketing budgets 
are among the largest and fastest growing company budgets Marketmg accounts 
for approximately 40 cents of every retail dollar and 30 per cent of the gainfully 
employed persons m the United States (Cox [1965]) Competition continues 
to grow keener, customers continue to grow more discriminating, and products, 
as a result, become less secure Company prosperity requires the best possible 
judgment about marketing expenditures and strategy 

Operations Research Personnel 

Large companies are likely to have OR departments that undertake scientific 
studies of company problems in the areas of production scheduling, inventory 
control, and physical distribution Typically their personnel have not worked 
on marketmg problems, and this is a proper cause for concern Operations re 
searchers have a tendency to be technique centered; they tend to force their 
tools onto marketing problems and in the process often oversimplify the prob 
lems They may come up with a good answer to a wrong statement of the 
problem because of their concern with mathematical solvability They can 
avoid many pitfalls by reviewing the now extensive literature on marketing 
OR 

The best arrangement is for one of the company’s operations researchers to 
specialize in this area and read the relevant literature. In time, his expenence 
with several marketmg problems in the company will make him very effective 
As an alternative, the large company can directly hire a person who has spe- 
cialized in marketmg OR. 

The marketmg OR can be located either in the OR department or in the 
marketmg research department It is clear that his effectiveness requires that he 
be in frequent contact with line and staff marketing personnel so that he senses 
their problems, their types of information, and their current procedures for 
problem-solving At the same time, marketmg personnel will grow more familiar 
with him and the OR approach 
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^ The small company usually does not have the option of employing a full-tune 
^operations researcher, let alone a specialist in marketing OR Yet there is every 
...reason to beheve that the small company would benefit as much as the large 
^company from the scientific study of its marketmg problems The small com- 
pany’s recourse is to hire a marketmg OR consultant 

Top Management Support and Understanding 

Marketing OR is particularly vulnerable to suspicion by the rank and file because 
, mathematics seems alien to marketmg problems and poses a serious language 
' barrier For marketing OR to succeed, it needs the cooperation and understand- 
’ mg of marketmg managers who will be asked for data and ideas For their 
cooperation to be positive, it is necessary for top management to establish at the 
‘ beginning that marketing OR is a high-priority activity and must be supported 
by all managers. 

Some top managers have enthusiastically recognized that their companies are 
in the computer age and that nothing less than a crash program of in-house 
management education would prepare management to take up the challenge of 
the computer This happened at Pillsbury when the president, Robert Keith, 
recognized the great potential of the new decision-making techniques and per- 
sonally sponsored and participated in a several-day company seminar on decision 
theory, mathematical models, statistical techniques and computers This semi- 
nar was repeated at several levels ot management 

Problem Selection 

Marketing OR also gains respect in a company to the extent that it achieves 
early successes It is therefore important to select appropriate problems 
Three types of marketmg situations generally pose a good opportunity 
for marketing OR 

Evaluation of Nonrecurrent Major Policy Changes When a company faces a 
major marketmg decision, such as a shift from one type of marketing channel 
to another or a price reduction in an oligopoly situation, the thinking of manage- 
ment can be considerably aided by simple decision-tree analysis or simulation 
models, both of which are easy for management to understand. 

Improvement of Marketing Systems and Procedures Most companies can bene- 
fit from studies of their current procedures for sales forecasting, marketing mix 
planning, and allocation of budgets to products and territories Studies of the 
current procedures yield clues as to alternative decision procedures that would 
lead to important gams in performance 
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Developing Better Information and Analytical Facilities. Operations researchers 
can render a service by installing time-sharing equipment and showing markets 
managers how to call in various useful stored computer programs Executes 
become very involved with time sharing when they try it, and’this helps con 
siderably in whetting their appetite for computer methods in marketing 
problem, if any, is that they may become too enthusiastic about accepting 
the computer printouts The point must be driven home to each executive that 
the computer models are tools to aid judgment, not replace it The executive 
must understand the basics of each model he uses, or else he is apt to make 
senous mistakes 

CONCLUSION 

The increasing application of OR in the marketing area promises to make a sub 
stantial contnbution toward the improvement of company efficiency Although 
still m its infancy, marketing OR has already produced useful insights and deci 
sion procedures in the areas of new-product strategy, pricing, advertising, sales 
force management, and marketing mix planning, and can be expected to produce 
new types of models and refinements in the future 
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1. INTRODUCTION 


The use of operations research (OR) and management science (MS) methods to 
aid m managing human resources is, perhaps, the least developed area in the 
field It is also, undoubtedly, the most difficult to develop This is because so 
many diverse and value-laden factors impinge on the human resource manage 
ment problem. Many factors influence the proper employment of human re 
sources These influencing factors stem from four basic forces or demands 
which the mangement scientist must keep in mind in performing analysis and in 
deriving recommendations These are 


1 ) 


2 ) 

3 ) 

4 ) 


The organization’s demand to have an effective job and role structure that 
is adequate to produce its goods and services m appropriate quantities and 
qualities, and on time 

The organization s demand for the efficient use of its resources 
The individual s demand to satisfy basic and self-actualization needs 
Society s demand for the production and appropriate distribution of goods 
and services consistent with an ethical stance with regard to the nghts, 
duties and privileges of its citizens ' 


The first demand is addressed by organization and management theory, and 

oncems the optimal determination of an organization’s role structure and the 
92 
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design of jobs The second is addressed by industrial engineering and operations 
management, and is concerned with time and motion study, task definition and 
allocation, and the design of incentive systems which maximize productivity. 
The third is addressed by the behavioral sciences, and is concerned with methods 
for satisfying individual needs, studymg individual and group attitudes, assessing 
the psychological properties of jobs and understanding group interrelationships 
and sentiments The fourth is addressed by the social sciences and by ethics 
It is concerned with the larger social, political, and legal forces that impact on 
the organization’s use of its human resources The management scientist must 
draw from all of these sources m formulating a human resource management 
problem Each materially affects the objective functions specified, the con- 
straints employed, the manner in which the study is conducted and, of course, 
the potential implementation of recommendations 

Despite the magnitude of the applications problem, its intention is clear The 
purpose of applying OR and MS to management of human resources is to secure 
improvement in some social system by means of the scientific method From 
the social system’s or organization’s point of view, improvement is probably 
best expressed in terms of maximizing the present worth of the present and 
future services of its participants From the individual’s point of view, improve- 
ment means maximizing the satisfaction of personal needs including physiologi- 
cal, secunty, social, status, and self-realization or fulfillment needs Frequently 
these objectives are in conflict and the management scientist must find some 
“trade-offs” among them. Sometimes, however, these two objectives can be 
mutually supportive in the sense that decisions which lead to improvement on 
one side also lead to improvement on the other Finding these kinds of “goal 
congruent” solutions is a primary objective of MS in the field, and is the goal of 
most of the research in the areas of socio-techmcal systems, the design of jobs, 
and of human resource management 

The means of securing improvement in social systems is through decision 
making Accordingly, we believe that an appropriate way to review the use and 
application of OR m the field of human resource management is to specify the 
human resource management decision space This approach provides a method 
for classifying the OR tools and techniques that have been used or might be used 
m each decision area Human resource management generally involves six basic 
functions These will serve to define the primary dimensions of the decision 
space 

I Acquisition-providing for the recruitment, selection, and socialization of 
personnel. 

II Development — providing for the education, training, and development of 
the personnel 

HI Allocation — assigning personnel to jobs and roles (assuming that the jobs 
and roles are given how best to assign personnel to them) 
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IV Utilization-determining the organizational structure, information ani 
communication flow pattern, leadership style, and motivation schenp 
(assuming the personnel complement is given or adequate assumptions can 
be made about lt-how best to design jobs and roles). 

V Evaluation-measuring an individual’s contribution to the organization 

VI Maintenance and cornpensarion -determining the appropriate economic and 
noneconomic rewards necessary to maintain each individual's contributior 
to the organization, and to properly reward him for it This conservatioi 
function includes salaries and wages, benefits, promotions, job conditions 
status, recognition, and social incentives 

The remainder of the chapter is organized around these decision processes 


1.1 Acquisition-Recruitment 

Recruitment is the process by which an organization develops a pool of appli 
cants The essential problem in recruiting human resources is to determine the 
source of the pool, the quantities required, their qualifications, and the timing of 
acquisition Selection, then, is the decision to hire from the pool Most applica 
tions of OR techniques assume the existence of a human resource pool com 
pnsed of a relatively large number of people who are rather homogeneous in 
capabilities and who are to be employed in a relatively few and quite similar 
tasks The development of the recruitment pool depends on an understanding 
of the role of human resources in the productive aspects of the organization 
Consequently, a good place to start a study is by determining the organization’s 
“personnel response functions ” 

An organization’s personnel response function relates its output to the levels 
of personnel input which are employed. The approach can be used in order to 
minimize either the cost or the number of personnel 

The decision problem can be stated as follows 

Minimize N or C(N), 

subject to the constraint 


R(N)>G. 

where N = the level of personnel mput expressed m number of people, hours, 
number of sales calls, etc., C = personnel cost as a function ofN, in the case of 
linear costs this is simply C\ +C 2 A r , G=- a goal or a demand level of output, 
R(N) = the personnel response function which converts inputs to outputs 
This decision is trivial when R(N) is linear, however, this is seldom the case 
Most likely R(N) will approximate the familiar S-shaped sigmoid curve shown 
m Figure 1. 
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Fig 1 . Personnel response function. 

The first portion of the curve reflects the situation where some limited amount 
of effort is required before any output is realized. Then, after a “threshold” 
point is reached, the system produces additional outputs for each additional 
increment of input Frequently, this portion of the curve can be approximated 
by a linear function. The system continues to respond incrementally to person- 
nel inputs until a “saturation” point is reached Beyond tins point additional 
inputs result m very little, if any, additional output. Finally, a “supersaturation” 
point is reached beyond which additional mputs actually result in negative out- 
puts This latter condition is obtained in typical situations where congestion, 
communication overloads, interpersonal problems and the like increase rapidly 
with additional personnel The net effect is to restrict productivity. In sales and 
other personal sendee situations for example, supersaturation can result from 
the condition where additional sales effort serves as a disfunctional nuisance to 
prospcctne clients 

Scientifically based attempts to establish the quantities of personnel to be 
recruited, the size of the workforce, number of hours of work required, or other 
icieis of input effort should be based on the management scientist’s best esti- 
mate of the response function. This estimate can be obtained m two ways-by 
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curve fitting procedures and by controlled experimentation The fust 
is useful when there is a range of data available which shows the different leveh 
of output that have been achieved when different levels of input were employed 
m a task or a class of similar tasks Graphic techniques or curvilinear regression 
can be used to estimate the function using, for example, the logistic Pearl Reed 
curve or the Grompertz curve as a model Often, however, the available data a 
limited to a very narrow range of activity, and the full extent of the function can 
only be determined by some form of experimentation In any event, care must 
be taken to insure that no significant technological or organizational change 
take place during the period covered 

Once the objective and response functions have been estimated, the question 
of how many people must be hired can generally be answered using calculus, 
mathematical programming, or graphic techniques Ackoff and his associates 
have applied this approach in the context of a long range planning effort to 
determine how many salesmen should be employed m a territory, and the 
average number of accounts that should be assigned to salesmen In one case 
they found that the firm was generally operating beyond the saturation point 
and recommended that the salesforce be reduced rather than augmented “The 
annual saving obtained by not acquiring the additional salesmen ongmally re- 
commended was approximately twenty-five times the cost of these studies” 
(Ackoff [1970] , Waid, Clark and Ackoff [1956]) 

Although determining the response function is fundamental to any land of 
human resource management, frequently simplifying assumptions are made 
about it, such as assuming a homogeneous labor pool which has a linear response 
function 

All problem solving methods have a basic conceptualization or metaphor 
underlying them. The one most frequently used in modelling human resource 
management problems is the notion of multi-period, feed forward flow model 
with people as the primary flow variables. Using this perspective the orgamza 
tior.’s current and perspective personnel are classified into a discrete set oi 
“pools ” The pools are specified for each given time period, t, according to 
attributes which are important to the analysis such as skills, age, education 
pay level and organizational status Collectively, these pools describe the staff 
of the system at time t Transitions are made from one state to another at turn 
t + T on the basis of the structural properties of the human resource system ant 
the decisions made During any tune period, t, people enter and exit the organ! 
zation, acquire new skills, grow older, change their pay status, get promoted 
etc , thereby changing the composition of the pools Depending on the natur 
of these transitions, whether certain or probabilistic, state-descriptive floi 
models can either be deterministic or stochastic 

Deterministic flow models have been used frequently in multi-period fliai 
power or workforce planning linear programming (LP) is the method mo! 
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t frequently used to provide solutions to this problem formulation Dynamic pro- 
gramming, Linear Decision Rules, The Maximum Principle, and Search Methods 
have also been employed These are covered in detail in Chapter 1-5 “Aggregate 
Production Planning ”* 

Another approach to the problem of determing the quantities of personnel 
required for acquisition mvolves the use of stochastic models to predict the 
movements of people throughout organizational roles or positions Stochastic 
models of an organization’s manpower mobility are based upon the notion that 
people move among organizational roles in accordance with probabilistic laws 
The models are best applied to organizations with (1) well defined hierarchical 
structures and (2) annual (or fixed period) promotion and hiring pohcies 
Military organizations, educational institutions, and some industrial firms are 
good examples. 

Stochastic models can be employed to analyze both individual and collective 
behavior in the system One apphcation is to use the model to estimate the 
probability that a given person will either remain in a specific organizational 
position, salary grade, service category, longevity category, etc , or will move to 
some other state These probabilities are derived from knowledge of the prob- 
abilities of transition within the system between two specific time periods 
They can be used to estimate the value of an individual to the organization (as 
discussed in the section on evaluation) and to predict his or her career pattern 
Since an individual’s history and experience can play a role m his future mobility, 
the probabilities employed in this apphcation often must be conditioned by all 
or many of the prior states occupied by the individual 

Stochastic models may also be used to trace the expected movements of 
people collectively throughout the organization and, m turn, to project the 
number of people that will occupy each state at a specified future time period 
Thus, they can be used to forecast manpower supply and to guide personnel 
policy 

In analyzing collective behavior it is frequently useful to assume that the 
organization’s structure meets the requirements for Markov cham analysis To 
use a Markov model properly the analyst must be satisfied that (1) there are a 
finite number of identifiable states m the system, (2) the conditional probability 
of moving from one state to another is independent of any past “events” and 
depends only on the present state (the Markovian property), (3) the transition 


‘References include Holt et al ([I960] 389-404), McCloskey and Hanssman [1957], 
Arabayrc et al [1969], Wagner [1970], Hanssman and Hess [1960], Nemhauser and 
Nutthe [1965] , Bishop and Rockwell [1958] , Bergstrom and Smith [1970], Fan [1964, 
1966], Hwang and Fan [1966, 1967], Nelson [1966], Jones [1967], Taubert [1968], 
Sikes [1970] , Dill et al [1966],Lippmanetal [1967] , Silver [1967] .Conrath and Hamd- 
en [1971] , and Walker [1969] 
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probabilities do not change with time (stationary probabilities) and that (4) s 
set of initial probabilities can be determined 
The problem may then be formulated as a special case of the genera] lm ej! 
dynamic propagation model 

X(r + 1) = X(f) P + y(f) G + z(f) H, 


where 

X(r) = a set of endogenous state variables assumed to be outside of the control 
of the decision-maker and subject to a transition matrix P, 
y(t) = a set of control vanables which the decision-maker can directly mfh 
ence but are subject to a structural matrix G, 
z(t) = a set of exogenous vanables which impinge on the system from the 
outside but are subject to a structural matrix H 

A Markov personnel mobility model is based on a matrix of transition prob 
abilities denved from historical data or from judgment The matrix form, P, 
is illustrated in Figure 2 Adopting the convention that P t] refers to the prob 
ability of a transition from state i to state j, it is possible to represent the prob 
ability of movement from any state to any other state after a specified number 
of tune intervals 

In stnctly hierarchical systems, it is conventional to order the matrix in the 
sequence of jobs of increasing importance The P u is the probability of remain 
mg in the same state (persistence) and P tJ is the probability of promotion for 
/ > J, or the probability of demotion for / < i Furthermore, one of the states 
(usually the nth) represents the “exit” state. 

The matrix of transition probabilities has the following characteristics 1) It is 
a square matrix having n dimensions, where n = the number of states; 2) 0< 
< 1, and 3) the sum of the probabilities of occupying the collectively exhaus 


X(1970) 

P 


ABC Exit 

100 

A 80 10 0 10 

50 

B 0 90 05 05 

10 

C 0 0 90 10 

0 

Exit 0 0 0 1 00 


expected distribution M 80 55 12* 14* = X(1971) 

of personnel in 1971 1— — 

* Results are rounded up from 1 1 5 and 1 3 5, respectively 

Fig 2 Transition probabilities for personnel among positions from 1970 to 
1971 with n = 4 states 





HUMAN RESOURCE MANAGEMENT 99 


N 


1 tive, mutually exclusive states is 1 0 If the transition matrix is raised to the 
second power, P 2 , it will describe the probabilities that each state will be oc- 
' cupied during the second consecutive time interval If it is raised to the r-th 
power, it will describe the probabilities that each state will be occupied during 
the Mh tune interval 

The basic model is formulated as follows * 

x(t + 1) = x(0 p, 


where 

X(r) = an n-dimensional vector of the number of employees in each state i 
(i= 1,2, n) dunng time period t, 

X(0) = the initial distributor vector of employees, 

P = the Markov transition matrix 

Figure 2 shows the calculation of transition probabilities for a hypothetical 
system dunng a two year penod. 

The model can be expanded to include other dimensions such as new recruit- 
ment and lay-offs as well Consider, for example, the formulation 

X(f+ 1) = X(0P+R, 

where 

R f = an n-dimensional vector containing the number of employees recruited 
or hired (positive coefficients) or laid-off or fired (negative coefficients) 
m each state i (i = 1 , 2, n) dunng time penod t 

Over a planning horizon of T periods a multi-stage planning model can be for- 
mulated as follows 


X{T) = X(0) P r + £ R f P r - f 
r=i 

Generally speaking the decision-maker controls the conduct of the system 
through time by the recruitment and lay-off policy (R f ) or by changing the rates 
of promotion, persistence, demotion and exit contained in the matrix P. Thus 
the model can be used to explore the implications of various pohcies by project- 
ing then effects over some planning horizon. Alternatively, if a particular end or 
“target” state X(T) is desired and X(0) is known, the model may be used to 
identify the various recruitment pohcies (R 0 ,Ri R-r-i) which meet the 
objective In this latter case, additional choice or optimization methods must be 
employed in order to select the “best” policy (expressed m terms of an n X T 
matrix of additions and deletions) from among those which achieve the target 

*In this simplified version of the model y(f) and z(f) are considered irrelevant 
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The model can be used in planning personnel acquisitions to project thenu ra 
ber of people expected to occupy each position at specified future times unde, 
certain policies or to solve for recruitment policies, R, These supplies of hum^ 
resources can then be compared with anticipated needs for vanous roles Gap-, 
if any, denote recruitment needs Surpluses, if any, denote possible transfen' 
layoffs, etc. 

Examples of the application of stochastic models m planning personnel a 
quirements can be found in Bartholomew [1967], Vroom and MacCnmmon 
[1968] , and Rowland and Sovereign [1969] The approach has been applied to 
the University of California by Bartholomew [1969] and by Rowe, Wagner, and 
Weatherly [1970] Recent theoretical development has been provided by Danes 
[1973] 

The methods described above stress the use of models as a means of determin 
mg future personnel needs and guiding acquisition decision. Most of these 
models rely on historical data as a basis of projecting future needs Regression 
models using various indices as predictors are frequently used for this purpose 
This approach is, of course, inappropriate in situations where some form of 
structural change can be expected, since it assumes that relationships of the past 
will carry forward to the future. One way of coping with structural change 
forecasts is to draw on expert judgements in the making of human resource 
requirements forecasts The Delphi Method is a systematic means of incorporat 
ing expert opinion to generate a forecast 

In the Delphi Methods, (Helmer [1968] , Dalkey [1967]), a group of experts 
is selected and is asked anonymously to estimate future needs and to provide 
reasons for their estimates The estimates and reasons are collected and fed bad 
to all participants who in turn provide new estimates and reasons This process 
is repeated for several rounds in an effort to obtain a reliable concensus of 
of opmion among the group of experts 

Milkovich, et al [1972] have applied the Delphi Method to forecast profes- 
sional manpower requirements m a large national retail organization Using 
seven company managers as the panel of experts— and five rounds of information 
exchange— they found that the Delphi procedure came much closer to the firm’s 
subsequent actual behavior than each of three regression models based on 
projected number of retail outlets, gross retail sales, and current number of retail 
outlets 

1.2 Acquisition-Selection 

The essential problem involved in selecting human resources from an organiza 
tional perspective is to satisfy role and task requirements Typically, personnel 
hiring decisions are oriented to selecting people who seem most likely to satisfy 
current needs Attempts are also made to assess a person’s “potential” or 
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promotability. In some cases, trade-offs may exist between the selection of 
' people with greatest current productivity and those with the highest future 
potential 

The traditional approach to personnel selection aims at “categorical predic- 
tion,” by means of straight forward correlation analysis For example, Dunnette 
[1966] states, “This model has sought to link predictors (that is, various 
1 measures of individual differences) directly with so-called criteria, (that is, 

1 various measures of organizational consequences of job ‘success’) through a 
simple mdex of relationship, the correlation coefficient ” (p 104). Once the 
model is estimated, prospective employees may be classified into potential 
successes and failures (in terms of performance on the job) by their scores on the 
predictor variable Scores on two or more predictors can be combined in a mul- 
tiple correlation coefficient to yield a linear combination of these predictor 
variables Both linear and curvilinear methods of estimation may be employed. 

Inskeep [1970] has employed this approach to study the labor turnover 
problem Job tenure was correlated with various employee attributes He found 
that home ownership, prior working experience, age when hired, and level of 
education (an inverse relationship) were the best predictors of job tenure 

As with all types of correlation analysis, there are important caveats to which 
the analyst should adhere First, of course, correlation is not explanation nor 
does it alone establish cause and effect relationships Consequently there should 
be a reason, based either on theory or experience, which explains why the pre- 
dictors used should be responsible for the performance observed Second, 
correlation analysis presupposes a random sample and, therefore, the analyst 
should scrutinize the data for possible bias Frequently, strong cultural and 
sociological forces affect the selection of personnel which constitute the avail- 
able labor pool at any pomt in time Recruitment methods also influence the 
composition of the pool Third, one should be careful that the structural 
assumptions used in estimation are still applicable when the selection decision 
is made In periods of rapid technological, organizational, or social change this 
can be an important factor. Finally, one should always test the hypothesis that 
the correlation coefficient is zero A non-zero coefficient does not always imply 
that the “real” coefficient is not zero. 

Psychological testing has proven to be a useful method of estimating some of 
the “predictors” used m correlation models Many organizations augment the 
typical application form with a battery of tests for this purpose Some organiza- 
tions report reasonably good success with the approach It should be pointed 
out, however, that most test selection procedures serve to benefit the organiza- 
tion rather than the individual, even in cases of rejection (Taylor and Nevis 
[1961]) 

Although seldom used in practice, it is theoretically possible to use a decision 
theoretic approach in personnel selection. This approach measures the ability 
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of a set of candidates for a specified job m terms of the conditional payoff 0 { 
each person to the job for which he or she was selected. In addition, the p T0 h- 
abilities of successful performance on these jobs are measured The 0plmu j 
selection strategy is then based on choosing the individuals with the greatest 
expected ability Dunnette [1966] has developed an illustration of optimal 
personnel selection using this approach 
One variation of the decision-theoretic model, which is based on the use 0 [ 
measures of the monetary value contributed by people to a firm, shows some 
promise It is an outgrowth on work to develop “human resource accounting" 
and “human resource valuation.” (Flamholtz [1971, 1972, 1974] , Lev anj 
Schwartz [1971]). 

Using this approach, the value contributed by a person occupying a specified 
organizational position is measured in monetary terms For example, in a pro 
fessional service organization the monetary value contributed by an individual 
might be measured in terms of expected net contribution to profits (sales 
revenues less salary and other costs) 

There are two basic dimensions or measures of a person’s monetary value to an 
organization 1) expected conditional value and 2) expected realizable value 
(Flamholtz [1972] ) An individual’s expected conditional value is the amount 
of benefit (contribution) the organization could potentially denve from ; 
person’s services if the individual remains in the organization dunng his or he 
expected service life It is the potential value to be received on the conditioi 
that the person maintains organizational membership, and is therefore analogous 
to any conditional value A person’s expected realizable value is the value 
actually expected to be derived (realized) from a person’s potential services, 
taking into account the probability of turnover The difference between these 
two dimensions of a person’s value is thus the opportunity cost of turnover 

At present, many personnel managers seem to base selection decisions on a 
criterion of expected conditional rather than expected realizable value That is, 
they choose people who seem to possess the maximum conditional value to the 
firm This may be appropriate m cases where there are very few alternative 
sources for employment open for employees However, in situations wheie 
other employment options are open and few legal, moral, or cultural inhibitors 
to leaving an organization prevail there is some likelihood that an employee wBl 
seek other employment This eventuality should be included in an estimate of 
his value to the organization and hence, realizable value is a more appropnate 
measure 

For example, consider a situation in which a personnel manager is faced with 
the choice of two candidates for a given position. Candidate A has a conditional 
value in the desired entry role of $30,000 and B has a conditional value of 
$25,000 Using a cntenon of maximizing conditional value, the rational 
decision-maker would select A. However, suppose further that the probabilities 
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.. of A and B quitting the firm are 30 and 1 0, respectively. If the selection deci- 
sion is based on maximizing realizable value one should choose B since the 
^ realizable expected values for A and B are $21 ,000 and $22,500 respectively. 

The above example is, of course, highly simplified smce in practice one should 
estimate the probability of exiting at each stage in the stochastic process The 
expected realizable value would be calculated accordingly rather than by usmg a 
single turnover rate However, the example does demonstrate the potential 
criticality of employing estimates of the probability of exiting or quitting m 
' making the personnel selection decision 


2 DEVELOPMENT 

The essential question in the employee development decision is whether to 
provide education and training (including “on-the-job training”) to the employee 
and if so, what land, when, and for what duration Relatively little active work 
has been done in applying OR to these problems Balinsky and Reisman [1972] 
have developed a framework for modelling the problem which should prove 
useful It is based on the dynamic feed forward flow models discussed earlier 
The simplest version of their approach is a single educational program, multi- 
period cost minimization model which assumes a planning horizon of A^ periods 
of equal time duration The educational program can be completed m one time 
period Formally the model is 


Minimize 
X x , ,Xn 


£ 0*" 1 [Q(Z f ) + g 1>f (5 1>f+1 ) + ^,r(5 2>f+1 )] 
r=i 


subject to 

0 ^X t <P t , f = 1,2, ,N 

(The number of people educated cannot exceed the total eligible population), 
S hui=S ht + (P t -X t ) + \(X t )-d 1<t , f = 1,2, ,N 

(conservation of labor pool level 1), 
S *,tn=S 2>t +[X t -\(X t )] -d 2yt , f = 1,2, ,N 

(conservation of labor pool level 2), 


where, 


X t = the decision variable, the number of eligible people trained each 
period t, people who complete the educational program move 
from level 1 to level 2, 

P t = the available eligible population for training (given), 
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S l t = the available labor pool on level 1 at the beginning of period t 
S 2 ’j = the available labor pool on level 2 at the beginning of period t' 

\(X t ) - the attrition or dropout rate, a function of the number 'of 
people admitted to the program in time penod t, 
d Kt = the outside demand or manpower requirements for personnel 
with level 1 training during penod t (given), 
d 2 1 - the outside demand or manpower requirement for personnel 
with level 2 training during penod t (given), 
d = a discount rate, 

C t (X t ) - the cost of providing education, 

£i,f(Si,t+i) = penalty cost for manpower shortages or surpluses at level 1, 

82 1 ($ 2 , f+i ) = penalty cost for manpower shortages or surpluses at level 2 

The single program model is solved using dynamic programming techniques, 
assuming a piecewise, linear, discontinuous objective function Furthermore, the 
approach may be extended to develop a multi-echelon, multiperiod educational 
model, and to mclude variations such as modification in program duration, com 
pulsory educational levels, and 4-level “college type” systems LP methods are 
used to solve these extended versions and the general multi-echelon multipenod 
model 

The modelling approach used above was explicitly designed to study formal 
educational systems, such as the college and university system So, while it is 
instructive, it does not deal directly with the development decisions which most 
organizations must make Some of its deficiencies in this regard are revealed by 
the constraint parameters it takes as given. For example, the pool of available 
eligible people, P t , is, as we have seen above, a function of the recruitment and 
selection decisions and thus can in part be brought under the decision-makers’ 
control Also, the requirements, d, for personnel at various levels can be very 
much the product of decisions made by the organization 
Organizations engage in education, training, and development programs in 
order to increase the employee’s productivity on the current job, to augment the 
range of activities in which the employee engages, to shift the employee to a new 
job, to promote him or her, or to improve the employee’s morale and well being 
Adequate models of the development decision therefore should include a set of 
alternative educational or training programs in which the individuals might parti 
cipate, the cost of the programs both in terms of delivery (direct) and of lost 
production (opportunity), and finally the benefits gained from each program 
The latter is the most difficult Little is known about the full impact of educa 
tional and training programs on people and on their productivity on the job 

3. ALLOCATION 

The basic allocation decision problem is how best to allocate an organization s 
human resources to the task or tobs it has to nerfnrm In this sense allocation 



HUMAN RESOURCE MANAGEMENT 105 


and utilization problems are “mirror images” of each other Allocation prob- 
lems take the task or job structure as given and seek to assign individuals to it, 
whereas, utilization problems take the individuals and their capabilities and 
characteristics as given or predictable and seek to develop task structures which 
best utilize their potential Most management situations involve both problems 
simultaneously, however, it is useful to review each separately OR techniques 
have been applied most frequently to allocation decisions 

Human Resource allocation problems exist at two levels in an organization. 
One is at the top management level where aggregate manpower planning takes 
place Its purpose is to determine the broad assignment of manpower to organi- 
zational umts, often expressed m terms of budgets for personnel and labor. 

The second level of allocation problems is at the line supervisor level It results 
in the actual assignment of a specific individual to a specific job. This decision 
problem, sometimes referred to as the optimal personnel assignment problem, 
concerns how best to assign n individuals (/j , / 2 , . ,/„) to n jobs (J Y ,J 2 , ■ . , 

J n ) so as to maximize the total value of the assignment Four basic approaches 
have been employed in analyzing allocation problems— transportation or assign- 
ment models, goal programming models, sequential assignment models, and 
simulations 

3 1 Transportation Models 

The basic transportation or personnel assignment model has the following 
mathematical expression 


subject to 


n n 

maximize z = £ £ r t ,X tJ , 
{X t] f i=l 7=i 


n 

Z 

*«7 = 

1, 

i=l 



n 



£ 

= 

1, 

7=1 




X tJ e {0, 1} for all i j, 

where 

X tj = 1 means that I t was assigned to job J f , 
and 

V s represent the ratings, scores or relative efficiencies of each individual for 
each job and form an nxn matrix R 
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This formulation requires that each individual be assigned to one (and only one) 

30 b and that each job have one (and only one) individual assigned to it 
problem can be solved by the standard assignment or transportation LP method 
See, for example, Hillier and Lieberman [1967] Chapter 6 . 

The most difficult problem for the analyst to cope with in applying this fo- 
mulation to real personnel assignment situations is that of determining the jn. 
propnate objective function and, accordingly, the appropriate measure to ea 
ploy in estimating the r,/s Here several approaches are available 

1 Criterion Maximize the sum of the rates of the assignment 

n n 

Functional maximize z = V V r„ X t] 

{X,,} ,=i 

When this approach is used an effort is made to measure the r,/s directly m 
terms of important organizational value such as performance times, cost, output 
per time unit, etc Such measures are often difficult to obtain As King [1967] 
pomts out, there are also several conceptual problems to deal with Any such 
r tJ is a point estimate which has an error factor distribution associated with it 
Furthermore it represents a prediction about the individual’s expected perfor- 
mance in the job Consequently, it is subject to the errors and uncertainties 
of predictive techniques Conceivably, actual performance could be quite 
different from that suggested by the r, ; ’s 

2 Criterion Maximize the joint probability that each individual will be 

successful in the assigned job 
n n 

Functional Maximize z ]T log (P v ) X,, 

«=i / = i 

In this approach, also suggested by Kang [1967] , P tJ represents the probability 
that /, will be successful in job J, Discriminant techniques can be used with 
historical data in order to estimate the probability that an individual with 
certain attributes will perform satisfactorily in each job. The joint probability' 
of a successful assignment then is maximized by choosing one individual for each 
job in a manner which maximizes the product of their probabilities for success 
Due to the properties of logarithms, the functional is expressed as indicated 
above 

Once the notion of the probability of success or failure is introduced, several 
methods of measuring and interpreting the criterion are available Wed [1967] 
suggests the following additions to criterion 2 above- 

3 Criterion Minimize the joint probability of unsuccessful assignments to 

all jobs 

Functional: Minimize Z = £ £ log (1 - P„) X„ 

l=! j=i 



HUMAN RESOURCE MANAGEMENT 107 


4 Criterion Maximize the expected number of successful assignments 


rt n 


Functional Maximize Z = ]T ^ P tJ X,, 

{X, ]} 1=1 /= i 

5 Criterion Minimize the expected number of unsuccessful assignments 

n n 

Functional Minimize Z = £ £ (1 - P I; ) X I; 

/=i /= i 


6 Criterion Maximize the (geometric) average odds 
all assignments 


1 -P 


of success on 


Functional Maximize Z = £ log (P, ; /(l - P,,)) X,, for 0 < P tJ < 1 
{X,j} 1 = 1 1 = 1 


7 Criterion Minimize the (geometric) average odds 
assignments. 


(?) 


of failure on all 


n n 


Functional. Minimize log ((1 - P,,)^,,) X tJ for 0 <P,j< 1 

{X,,} l=i i^i 


The last two criteria are referred to as logit criteria Weil [1967] argues that 
criteria 6 and 7 should be used because they favor a more equal distribution of 
probabilities than the one for mid-ranges They also tend to favor makmg assign- 
ments as close to one as possible whenever the sum of the probabilities is greater 
than one, thus taking mto account the “certainty” attached to successful (or 
unsuccessful) performance In usmg these criteria care should be taken about 
the accuracy of the estimate, especially if large probabilities (> 95) or small 
probabilities (< 05) are present 


3 2 Goal Programming Models 

Charnes, Cooper, et al [1969] suggest that the ratings of individuals in jobs 
should be broken mto component parts and that goal programming notions 
might be employed This method uses the following definitions 

r tJ = the “amount” of the ; th attribute required by job i 
a s,= the “amount” of the ; th attnbute possessed by individual s 
V, t =the “amount” of underfulfillment, a slack variable 
= the “amount” of overfulfillment, a slack variable 
n = the number of individuals and jobs 
m = the number of relevant attributes. 
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The program may be formulated as 

n m 

Minimize Z = Y) 7} 

{^7/} && 

subject to 

7. %is a si ~ i ^// — r jy / — 1> 2, . . ,m 

j=i 

Z ^ =1 

1=1 

Z *.- 1 

5=1 

*„ = { 0 , 1 } 

V7 n V*>0 

The cnterion assigns a weight of zero to all overfulfillments, and a weight of 
unity to all underfulfillments, and seeks to minimize the amount of underfill 
fillment 

There are several obvious extensions to this model that might be employed, 
depending on the situation. In R and D management and other professional 
service situations, Childs and Wolfe [1972] argue that it is important to obtain 
skill categories that are appropriate for rating personnel in each professional 
group, and that these skills be weighted by the requirements of the project of 
job and by the priority of the project within the organization as a whole They 
propose that an individual's effectiveness on a project, r,,, is equal to the sum 
of his relative ability in each skill category times the importance of that category 
to the successful completion of the project weighted by the priority of the 
project to the system as a whole Delphi techniques and Human Resource 
Accounting methods might also be employed to estimate r (/ ’s An application 
of this procedure to player selection in team sports is discussed in Chapter II-8 
of this Handbook 


3 3 Sequential Assignment Models 

The above formulations assume that all individuals are assigned to all jobs 
simultaneously In practice this seldom happens Instead, jobs open up and 
individuals must be assigned to them on a sequential basis 
This sequential aspect of the problem is relatively unexplored Derman, 
Lieberman, and Ross [1972] however, have provided the first steps in an analy- 
sis of this type of sequential assignment problem Simply stated, their result 
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is as follows Suppose that there are n people to perform n jobs, but that the 
jobs occur and people must be assigned to them m a random order This situa- 
tion, incidentally, is not unlike that which obtains m accounting and legal 
offices, welfare offices, computer software firms, and other enterprises where a 
“pool” of personal services are assigned to “cases” or “projects” as they appear 
After an individual is assigned to a job, he or she is unavailable for future assign- 
ments Each job,/, has a reward or payoff associated with it, X } , which takes on 
the value x, Furthermore, each individual, i, has a performance measure, p,, 
(assumed in this model to be intrinsic in the individual and not dependent upon 
the job to which he is assigned) A simplifying, but not constraining, assumption 
is that p, satisfied the condition 0 <p, < 1 so that, for example, a lawyer rated 
“1 0” always wms the case, a “0 0” lawyer always loses, and a “0 5” has a 50/50 
chance 

Under this condition the organization would like to maximize the total ex- 
pected reward given by the functional 

Maximize Z = E 

O',} 

where, p„ = p, for the individual assigned to job / 

Drawing on Hardy’s Theorem [1934] , the authors show that if one has three 
basic pieces of information, namely the cumulative distribution function of X, 
the number n of jobs and people yet to be assigned, and an ordinal ranking on 
the individuals p x <p 2 < <p„, an optimal assignment can be made by 

assigning the person corresponding to p,- to the next job if its reward, x, falls in 
the ith interval on the real line The latter intervals depend on n and the distri- 
bution of X , but not on the p,’s In essence, the result gives some analytical 
horsepower to a time honored managerial maxim Assign the individual most 
likely to succeed to the jobs with the highest payoff and assign the one least 
likely to succeed to the lowest payoff jobs 

There is another deep assumption m the job assignment literature about which 
the management scientist must be extremely careful The assumption is that 
payoffs received from assigning a person to a job are independent of the other 
assignments made Seldom, if ever, does this lack of interaction and dependency 
exist 

Indeed, most roles and jobs are derived directly from the basic core technology 
and structure of the organization and are dictated by the flow of information, 
energy, and materials necessary to produce its goods and services This is especi- 
ally true m manufacturing and process mdustries Socio-techmcal studies m 
these industries (see, for example, Engelstad [1972]) demonstrate quite clearly 
that important dependence relationships exist among the various jobs and tasks 
which comprise most process systems These dependencies result in uncon- 
trolled variations being transmitted to subsequent stages m the assembly lme or 
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production process This means, for example, that if a relatively meffect&e 
employee is assigned to a particular job in the process, his errors will affect not 
only the direct performance on that job but also be propagated to subsequent 
jobs where the variance created must either be absorbed or passed on again 
A method for identifying these dependency relationships, called the “variance 
matrix,” exists, and has been successfully employed in studying problems ® 
process control (Engelstad [1972]) Variance matnces are created in 
identifying the stages in a process and the qualities and attributes of system 
performance that are important within each stage A precedence matrix of 
interdependency is then formed Its elements represent the impact of p 
formance with respect to an attribute at one stage m the process on attributes 
in subsequent stages The purpose is to ascertain the places in the system where 
the uncontrolled variations that are produced in one stage must be dealt with b) 
the technology, organization or people at subsequent stages 


3 4 Simulations 

Algorithmic techniques tend to break down in complex environments such as 
the labor assignment area, where the interaction of many variables affects the 
outcome This suggests that simulation methods may be appropriate Some 
preliminary research has been done m this area 
Nelson [1967] , for example, has constructed and experimented with a general 
model which permits experimentation to take place in both machine and labor 
limited systems by manipulating such variables as queue discipline rule, labor 
assignment procedure, size of work force, degree of centralized control of labor 
assignment, the job routing characteristics of the network, and the labor ef- 
ficiency matrix (i.e , the response function for each laborer on each machine 
or job) Nelson’s simulation experiments are based on simplified systems, and 
are geared to test structural relationships and to provide insights as to effective 
policy heuristics, rather than to simulate a particular real system; however, they 
do provide insight mto useful manpower allocation rules This and other 
methods are discussed more thoroughly in Chapter 1-9, “Scheduling and 
Sequencmg ” 


4 UTILIZATION 

The problem of utilization as defined here is analogous to the problem of opti 
mal organizational design. The issue is Given a set of tasks the organization 
must perform, how best are they combined and organized so that jobs and roles 
may be defined which are both organizationally effective and individually 
satisfying The subject is too extensive to cover in the chapter, however, a few 
notes of perspective should be useful 
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There are basically three schools of thought on the question of utilization 
The “scientific management” school, founded by Frederick W Taylor, would 
seek “rigid rules for each motion of every man, and the perfection and standar- 
dization of all implements and working conditions” (Taylor [1911], p 85) The 
approach is based on the view that “Each man must learn how to give up his 
own particular way of doing things, adapt his methods to the many new 
standards and grow accustomed to receiving and obeying directions covering 
details, large and small, which in the past have been left to his individual judg- 
ment ” (Taylor [1919])— a view summarized by McGregor’s Theory X [1960] 
Time and motion study and the detailed modelling of work activities are the 
results of applying their philosophy 

The human relations movement can be thought of as a reaction to this empha- 
sis on the physical, physiological, and economic side of work, in that it placed 
a new emphasis on the psychological, social, and organizational aspects of work 
Its basic assumption is that improvements in the organization can best be achieved 
through improvements in interpersonal relations and in the psychological well 
being of the organization’s members (Drucker [1952]) It too has a view 
of man-summanzed by McGregor’s Theory Y— and an ethic which states that 
job satisfaction, job enrichment and the pursuit of “self actualization” and other 
needs are legitimate organizational goals in their own right. 

The third school of thought might best be called the “socio-techmcal systems” 
school It seeks to integrate the important developments of each of the previous 
schools mto a coherent whole in which the organization is considered to be an 
open, social system, which has important relations with its external environment 
and m which technology plays a critical role 

Socio-techmcal analysis begins with the assumption that more than one work 
relationship structure exists for accomplishing a given set of tasks Each such 
structure has different social and psychological characteristics and a different 
technology These factors collectively influence the total performance of the 
system For example, m their original long wall coal mining studies, Tnst and his 
colleagues [1948, 1951] found that a variety of structures where possible ranging 
on the one hand from the conventional one with a complex formal structure and 
simple work roles (a’la “scientific management”), to on the other hand a work 
structure with a simple formal structure with complex work roles In the latter 
structure each member worked with many different task groups on many mam 
tasks dunng several shifts without a rigid division of labor This “composite” 
structure was found to be superior in this situation in terms of both productivity 
and costs because it had the flexibility necessary to cope adequately with chang- 
ing underground conditions Moreover psychological stress was reduced and 
absenteeism due to accidents, sickness, or without reason declined Rice’s 
[1958] study of the textile mills in Ahmedabad, India had the same result 
Rice’s work further suggests that supervisory roles are subject to the same kmd 
of analysis and that the same general results obtamed 
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priority), and degree of intensity The resulting list structure is interpreted as 
the organizational structure. Gerwin has duplicated Thompson’s [1967] 
bomber wing study using the method and also applied it to an industrial 
organization 

The list structure approach is inductive and synthetic in that it works from 
elements to structure It’s obverse is the decomposition approach For some 
time now organization theorists have been intrigued with the decomposition 
principle of LP as it might apply to organizational design The notion is that 
if an organization and all of its task and roles can be modelled by a large scale 
linear program, then the matrix of coefficients may give clues to organization 
form To the extent that the problem is decomposible into several almost inde- 
pendent subproblems, it may suggest a form for decentralized organization 
This would include assignments of people and tasks to organizational subunits. 

The decomposition model permits other organizational interpretations to be 
made For example, the shadow prices used to communicate between the 
master problem and the subproblem can be viewed as transfer prices for the 
system The authors are aware of several companies who have applied this 
method The approach was insightful but computationally expensive, and only 
moderate improvements in the objective function resulted The decomposition 
technique was originally developed by Dantzig and Wolfe [1960] , and has been 
interpreted in this context by Baumol and Fabian [1964] . 

5. EVALUATION OF HUMAN RESOURCES 

Evaluation is the process of measuring a person’s contribution to the organiza- 
tion It mvolves measuring future as well as past contribution 

Traditionally, personnel evaluation methods have emphasized ratings The 
principal mstruments used are scales for ratmg a person’s traits and skills These 
ratings are made by supervisors and are used as mputs in compensation, alloca- 
tion, and promotion decisions 

Another method of evaluation is psychometric measurement The principal 
instruments used are tests of a person’s mental abilities and personality traits 
The validity of these measurements is typically assessed by comparing scores 
of a “known” group of people with some criterion of successful organizational 
performance, ie , pay, organizational rank, supervisory judgments, etc These 
measurements are used in employee selection and promotion 

There has been very little application of OR to the problem of human resource 
evaluation A recent attempt has been made by Flamholtz [1971], who has 
developed a “stochastic model” for human resource valuation. His model is 
based on Howard’s notion of a stochastic process with service rewards (Howard 
[I960]) The basic concept is that people move from one organizational role 
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or position to another and render services to the organization This movement 
can be considered a stochastic process in which the “rewards” are the benefits 
derived by the system as people occupy specified service states for given periods 
The Stochastic Rewards Valuation Model involves two basic dimensions of a 
person’s value to an enterprise. ( 1 ) expected conditional value and (2) expected 
realizable value A four-step procedure is used to measure them 

1) Define the set of mutually exclusive, exhaustive states a person may oc 
cupy in an organization 

2) Determine the value of each state to the enterprise 

3) Estimate a person’s expected tenure, and 

4) Estimate the probabilities that a person will occupy each possible state at 
specified future times (as noted previously, we can use a stochastic mobil 
lty model to predict the states to be occupied at specified future times) 

Symbolically, a set of m service states, i, are defined, where i = 1,2, ,tn, 
and m is the state of exit The value, V t , of each service state to the organization 
is determined Then, the probabilities that a person will occupy each possible 
state at specified times and, m turn, derive the rewards associated with each 
state are estimated P (V ht ) denotes the probability of deriving value V, at time 
r, where t is the valuation period 
Drawing upon the model, expected conditional value is 

n m - 1 . 

£-(CF) = £ L [V, PiV.'tW+rY), 

t = i i=i 

where E{CV) is expected conditional value, r is a discount factor for the present 
value of money, and the other symbols have the meanings defined as above 
To obtain the expected realizable value E(R V), the above summation is ex 
tended from m - 1 to m, to include the exit state m. 

This model is intended for use in a variety of personnel decisions and is cur 
rently being applied in a medium-sized CPA firm, Lester Witte & Company 
(Flamholtz [1974]) 

6 MAINTENANCE AND COMPENSATION 

The decision problem associated with maintenance and compensation is essen 
tially who gets what and why In formulatmg this problem two underlying con 
siderations should be taken into account First, in order to survive, every organi 
zation must guarantee the continued active and productive participation of it: 
members Secondly, an organization should discharge its ethical responsibilit] 
to insure that its accumulation of wealth is fairly and appropriately distribute! 
among its members The methods used to accomplish these two purposes ar 
socialization, rewards, penalties, and sanctions 
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In most organizations the question of who gets what and why focuses primar- 
ily on decisions with respect to compensation (wage and salary), recognition, 
and promotion, but it also includes such psychological considerations as partici- 
pation in decision-making, degree of challenge of the job, ability to learn, the 
ability to relate work to one’s social life and, of course, hope— the belief that the 
job leads to some desirable future. Although there is some contemporary re- 
search under way to improve the social and psychological dimensions of jobs 
dealing with such notions as design of jobs (Davis and Taylor [1972]), job en- 
richment and enlargement (Herzberg [1968]), and in theories of motivation 
(Maslow [1965, 1971 ] ), most organizations in industrial nations are still primarily 
concerned with establishing appropriate pay systems The application of OR has 
followed this concern and has been directed primarily towards establishing levels 
of monetary compensation 

The basic approach can be summarized in the following equation. 

Pay = /(A, 0, E) 

The equation states that an individual’s pay, including benefits, is a function of 
(1) a set, A, of individual attributes such as productivity, skills, age, seniority, 
education, potential, etc (2) a set, O, of Organizational variables such as general 
level of pay for comparable work, the pay structure vis-a-vis the organizational 
role hierarchy, the organization’s need for particular skills to achieve its goals, its 
total income level, etc and (3) a set, E, of environmental variables such as labor 
and employment laws, union influence, etc In formulating models, 0 and E, 
frequently come in as constraints rather than variables 

One technique for determining pay, using the above formulation, is to employ 
a linear regression model In using this empirical or inductive approach, past 
data would be used to determine a formula of the form 

n 

Pa yj = Z w u a 'i 

j=i 

where 

Pay ; = the salary, points or other measure of compensation for the ; th job 
classification 

a,, = the amount of attribute i possessed by a person in the ; th job classifica- 
tion, whose salary is to be determined or the amount of attribute i re- 
quired to properly execute job / 

w tJ = weight to be assigned to the ,th attribute in the / tli job classification * 

*If the weights arc common to all jobs, then a simplified form w, can be used This form 
also has the adiantage of not requiring reph cation of the data points for each of the job 
classtficaUons, which would be necessary to obtain least squares estimates of all of the w t) 
parameters 
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Using this approach, data could be collected on individual attributes suchj, 
age, years of service, productivity, supervisory ability, responsibilities, and oft ct 
relevant attributes The a ,,' s for each position serve as the independent vanabU 
Compensation levels become the dependent variables Then, for example, usaj 
the method of least squares and multiple linear regression techniques, the w \ 
can be estimated (See Gilmore [1956], for a comprehensive treatment of 
multiple correlation and regression analysis for tills purpose) 

In critiquing this statistical approach for devising a compensation formula, 
however, Charnes, Cooper, and Ferguson [1955] list five desiderata which the) 
beheve any such formula must satisfy They are 

1 Yield a linear formula 

2 Be consistent on an organization-wise basis, m the sense that it does not 
violate the ranked position-hierarchy of the organization, e g , “The office 
boy (or star salesman) must not receive more compensation than the 
president ” 

3 Meet competitive conditions, but on a consistent basis, i e , “overall” the 
organization desires to avoid losing valuable executive talent to competitors 
without creating inconsistencies within its own organization 

4 Avoid negative weights for any factor, e g , clustering of older persons in 
certain positions of lower rank should not result in a penalty for age 

5 Avoid being prejudiced by current organizational salaries 

They point out that linear regression models are not particularly suitable for 
this kmd of analysis, especially with regard to item 5 It is extremely difficult 
to obtain compensation and personnel data from other organizations (especially 
competitors), and even if it is available item 5 cannot be fully satisfied Con 
sequently, Charnes and Cooper [1955] propose a LP model Using an early 
variant of goal programming, they propose the following formulation 
Let 

(l) X tJ be the known amount of attribute i (as rated) required on job level; 

7 = 1,2, . ,L 

(n) The jobs are ranked in descending (weak) order, 1,2, . ,L, so that the 
; th subscript indicates the position of the job in the hierarchy That is, 
Pay 1 >Pay 2, etc 

(ui) A salary ceiling Pay M and a salary floor Pay m are established in advance 
Also intermediate level targets, Pay ; , may be used 

It is assumed that the organization’s intention is to meet these prescribed levels 
“as closely as possible ” 

Level and consistency requirements (desiderata 2 and 3 above) are satisfied by 
employing a series of constraint inequalities which insure that each highei 
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V 

' ranked position in the organization hierarchy received at least as high a salary as 
the one immediately below it, and that minimum (floor) and maximum (ceiling) 
salary conditions are maintained The objective becomes to minimize the devia- 
tion or discrepancy (d*, d ~ t ) between the derived salary scale and the ceiling, 
floor, and intermediate “target” scale amounts 
The general form of the model is to find the w,’s that will 

It - 1 

Minimize Z =dt + dl + ^ (d£ + d£), 

k =2 


subject to 


z 


Z = 1 


IV, X tl + d\ = Pay M 


Z vv « X n ~ Z w * X iL > 0 

Z =1 1=1 

. etc 

Z w i X t(L-l) “ Z w i X iL^° 

z=l z=l 

n 

Z x xL - di = p ay m 

z=i 

and 

z w « x ik +d k' d k = Pay fc for k e K 

where 

Pay fc = any intermediate “target” level from out of a set K of externally given 
compensation level “bench marks” which it is desirable to approximate 
Legal requirements, industry practices or competition for example, 
may give rise to the set K. 

and, 

d k~ d k = slack variables from the set K which represent positive or negative 
deviations from the fc th target 

Apphcation of this approach assumes that the jobs are well defined and de- 
scribed in a manner which is consistent with the accomplishment of the func- 
tions necessary to achieve the goals and objectives of the organization Once this 
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is satisfactorily completed, compensation analysis can begin This involves the 
following steps 

1 Determme the attnbutes or factors to be included This involves answering 
the question, “What attributes should affect one’s compensation on the 
job’’’ 

2 Develop a rating scheme for each attribute. Typically ordinal rankings are 
to rate levels of importance for each attribute (Although they have inter 
val implications in an LP model) For example, the factor education might 
be assigned ratings such as 

5 = Ph D , 

4 = Master’s degree, 

3 = Bachelor’s degree, 

2 = A A or some college, 

1 = high school graduate 

The preceding, rather objective, rating can often be done by the analyst alone, 
however, more subjective factors such as “Degree of responsibility forpersonnef 
or “Degree of judgment involved in the job” may require cooperative efforts 
Care should be taken to employ a sufficient number of rates for a particular 
attribute to discriminate among jobs, but not so many as to lose clanty and 
meaning In practice, 5 or 6 different values usually meet the requirements, 
although binary rankings and rankings with as many as 18 different levels have 
been used 

3 Formulate a model which applies the rankings to the factors and takes into 
account the hierarchy of organization and other constraints and 
requirements 

A supposition of salary schedules is that there exists a well defined 
hierarchy within the organization The analyst must define this hierarchy 
and assure that the model takes it into account (There are some deep 
managerial questions mvolved in this). Questions of competition for talent, 
value to the firm, etc , must also be taken into account 

4 Solve the model to obtain a suggested compensation schedule If there are 
many jobs to be evaluated, a well selected sample can be used. 

5 Use the results together with other inputs to decide on compensation 
Metzger [1958] has additional suggestions on applymg the method 

Rehumus and Wagner [1963] have overcome some of the measurement prob- 
lems inherent in estimating ratings (Step 2 above) by building them into the 
model After the number of rankings for a particular attribute are determined, 
a separate variable is specified for each (e g , for the factor “knowledge” 14 
rates, K 14 >K n > >K X are specified) For any given job, its compensation 
equation is specified by selectmg just one rating variable for each attribute and 
summing them up together with a discrepancy variable. Constraints are invoked 
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to insure that (1) no attribute contributes more than a prescribed percentage to 
the total compensation, (2) each rating is positive and (3) that a minimum ac- 
ceptable difference between weights for successive attribute degrees is achieved 
(e g , K 2 ~ Ki ^ 007) Compensation m the model is expressed in terms of 
percentage of the highest salary, instead of in monetary terms The authors have 
applied the technique successfully to a sample of administrative and clerical 
positions in a major oil company and to twenty -one executive positions in a 
public utility 

Recently, Bruno [1971] has augmented this LP approach and applied it to a 
school distnct, m order to derive salary schedules which (1) consider the re- 
sources of the organization in determining the final salary structure, (2) permit 
the flexibility of overlaps in salary between the various levels of the organiza- 
tional salary hierarchy and (3), by means of employing a variety of objective 
functions, allow the salary schedule to reflect established school district priorities 
and objectives 

An interesting feature of Bruno’s application of the model is that he employs 
a variety of objective functions and determines their differing implications By 
maximizing various individual factors and by minimizing costs, he obtained 
realistic salary schedules under each of the different assumptions These were 
used as an aid in the design of salary schedules or m collective bargaining negoti- 
ations Another approach to the problem is given in Welch and Flonan [1970] 

7 LARGE SCALE MODELS OF THE HUMAN RESOURCE 
MANAGEMENT SYSTEM 

The previous sections have described applications of OR to various functions of 
human resource management Although it is also possible to study whole human 
resource management systems by means of a large scale model of the system, 
very few attempts have been made. One possible approach involves modelling 
the system and usmg computer simulations to evaluate the effects of various 
personnel policies and methods 

Weber [1971] , for example, has developed a complex system model as a tool 
for corporate manpower planning His model represents the human resources 
subsystem of a hierarchical organization, and focuses upon the behavior of indi- 
viduals, management decisions, and aspects of the organization’s environment 
The model is based on theory rather than practice That is, following the simula- 
tion approach used by Bonim [1963] , the hypotheses underlymg the model are 
drawn from behavioral science literature rather than from experience or analysis 
of the organization The model is intended as a tool for evaluating the effects of 
alternative personnel policies on organizational performance criteria 

Weber’s model is shown schematically m Figure 3 The arrows indicate causal 
relations among factors The model consists of four major components - 1) indi- 
vidual's attributes, 2) organization policies, 3) organizational decisions, and 4) 


120 I APPLICATIONS OF OR TO COMMON FUNCTIONAL PROCESSES 

job market behavior These factors are varied experimentally m the model to 
explore responses 

The model can be used to examine the effects of a variety of personnel policies 
For example, Weber used it to examine promotion and salary increase policy 
(new and policy) In this experiment, he varied the weights assigned to job 
performance and aptitude in determining rewards 

An increased emphasis on rewards for performance lead to an increase in job 
satisfaction and a general improvement in performance However, contrary to 
popular belief (Humbel [1965]), this policy resulted in reduced individual and 
managerial aptitude and ability, and, therefore, raises some questions about the 
long term effectiveness of basing rewards pnmanly on performance alone 

A recruiting policy, which emphasized individual aptitude levels which were 
higher on the average than the aptitude levels required by all jobs, was compared 
to a policy which attempted to match aptitude with the requirements of the job 
As expected, the “high” aptitude policy resulted in increased average aptitude 
for the organization as a whole However, job satisfaction decreased and no un 
provement m performance resulted Moreover, the expected increase in resigna 
tions did not materialize 



Fig 3 
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Errors were introduced into the personnel evaluation function with the ex- 
pected results lower job satisfaction, higher turnover, and poorer performance 
j The effects of environmental variation were mvestigated by inducing fluctua- 
, t lons m the demand for labor which effected the visibility and search behavior 
of employees and, accordingly, their probability of leaving the organization 
The high fluctuation run resulted in both an employee and management cadre 
with greater aptitude and ability and a higher measure of performance Salary 
costs went down Meanwhile, resignations and vacancies increased along with 
an mcrease in employee search for new jobs and a decrease in job satisfaction 
Although still in their embryonic states, it appears that simulation models of 
this type may prove to be useful m understandmg the dynamics of large scale 
social systems and the effect of various human resource policies on them 
Further, they may aid us in learning more about the consequences and implica- 
tions of the assumption frequently made about human and organizational 
behavior, whether these assumptions derive from theory, practice, behef, or 
dogma 

8 CONCLUSION 

This review of the application of OR to problems of human resource manage- 
ment reveals certain tendencies For example, most of the applications to date 
have been in the areas of planning models and stochastic mobility models to 
guide acquisition decision, assignment models to guide allocation decisions, and 
LP pay scale models to guide compensation decisions Very few applications 
have emerged which serve to guide development, utilization, or evaluation 
decisions What accounts for this choice 9 
The reason most likely hes m the basic flow model metaphore which underlies 
most of these applications This conceptualization works best when there is a 
finite set of well defined, mutually exclusive job roles or positions which are 
jomed together in a hierarchial, graded structure, where the structure is relatively 
stable and the rules of transition are relatively constant through tune In most 
cases people, like water, are assumed to be homogenous and can be collected 
into “pools ” The people then are assumed to flow from one pool to another 
throughout the hierarchy in certain patterns and at certain rates 
This approach works reasonably well in well ordered social systems such as the 
military, educational institutions, and some corporations where strong traditions 
and social forces serve to maintain the structure When the work structure is 
not susceptible to severe environmental or social change, it is reasonable to as- 
sume that acquisition, allocation, and compensation decisions can be aided by 
these models 

Some development decisions might also be aided through more use of the flow 
model concept For example, one interpretation of training and education is 
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that it is a decision which alters the pattern and rate of flow of personnel 
throughout the system This interpretation, of course, ignores the richer notion 
of human development which includes adding to the personal well beineoftho 
individual or adding to the social welfare of the community through new educa 
tion and experience And, this leads us to another point. 

The objective functions employed in most applications to date have been for 
mulated in terms of increased productivity of the organization We kno* of 
no cases where the individual’s intrinsic worth to his or her self or to society 
have been included Even though the focus of this summary of application hs 
been the organization, it is still likely that the organization may have objectives 
over and above those captured by this narrow concept of productivity Little 
is know about measuring these other objectives Using current solution methods 
these multi-stage, multi-value decision-models are difficult to deal with But the 
matter seems worth pursuing 

Applications of OR to guide decisions in the evaluation and utilization area 
also suffer from a lack of proper conceptual development The contemporary 
research under way in human resource accounting should prove useful in apply 
ing OR methods to problems of evaluation Work currently being done in the 
area of organization theory and in socio-technical systems should also provide a 
better foundation for applying OR to utilization problems 

In summary, the vast field of human resource management has barely beea 
touched by management scientists There is much that he or she can still do, 
but it will require that they extend beyond the limiting notions of flow models 
and of productivity Other objective functions and other structures will require 
new concepts So, there is much work left to be done. But then, no manage 
ment scientist worthy of his salt has ever shied away from such a challenge 
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1 INTRODUCTION 

Production planning is concerned with the determination of production, inven- 
tory, and work force levels to meet fluctuating demand requirements Normally, 
the physical resources of the firm are assumed to be fixed during the planning 
horizon of interest, and the planning effort is oriented toward the best utiliza- 
tion of those resources given the external demand requirements A problem 
usually arises because the times and quantities imposed by the demand require- 
ments seldomly comcide with the times and quantities which make for an effi- 
cient use of the firm’s resources Whenever the conditions affecting tire produc- 
tion process are not stable in time (due to changes in demand, cost components, 
or capacity availability), production should be planned in an aggregate way to 
obtain effective resource utilization The time horizon of this planning activity 
is dictated by the nature of the dynamic variations, for example, if demand 
seasonalities are present, a full seasonal cycle should be incorporated into the 
planning horizon Commonly, the time horizon varies from six to eighteen 
months, twelve months being a suitable figure for most planning systems 
Usually, since it is impossible to consider every fine detail associated with the 
production process and still maintain such a long planning horizon, it is manda- 
tory to aggregate the information bemg processed. This aggregation can take 
place by consolidating similar items into product families, different machines 
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into machine centers, different labor skills into labor centers, and indmdud 
customers into market regions The type of aggregation to be performed is 
suggested by the nature of the plannmg systems to be used, and the technical b 
well as managerial characteristics of the production activities Aggregation 
forces the use of a consistent set of measurement units It is common to express 
aggregate demand in production hours 

Once the aggregate plan is generated, constraints are imposed on the detailed 
production scheduling technique which decides the specific quantities to be pro- 
duced of each individual item These constramts normally specify production 
rates or total amounts to be produced per month for a given product family 
In addition, crew sizes, levels of machme utilization and amount of overtimes to 
be used are determined 

When demand requirements do not change with time, and costs and pncesare 
also stable, it may be feasible to bypass entirely the aggregate planning process, 
provided the resources of the firm are well balanced to absorb the constant re 
quirements However, when these conditions are not met, senous inefficiencies 
might result from attempting to plan production responding only to immediate 
requirements and ignoring the future consequences of present decisions Toillus 
trate this pomt, consider what happens when an order point-order quantity 
inventory control system , 1 that treats every item in isolation, is applied m the 
presence of strong demand seasonalities Firstly, at the beginning of the peak 
season demand starts rapidly increasing and a large number of items simul 
taneously trigger the order pomt, demanding production runs of the amount 
specified by the order quantities Being unable to satisfy all these orders and 
still maintain an adequate service level, management may react by reducing the 
production run lengths, thereby creating multiple changeovers of small quantities 
This, m turn, reduces the overall productivity (because of the high percentage 
of idle machine time due to the large number of changeovers), increases costs, 
and deteriorates customer service levels Secondly, items at the end of the 
season are produced in normal order quantities (typically large), thus, inventory 
is created that is mactive until the beginning of the next season or that must be 
liquidated at salvage values An effective aggregate capacity planning system will 
prevent such inefficiencies 

An order point-order quantity inventory control system releases a replenishment order for 
an item whenever the amount on hand, plus on order, mmus backorders is equal to or less 
than a specified level, called the order point The order pomt normally is calculated as the 
expected demand over the purchasing (or manufacturing) lead time plus a safety stock The 
amount ordered is a fixed quantity (normally called the EOQ economic order quantity) 
which minimizes the total cost involved, including inventory carrying cost and purchasing 
(or manufacturing) ordering costs For details on the description of an order point-order 
quantity system see, for example, Buffa and Taubert [1972], or Magee and Boodman 
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1.1 Ways to Absorb Demand Fluctuations 

There are several methods that managers can use to absorb changing demand 
patterns These ways can be combined to create a large number of alternative 
production plans 

1. Management can change the size of the work force by hiring and laying 
off, which allows changes in the production rate to take place Excessive 
use of these practices, however, can create severe labor problems 

2 While maintaining a uniform regular work force, management can vary the 
production rate by introducing overtime and/or idle time, or relying on 
outside subcontracting 

3 While maintaining a uniform production rate, management can anticipate 
future demand by accumulating seasonal inventories The tradeoff between 
the cost incurred in changing production rates and holding seasonal inven- 
tories is the basic question to be resolved in most practical situations 

4 Management can also resort to planned backlogs whenever customers may 
accept delays in filling their orders. 

5 An alternative which has to be resolved at a higher planning level is the 
development of complementary product lines with demand patterns which 
are counter seasonal to the existing products. This alternative is very effec- 
tive in producing a more even utilization of the firm’s resources, but it does 
not eliminate the need for aggregate planning 


1.2 Costs Relevant to Aggregate Production Planning 
Relevant costs can be categorized as follows. 

1 Basic production costs. These are the fixed and variable costs incurred in 
producing a given product type in a given time period Included are direct 
and indirect labor costs, and regular as well as overtime compensations. 

2. Costs associated with changes in the production rate Typical costs in this 
category are those mvolved in hiring, training, and laying off personnel 

3. Inventory holding costs A major component of the inventory holding cost 
is the cost of capital tied up in inventory Other components are storing, 
insurance, taxes, spoilage, and obsolescence 

4 Backlogging costs Usually these costs are very hard to measure and include 
costs of expediting, loss of customer good will, and loss of sales revenues 
resulting from backlogging. 

McGarrah [1963] and Holt et al. [1960] provide a good discussion on the 
nature and structure of these cost elements 
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1.3 The Role of Models in Aggregate Production Planning 

Models have played an important role in supporting management decisions a 
aggregate production planning Anshen et al [1958] indicate that models ate 
of great value in helping managers to. 

1 Quantify and use the intangibles which are always present in the back 
ground of their thinking but which are incorporated only vaguely and 
sporadically m scheduling decisions 

2 Make routine the comprehensive consideration of all factors relevant to 
schedulmg decisions, thereby inhibiting judgments based on incomplete, 
obvious, or easily handled criteria 

3 Fit each scheduhng decision into its appropnate place in the histoncal 
series of decisions and, through the feedback mechanism incorporated in 
the decision rules, automatically correct for prior forecasting errors 

4 Free executives from routine decision making activities, thereby giving 
them greater freedom and opportunity for dealing with extraordinary 
situations 

In order to describe the different types of models that can be used in support 
mg aggregate planning decisions, it is useful to classify the models according to 
the assumptions they make about the structure of the cost components In the 
following sections we will analyze first linear cost models, followed by quadratic 
cost models, fixed cost models, and then general nonlinear cost models 

2 LINEAR COST MODELS 

Some of the very first models proposed to guide aggregate planning decisions 
assume linearity in the cost behavior of the decision variables These kinds of 
models are very popular even today because of the computational conveniences 
associated with LP Moreover, these models are less restnctive then they fust 
appear because nonlinear convex costs functions can be approximated to any 
degree of accuracy by piecewise lmear segments We now will see two important 
classes of linear models 

2 1 Fixed Work Force Model 

First, let us consider the case where the work force is fixed Hiring and firing to 
absorb demand fluctuations during the planning horizon are disallowed Produc- 
tion rates can fluctuate only by using overtime from the regular work force 

The following notation is used to describe the model in mathematical terms 

Parameters 

v n ~ unit production cost for product i m period t 
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c lt = inventory carrying cost per unit of product i in period t 
r t = cost per manhour of regular labor in period t 
o t = cost per manhour of overtime labor in period t 
d it = demand for product i in period t 
k, = manhours required to produce one unit of product f 
( rm) t = total manhours of regular labor available in period t 
(om) t - total manhours of overtime labor available in period t 
I !o = initial inventory level for product i 
H' 0 = initial regular workforce level 
T = time horizon, in periods 
total number of products 

Decision Variables 

X tt - units of product i to be produced in period t 
I lt = units of product i to be left over as inventory at the end of period t 
W t = manhours of regular labor used during period t 
O t - manhours of overtime labor used during period t 

A simple version of the fixed work force-linear cost model is 
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The objective function (1) expresses the minimization of variable production, 
inventory, and regular and overtime labor costs. If the marginal production 
costs Vj t are invariant over time, the terms v lt X lt do not need to be included in 
the objective function (since total production is fixed) Similarly, if the payroll 
of regular work force W t constitutes a fixed commitment, the terms r t W t should 
be deleted from (1) 

Constraints (2) represent the typical production-inventory balance equation. 
Notice that (2) and (6) imply that no backordering is allowed The next model 
will show how backorders can be incorporated Moreover, (2) assumes a deter- 
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immstic demand, d lU for every item in every time period One way to aj] 0Vi . fo , 
uncertainties in the demand forecast is to specify a lower bound for the endine 
inventory at each period, l e , I lt >ss lt , where ss, t is the safety stock associated 
with item i in period t 2 

Constraints (3) defines the total manpower to be used at every period This 
model formulation assumes that manpower availability is the only constramuiE 
resource of the production process It is a trivial matter to expand the number 
of resources bemg considered, provided that linearity assumptions ate 
mam tamed 

Constraints (4) and (5) pose lower and upper bounds on the use of regular and 
overtime manhours m every time period 

We already have indicated how constraints (6) could be changed to incorporate 
safety stocks One should bear in mind that if no terminal conditions are un 
posed to the inventories at the end of the planning horizon, the model will 
drive them to zero, i e , it will make I,f = 0 for all i If total depletion of in 
ventories is undesirable, a target inventory constraint should be added in the 
model An additional constraint also should be attached if there are storage re 
quirements that cannot be exceeded, for example, the constramt 

f= 1, ,T 

i=i 

implies that the total inventory at each period cannot be greater than the total 
storage capacity (sc) f 

When it is necessary to assign products to different working centers with 
limited capacities, the decision variables are redefined to identify those decisions 
explicitly. For example, X lct may denote the amount of product i produced 
at working center c during period t It is straightforward to carry out the result 
mg transformations m the overall model 

Even the very simple model described by expressions (1) to (6) could present 
enormous computational difficulties if the individual items to be scheduled are 
not grouped in broad product categories If we ignore constraints (4), (5), and 
(6), which merely represent upper and lower bounds for the decision vanables, 
the model consists of Tx(N + 1 ) effective constraints When dealing with com 
plex production situations, the total number of individual items, N, may be 
several thousands. For example, if the planning model has 12 time penodsand 
5,000 items, the model would have about 60,000 constraints, which exceeds 
the capabilities of a regular LP code 


2 

The magnitude of the safety stocks depends on the quality of the demand forecasts and 
the level of customer service to be provided For a good discussion of how to compute 
safety stocks, see Brown [ 1967 ] 
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In most practical applications, however, it would not be functional to plan the 
allocations of the production resources at this level of detail. Fust, a detailed 
scheduling program should take into account a large number of technological 
and marketing considerations which cannot be included in the overall model, 
due to their highly qualitative nature. Second, as we have expressed before, 
many of the planning issues to be resolved with the model deal with broad 
allocations of resources, and excessively detailed information will obscure 
rather than enlighten these decisions Third, aggregate forecasts are more 
accurate than detailed forecasts. 

It is common practice, therefore, to aggregate items in family types The 
criteria for aggregation are evident from the model structure, members of a 
single family type should share similar demand patterns ( d lt ), have similar 
cost characteristics ( v lt ,c lt , r t , o t ), and should require similar unit production 
time (k,) Once the aggregate planning decisions are made, these decisions im- 
pose constraints that must be observed when performing detailed item scheduling 
Notice that this model, as well as any other planning model, requires the 
definition of a planning horizon T and the partitionmg of this time horizon into 
multiple time periods One may assume that this partitioning results in T 
equally spaced tune periods, this need not be so Many operational planning 
systems are better designed if this partitioning generates uneven time periods, 
so that the more recent time periods carry more detailed information Due to 
the uncertain environment in which this planning effort is being conducted, 
only the first tune period results usually are implemented At the end of every 
time period new information becomes available which is used to update the 
model and recompute the next time period plans 
Broad technological, institutional, marketing, financial and organizational con- 
straints also can be included m the model formulation. This flexibility, charac- 
teristic of the LP approach to problem solving, has made this type of model 
very useful and popular. 

A stmple version of the fixed work force LP model, having a transportation 
problem structure, was first proposed by Bowman [1956] 


2.2 Variable Work Force Mode! 

5 Whenever it is feasible to change the work force during the planning horizon as a 
- way to counteract demand fluctuations, the composition of the work force be- 
r comes a decision variable whose values can change by luring and firing personnel 
Therefore, the corresponding hiring and firing costs should be part of the objec- 
tive function In addition, the model allows for shortages to be included, thus a 
backordering cost is part of the formulation. The model decision variables are 

, ^ir “ units of product i to be purchased at period t 
h't = manhours of regular work force at period t 
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O t = manhours of overtime work force at period t 
H t = manhours of regular work force hired at period t 
F t = manhours of regular work force fired at period t 
I* t = units of ending inventory for product 1 at period f 
7,7 = units backordered for product i at the end of period t. 

Using the above notation with that introduced in the previous model, the o 
incurred during period t includes the following components 


Vanable manufacturing cost 

VitX.t 

Inventory holding cost 

Citht 

Backorder cost 

b\tht 

Regular payroll cost 

r,W t 

Overtime payroll cost 

o t O t 

Hiring cost 

h t H t 

Firing cost 

f t F t 


A simple version of the variable work force model can be formulated as 
M» n z = Z X + c 'tKt + bn- h't) + £ (>V Wt + o t O t + h t H t *f t F t ) 
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Constraints (7) represent the production-inventory balance equation Notice 
that this is equivalent to the old balance equation 

X it + h,t-\ ~ ht = d tt , 

except that now 

h,t-i ~K,t-i ~ h't-i 

ht ~ ht ~ ht 


and 
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In the present model the ending inventory, I it , can be either positive (I* t > 0 in- 
dicates that stock remains at the end of the period), or negative ( I~ t > 0 indicates 
an accumulation of backorders at the end of the period) Since there is a cost 
attached to both J* t and 7 ; 7, those variables never will be positive simultaneously. 

Constraints (8) limit production to available manpower 
i Constraints (9) define the change in the work force size during period t, i e , 
- It',., =H t ~ F t Labor has been added whenever H t > 0, or has been sub- 
tracted whenever F t > 0 Once agam, since there is a cost attached to both hir- 
ing and firing, H t and F t will never simultaneously have positive values in a given 
time period 

Constraints (10) impose an upper bound on the total overtime available in 
period t as a function of the regular work force size, i e , O t <pW t , where p is 
the percentage of overtime allowed to the regular work force 

Many of the comments we have made in the fixed work model regarding ways 
to expand or simplify the models and ways to aggregate items in item families 
are applicable here and are not repeated. 

The first of this type of models was proposed by Hanssmann and Hess [1960] 
Several alternative approaches have been suggested, particularly those by Von 
Lanzenaur [1970a] , and O’Malley, Elmaghraby and Jeske [1966] 

Lippman, et al [1967a] have analyzed the form of the optimal policies for a 
single product problem assuming convex production costs, V-shaped manpower 
fluctuation costs, and increasing holding costs In reference [1967b] the 
authors provide an efficient algorithm to solve the special case where all the cost 
functions are lmear and demand requirements are either monotone decreasmg or 
increasing The algorithm is an iterative procedure that starts by guessing the 
value of Wt, the regular manpower at the end of the planning horizon It pro- 
vides, next, an optimum policy for this value of Wt, and checks this policy 
against an optimality test If an improvement is possible the algorithm yields a 
better value of IVy and the process is repeated. Convergence is guaranteed in a 
finite number of iterations 

Whenever costs are linear and demand requirements are nondecreasing, there 
exists an optimum policy such that 
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This Tesult is used throughout the computational process Yuan [1967] ex- 
tended this approach for a multiproduct problem 
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In an early work, Hoffman and Jacobs [1954] , and Antosiewicz and Hoffman 
[1954] considered a linear cost model for a single product, allowing for changs 
m the production rate to be represented in the objective function They am 
lyzed the qualitative properties of the optimum solution, and proposed simple 
procedures to compute that solution when demand requirements are monotone 
increasing This work was extended by Johnson and Dantzig [1955] 

Linear programming models can be expanded easily to cover production 
process with several stages A comprehensive discussion of multistage LP models 
including multiple routings, multiple sources, product mix decisions, and 
multiple production and distribution decisions is given by Johnson and Mont 
gomery [1974] 

2 3 Advantages and Disadvantages of Linear Cost Models 

The overwhelming advantage of linear cost models is that they generate LL 
which can be solved by readily available and efficient computer codes Lmeai pro- 
grams permit models with a large number of decision variables and constraints 
to be solved expediently and cheaply In addition, LP lends itself very well to 
the performance of parametric and sensitivity analyses, this feature can be help 
ful m making aggregate planning decisions The shadow cost information can be 
of assistance m identifying opportunities for capacity expansions, marketing 
penetration strategies, new product introductions, etc 

As indicated before, the linearity assumptions which are implicit in these 
models are less restrictive than they appear First, cost structures might behave 
linearly within the range of interest of the decision variables under considera 
tion Second, general convex separable functions can be treated with piecewise 
linear approximation Moreover, with some ingenuity, certain functions which 
at first seem to present nonlinear characteristics can be linearized, as indicated 
m the cited references of Hanssmann and Hess [1960], and Von Lanzenaur 
[1970a] 

The most serious disadvantage of LP models is their failure to deal with 
demand uncertainties m any explicit way In some situations this could const! 
tute a senous drawback However, Dziehnski, Baker, and Manne [1963] have 
reported favorable experiences in using LP models under fairly uncertain and 
dynamic environments 

3 QUADRATIC COST MODELS (LINEAR DECISION RULES) 

Whenever quadratic cost models are used to solve the aggregate capacity plan 
ning problem, the decision rules that are generated possess a linear structure (be 
cause the differentiation of a quadratic function produces a linear function) 
Thus, these models are also known as Linear Decision Rules The first model of 
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this kmd was developed by Holt, Modigliani, Muth, and Simon (HMMS) [I960] 
Subsequently, several extensions have been offered We will now discuss the 
basic concepts underlying the HMMS model 
The HMMS model calls for a complete aggregation of all product types into a 
single category. This might require the use of appropriate compatible units that 
allow the transformation to be made Thus, there are essentially two decision 
variables 

P t = aggregate production rate for period t 
IP, = work force size at period t 

The remaining decision variable 

/, = ending inventory at period t 

is specified automatically by the values of P t and IP,, and the relationship that 
exists among the three variables The optimum decision rules, therefore, require 
specification of the aggregate production and work force for each period that 
minimizes a quadratic cost function 


3 1 Cost Components 

We now review m some detail the components of this quadratic cost function 
The following cost categories are identified’ 

1 Regular Payroll Costs 

These costs are assumed to increase linearly with the workforce size, 
according to the following relationship 

ClW t + Cl3, 

where C\ and c 13 are cost coefficients to be determined externally to the 
model Since c 13 is a constant, it can be eliminated from further 
consideration 

2 Hiring and Firing Costs 

Both hiring and firing costs are assumed quadratic in the work force varia- 
tion (IP, - IP,_j), thus allowing an increasing cost rate to be incorporated 
The specific relationship is a U-shaped curve given by 

c 2 (IP f - IP,-, - Cii) 2 , 

where c 2 and c u are constants to be evaluated c n is introduced to allow 
for asymmetry in the cost function 

3 Overtime and Idle Costs 

Given a work force size IP, there is a desirable production rate c 4 IP, If 
tile production rate exceeds that amount, there will be overtime cost; if it 
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is lower than that amount there will be a cost of idle time The exact 
nature of these cost relationships is given by the expression 

cz(.Pt - C4 IF,) 2 +c s Pt ~ c 6 W t + C 12 P,IF,, 

where the three last terms are given to unprove the accuracy of the cost 
relationships 

4 Inventory and Backorder Costs 

The relationship which characterizes the inventory related costs is as 
sumed to be of the following form 

c - 7 Ui ~ (c 8 +c 9 d t )] 2 , 

where 

d t = expected units of aggregate product demand at penod t 

The target inventory level is c 8 +c g d t , when deviations from this target 
occur, either carrying or backorder costs are incurred which increase with 
the square of these deviations In the original HMMS work, c 9 was set to 
zero 

The estimation of the cost coefficients is an expensive and tune consuming 
activity requiring statistical analysis, accounting information, and managenal 
mputs Extensive work has been done to improve the quality of these estimates 
(Van dePanne and Bosje [1962], Kriebel [1967]), and to develop aggregate 
cost functions which represent the cost characteristics of the individual items 
(Bergstrom and Smith [1970] , Krajewski et al [1973]) 

3 2 Model Formulation 

Given the cost structure discussed above, the aggregate capacity planning model 
can be formulated as 

Min z = £ [(c, - c 6 ) IF, + c 2 (W t - IF,_, -c n ) 2 + c 3 (P t - c 4 IF,) 2 
r=i 

+ c s P t + C 12 PfWt + c n (ft ~ c s ~ c 9 dj) 1 

(ID 

subject to 

Pt + It-x ~I t = d t , t= 1, ,T ( 12 ) 

f = 1, ,T. (I 3 ) 

The objective function (1 1) should be regarded as the minimization of ex 
pected costs One of the interesting features of the model is that it does not 
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assume the demand d t to be deterministic Simon [1956] proved that if the 
demand forecasts are unbiased and represent expected values, the linear decision 
rules resulting from the minimization of (11), subject to constramts (12) and 
(13) provide minimum expected costs 

3 3 The Linear Decision Rules 

Hie above model will have a unique global minimum if the objective function is 
stnctly convex This condition usually is met by many cost functions en- 
countered in practice, since the cost components often have increasing marginal 
costs 

Optimal solutions to the model are found by the use of Lagrangians Several 
applications have been reported which illustrate the nature of the resulting rules 
(see Buffa and Taubert [1972] ) In general, the form of the rules can be charac- 
terized by equations of the following type 

P t =a 0 d t + aid t+l + + ax-tdx + bW t ^ + c - dl t ^ 1 (14) 

W t = e 0 d t + e l d t+1 + • + e T - t d T + fW t -\ + S ~ hl t -i. (15) 

Equation (14) describes the nature of the aggregate production rate which is 
dependent on future demand forecasts, previous work force size, and beginning 
inventory The same comments apply to expression (15), which illustrates the 
form of the aggregate work force decision The weights given to the demand 
forecasts (the a’s and e’s) decrease rapidly with time. 

3 4 Extensions to the HMMS Model 

Several extensions to the initial HMMS model have been reported m the litera- 
ture Bergstrom and Smith [1970] generalized the approach to a multiproduct 
formulation, and incorporated diminishing marginal revenues in the objective 
function Their work was, in turn, further expanded by Hausman and McClam 
[1971] to allow for randomness m the items’ demand Chang and Jones [1970] 
also dealt with the multiproduct problem, they suggested procedures to solve 
situations when production cannot be started and completed m a given time 
penod Sypkens [1967] included plant capacities as an additional decision 
vanable Peterson [1971] proposed an extension to the HMMS model to allow 
the manufacturer, at a cost, to smooth distribution orders to achieve less pro- 
nounced fluctuations in work force, production, and inventory levels 

3 5 Advantages and Disadvantages of Quadratic Cost Models 

The major advantages of quadratic cost models are that they allow for more 
realistic cost structure m the plannmg process, they provide linear decision 
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rules which are easy to solve and implement, and they allow uncertainty 
to be handled directly, since the linear decision rules minimize the expected 
cost, provided that unbiased expected demand forecasts are given 
The more serious drawbacks are the strong need for aggregation, the elaborate 
estimation procedures that are required to assess the numerical values of the cost 
coefficients, and the numerical difficulties encountered when the number of 
decision variables and constraints increase, which limits the model dimensions 
to a small size 

Computational results (Van dePanne and Bosje [1962]) seem to indicate that 
decision rules are fairly insensitive to large errors m estimating cost parameters 
This is a very attractive property due to the difficulty in providing accurate cost 
values 

In spite of the encouraging results reported on large savings that have been 
obtained by applying linear decision rules to actual managerial situations, these 
techniques have not been adopted by practicing managers Probably the disad 
vantages listed outweigh the advantages that linear decision rules have, vis a vs 
LP models Comparisons made by Kolenda [1970] between HMMS and 
Hannssmann-Hess type of models rank these two approaches very close in overall 
efficiency Given the enormous computational capabilities of IP, this has to 
result m the more widespread use of linear cost models. 

4 LOT SIZE MODELS {FIXED COST MODELS) 

Whenever the manufacturing process is characterized by batch-type production 
operations (as opposed to continuous production), a cost is incurred when set- 
ting up the production facilities for a given run Including the setup cost in the 
planning process creates many problems First, every item that generates a setup 
(or a family of items sharing a common setup) has to he identified and treated 
independently This expands the number of variables and constraints so that the 
dimensions of the model generate a large scale system which can be coped with 
only by using special computational techniques Second, the inclusion of setup 
costs produces a problem of lot size indivisabikfy, since a given batch has to be 
run incurring a single setup This introduces integer variables in the model 
formulation Finally, setup costs give rise to fixed cost components in the 
objective function Moreover, the downtime which is characteristic of every 
setup operation introduces additional nonlineanties in the constraint set The 
resulting large scale, integer, NLP model is hard to resolve computationally Ve 
now review some of the most effective approaches that have been suggested 
to solve this problem 

4.1 The Uncapacitated Lot Size Model 

The standard economic lot size formula, also known as the EOQ (economic 
order quantity) formula, 3 determines the production amount for an individual 
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item when setup and inventory holding costs identify the cost tradeoffs This 
formula does not account for any interaction that exists among the individual 
items to be scheduled for production In particular, it ignores the capacity 
limitations which impose some of the more critical constraints for production 
planning 

Moreover, the EOQ formula assumes the demand to be constant and known 
over the planning horizon When the demand is known but changing during the 
various time periods of the planning horizon, the EOQ lot size can provide very 
misleading recommendations Wagner and Whitin [1958] suggested a DP model 
for a dynamic version of the economic lot size We review their approach here 
because it plays an important role in the capacitated lot size models to be dis- 
cussed later 

A simplified version of the uncapacitated lot size problem can be described 
as follows 

Minimize 


z ^ [s^5(^) + c t If] 
t = 1 

subject to 


where 


and as before 

X t = amount to be produced in period t 
It = ending inventory at period t 
s t = setup cost m period t 
c t = inventory holding cost in period t 
d t = demand during period t. 

Notice that variable production costs are not included in the objective func- 
tion since they are assumed to be constant throughout the planning horizon 
Also, backorders are not allowed A DP solution to this problem is straight- 
forward The functional equation that represents the minimum cost policy 

3 For a discussion on the various types of EOQ formulae that have been proposed in the 
literature, see, for example, Magee and Boodman [1967, Chapter 4] 


Xt + ^r-i ” h ~dt. 

t= 1, 

,T 

X t ^0, 

f=l, 

,T 

It = o, 

f=l, 

,T 


8(X t ) = 


0 if x t = o 

1 if X t >0 
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(including only setup and inventory holding costs) for periods t through T~ j 
is 

) = mm M(*r) + CtiXt + I t -r - d t ) + f (X + / . d ]] 

X t > 0 1 

Xf + If-! Zd t 


In the last period T, the functional equation becomes 

fr{I t- i ) = mj n [ s r 5 (Xt)] 

x T ^ o 

Xf + Ix~\ - d x 

In this DP formulation we have assumed that no inventory is to be left over 
at the end of the planning horizon , i e l?- 0 This assumption can be relaxed 
easily A backward induction process can be applied to compute the optimum 
lot sizes during the planning horizon However, this is not the most effective 
way to approach the problem 

In getting an efficient algorithm for this problem, Wagner and Whitrn proved 
four important results about the structure of the optimal pohcy, assuming no 
initial inventory , i e , I 0 = 0 4 

(1) There is always an optimal pohcy such that 

I t -i X t - 0, for f=l,. ,T 

This means that costs are never reduced by having incoming stock and produc 
mg in the same time 

(2) It is enough to consider optimal policies such that for all t 

k 

X t - 0, or X t = dj for some k, t Sk^T 
/=* 

This implies that, at any given period, the production is either zero or the sum 
of consecutive demands for some number of periods into the future When deal 
ing with a time horizon of T time periods, the total number of production 
sequences to be considered is 2 r ~ 1 These have been called the dominant produc 
tion sequences A DP approach requires the analysis of only T(T + l)/2 of these 


If the initial inventory is not zero, subtract it from the demand requirements m the fust 
period to obtam an adjusted requirement for that penod If the initial inventory exceeds 
the first penod demand, continue with this adjustment process until all the inventory u 
used up Then apply the proposed algorithm 
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sequences This number can be reduced further by applymg the following 
result 

(3) Whenever it is optimal to make I t = 0 for any given period f, periods 1 
through f , and t + 1 through T can be considered by themselves 

It is advantageous at this point to reformulate the DP approach as a forward 
process 

The functional equation that characterizes the forward induction procedure 
can be specified by letting /(f) be the minimal cost program from period 1 to 
f, then 


/(f) = mm 


mm [s, + Y, Y c h d k + /0 - !)] + f( t ~ 1) • 

1 </ < t h=j k=h + l 


( 16 ) 


where /(l) = , and/(0) - 0 

r-i t 

Sj represents the setup cost at period /, and ]T c h d k provides the in- 

h= ) k=h+i 

ventory carrymg cost from period / + 1 to f Numerical examples illustrating 
how to carry out the forward mduction procedures are provided in the original 
reference of Wagner and Whitin [1958] 

The last, and most important, result of Wagner and Whitin is the following 

(4) Planning Horizon Theorem If at period f* the minimum of (16) occurs 
for ] = t** S t*, then in periods t > t* it is sufficient to consider only 
f ** ^ j ^ f In particular, if t* = t**, then it is sufficient to consider pro- 
grams such that X t * > 0 

If a forward DP is conducted, these results allow us to reduce the original 
problem into a succession of smaller problems by identifying periods m which 
the production orders are positive or, alternatively, in which the inventory levels 
are zero 

Wagner [1960] expanded this approach to mclude changing purchasing or 
manufacturing costs dunng the multiperiod plannmg horizon Eppen, Gould, 
and Pashigian [1969] and Zabel [1964] made significant extensions to the plan- 
nmg horizon theorem. Zangwill .[1969] showed how to treat backordering 
costs and provided a network representation of the problem. Another approach 
for the mclusion of backorders was suggested by Elmaghraby and Bawle [1972] , 
who analyzed the uncapacitated problem when ordering must be m batches 
greater than one, with and without setup costs 

The concept of dominant production sequences has been greatly exploited 
for computational purposes when dealing with capacitated lot size models This 
is shown m subsequent sections 
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4.2 The Capacitated Lot Size Model 

The capacitated lot size model deals with a multutem production planner 
problem under changing demand requirements during the multipenod planmr- 
honzon The items are competing for limited capacity, and setup costs hew®* 
an important element of the total cost to be minimized 
As before, we analyze first the fixed work force problem when only osert®; 
can be added to expand the manpower availability, subsequently we examine 
the variable work force problem, when hiring and firing are permitted to chance 
the total production rate 

Using the notation presented in the previous pages, a simple version of the 
fixed work force-capacitated fixed cost model can be expressed as follows 

Mm z =£ E for 5 (A) + v !t X !t + c it I it \ + £ (r t W t + °A) (17) 

i=i t = l t = i 

subject to 


X,t + I,'t-i lit d t f, t 1, > T, i 1, 

,N 


A r 

E + *«*.»] -w t -o t * o, t = i , 

«=i 

,T 

( 18 ) 


0^W t S (nri) t , t- 1 , . ,T 
0 £O t £(pni) t , t= 1, .. ,T 
0, i = l, .,N, ?= 1, ,T 


where 



if X lt = 0 
if X lt >0 


Most of the comments we made when dealing with the fixed work force 
linear cost model are also applicable now and will not be repeated. This model 
does not allow backorders, although it is easy to incorporate this added feature 
m the model formulation 

In expression (18) above, the term a, represents the setup time consumed in 
preparing a production run for item i The presence of 8(X,t) both in the objec 
tive function (17) and in the constraints (18) completely breaks the lineanty 
conditions of our previous models, and makes the computation of this model 
much more difficult We now examine some of the methods that have been 
proposed to solve the model 
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(A) Fixed Cost Model 

Whenever the down time consumed by the setup operation is negligible, a, = 0 
in expression (18) and the lot size fixed work force model becomes a fixed cost 
LP model, also known as the fixed charge model Since the objective function 
of the fixed charge model is concave and the constraint set is convex, the global 
minimum will occur at an extreme point However, generally, many local 
minima also will exist at extreme points, a simplex type algorithm that termi- 
nates at a local minimum is not very effective to use 
Several approaches have been suggested to deal with this problem Exact 
solution methods can be classified m two different categories extreme point 
ranking procedures (Gray [1971] , and Murty [1968]), and branch and bound 
solutions to MIP formulations of the problem (Jones and Soland [1962] , and 
Steinberg [1970]) Exact methods are computationally limited to relatively 
small size problems and therefore have little practical value at the present 
As a result of this limitation, several heunstic approaches have been proposed 
that generate near-optimal solutions Generally, these heuristics start by produc- 
ing a good extreme point solution, and by examining the adjacent extreme 
points a local minimum is determined Then a move is made to an extreme 
point away from this local minimum, and the process is repeated until no further 
improvement is obtained or after completing a specified number of iterations 
Effective heuristics have been provided by Bahnski [1961] , Cooper and Drebes 
[1967] , Denzler [1969] , Rousseau [1973] , and Steinberg [1970] 


(B) Linear Programming Approach 

When the downtime, a,, required to set up a production run for every item is not 
negligible, the resulting large scale nonlinear capacitated lot size model becomes 
extremely hard to solve m a direct way In response to these computational 
difficulties, Manne [1958] suggested reformulation of the problem as an LP 
model This approach subsequently was refined by Dziehnski, Baker, and Manne 
[1963] , Dziehnski and Gomory [1965] , and Lasdon and Teijung [1971] . 

The approach consists in incorporating setup costs by defining a set of possible 
production sequences For a given item i, a production sequence over the plan- 
ning honzon T is a set of T nonnegative integers, these identify the quantities 
of item i to be produced at each time period during the plannmg honzon so that 
the demand requirements for that item are met As explained in the uncapaci- 
tated lot size model, it is enough to consider 2 T ~ l dominant sequences for each 
item 
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Let us define 

= amount to be produced of item i by means of production sequence j G 
penod t,i = 1, . ,N,j = l,.. ,J;t = l, ,T 

and as usual, let d lt = demand for item i in penod t. 

To illustrate how these sequences are constructed, assume we have only three 
time penods The number of dominant sequences for item i is 2 3 ' 1 =4, the<e 
four strategies for a given item i can be defined as follows 


Amounts to be produced at each sequence 


Sequence No 


Time penod 


t= 1 

II 

to 

f = 3 

7=1 

Xiii =dii + d l2 + d t 3 

x I12 =o 


1=2 

X t zi =dti +di2 

Xf 22 =0 

-^123 =d l3 

7 = 3 

X t 3i =dn 

X l32 -d l2 +d , 3 


/ = 4 

X t 4i =d t i 

Ay42 =d t2 

2"j43 =d l3 

It is easy to compute the total production, inventory holding and setup costs, 

t,j, for each sequence In the above example these costs are the following 


Setup and holding costs for each sequence (f, ; ) 


Sequence 


hi 


7=1 

h i =s t i +v n (d tl + d l2 + d l3 ) + c a (d l2 + d, 3 ) + c, 2 (d, 3 ) 

7 = 2 

*12 ~( s il + S l3) + 

+ d l2 ) + v l3 d l3 +c n d l2 

7 = 3 

t,3=(s,i +s l2 ) + v ll d,i 

+ u, 2 (c7 /2 + d l3 ) + c l2 d l3 

7 = 4 

h* ~(s, 1 +s l2 +S t3 ) + v, 1 d ll +v l2 d t2 +v l3 d, 3 

In general 





hi 21 [ s jf + 1 

r=l 

htXijt ■*" Cjf/jf] 



The total labor resources consumed by the production quantities X„t can be 
wntten as 


hit a t S (X ljt ) + kfXijt 

If we assume, to simplify matters, that we have a prescnbed work force at 
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every time period, ( rm ) t , that we cannot exceed, the fixed work force lot size 
model can be formulated as follows: 

N J 

Minimize z = ]T £ f, ; 0 v (19) 

1=1 i=i 

subject to 

ELW/IK, t= i, ..,t (20) 

i=i 1=1 

Z 0 y = 1 > i=l,.. ,N 

7=1 ( 21 ) 

Oil = 0> * = 1, -,N, ; = 1, ,7 

where 

/ = total number of dominant production sequences, and 
6,, = fraction of the j th production sequence used to produce item i 

Expression (19) states the objective of the model as the minimization of 
vanable production, setup, and inventory holdmg costs It is possible to expand 
the model to include regular and overtime labor costs, shortage costs, and hiring 
and firing costs Constraints (20) force the total manpower consumed m the 
production schedules not to exceed the maximum labor availability at each time 
penod It also is simple to consider several types of production resources, and 
to include a vanable work force as a decision variable with overtime capabilities 
(see Dziehnski, Baker and Manne [1963], Dziehnski and Gomory [1965], and 
Gorenstem [1970] , for these model extensions) 

Constraints (21) specify that for every item i, the total fractional production 
must add up to unity, plus the usual nonnegativity requirements on the decision 
vanables Since, by the very manner m which the vanous patterns of production 
in the above table were constructed, it is meaningless to have fractional 0’s, the 
natural impulse is to insist on integer values of 6 tJ , thus restricting them to 0 or 
1 Unfortunately, these integrality constraints on the 0’s renders a problem of 
any realistic size extremely difficult to compute. Worse still, it may result in a 
suboptimal solution since the optimal schedule may not be among the “pure 
strategies” represented by the given patterns of production This is a subtle 
point which has escaped many researchers m this field The possible deviation 
from these patterns is due to the presence of constraints on the available capac- 
ity for production 

Fortunately, solving the LP model of Eqs. (1 9)-(2 1) usually provides an excel- 
lent approximation of the “true” optimum. Since there are T + N constramts in 
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the model, there will be at most T+N positive variables m the optimal LP 
solution, and at least one of these variables will be associated with each of the A' 
constraints (21) Thus, there could be at most T instances for which more than 
one 6,, is positive Clearly, if only one d„ is positive for a given item i, that value 
of 0, ; should be 1, due to constraints (21) Consequently, whenever ATs much 
larger than T, which is almost always the case in practical applications, the 0 , 
fractional values are relatively only a few, and are rounded off m some aibitrai> 
manner The error thus introduced is usually insignificant 

As we have indicated before, it is possible to expand this model to include not 
only manpower availabilities but also any number, K, of limited resources 
When this is the case, the spht of production sequences is not significant when 
ever N (the number of items to be scheduled) is much greater than KXT (the 
number of resources times the number of time periods) This condition usually 
is satisfied in practice 

Regardless of the integrality problems posed by the variables 0,,, the resulting 
LP is hard to solve by conventional methods In some situations there might be 
several thousand items to schedule, and a model with that many rows can be 
impossible to compute with regular simplex procedures In addition, each item 
generates 2 r ~ 1 dominant production sequences If T- 12, there will be a 
2 i 2 -i _ 2048 variables for each item, and if there are one thousand items to 
schedule, the model will have more than two million 0 / ; variables 

To bypass these difficulties, Dziehnski and Gomory [1965] suggested a 
Dantzig-Wolfe [1960] decomposition approach where the subproblem led to un 
capacitated lot size models of the Wagner-Whitin type These subproblems, 
which can be computed quite simply, are used to generate attractive entenng 
production sequences so that there is no need to specify all the 0 i; vanablesfrom 
the very beginning 

The decomposition approach, however, has one severe limitation for this type 
of problem As it is well known, the decomposition technique finds a near 
optimum solution relatively fast, but a large number of iterations might be spent 
in obtaining the optimum. In most applications, it is not very critical to get the 
final optimum Lower bounds can be evaluated to determine how good an 
approximation to the optimum the current solution is, and stopping rules can be 
designed accordingly In our problem, however, it is important to obtain the 
optimum smee only then the integrality requirements for the production 
sequences are satisfied, and a feasible solution to the original problem is found 

To resolve this limitation, Lasdon and Terjung [1971] maintained the column 
generation procedure suggested by Dziehnski and Gomory (thus bypassing the 
computational problem introduced by the large number of columns), but 
instead of defining a decomposition master program, they solved the original LP 
formulation using generalized upper bounding techniques (Dantzig and Van 
Slyke [1967] ), thereby taking advantage of the structure of the initial model 
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We will now explain how the column generation procedure works Let jr f , 
1 = i .. ,T, be the set of dual variables associated with constraints (20), and 
ffr+n l = b e dual vana W es associated with the first set of con- 

straints (21). The reduced costs corresponding to problem (19) to (21) are given 
by the expression 

T 

t\] ~ Uj ~ ^ ~ ftT+f 

r = i 


To choose the entenng vanable we want to find 

min mm t tj . 

• ] 


By introducing the values of t, , and l iJt , given by their respective expressions and 
rearranging the terms, the inner minimization becomes 


mm 



j (. s it ^t a i) s C ^ijt) + (Pij 'Rfki) J- 


( 22 ) 


Since 7r f < 0, the above coefficients are all positive The problem then mvolves 
a minimization of setup, variable manufacturing, and inventory carrying costs 
so that the production quantities X,, t satisfy the demand requirements for item 
i over the multiperiod planning horizon. This is the uncapacitated lot size prob- 
lem that can be resolved by the DP approach of Wagner and Whitin [1958] , and 
Wagner [1960] In practice, subindex j m expression (22) is somehow irrelevant, 
since its minimization does not require all the production sequences / to be 
enumerated The application of the Wagner-Whitin approach will generate the 
optimum production schedule for item i at every time period t, which we called 
X„t 

To determine which column to enter m the basis, we subtract -n T+l from the 
optimum value of expression (22) corresponding to each item i The minimum 
of these quantities identifies the entering column The new LP problem thus 
generated is solved by the standard generalized upper bounded techniques 

Gorenstem [1970] used a similar model to support long range production 
decisions m a tire company In addition, he linked the output of that model 
to a short range schedulmg plan, and introduced precedence relationships in 
the production of finished and semifinished tires and their components An 
alternative approach to the capacitated fixed cost problem was developed by 
Kortanek, Sodaro, and Soyster [1968] 

Since the Lasdon and Tequng approach constitutes a continuous approxima- 
tion to an IP problem, it is only applicable when the number of items, N, is 
much greater than the number of time periods, T To eliminate this shortcom- 
ing, Ncwson [1971] suggested a heunstic procedure which is independent of 
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column generation techniques and treats the lot size problem as a shortest 
route problem 

In this model, the work force size also becomes a decision vanable Using the 
notation defined previously, the model can be formulated as follows 

Mm z — 22 22 [ S if t) + v i t^it 22 °t Of + h t H t + f t F t ) 

i=i r=i t-i 


subject to 


X't 

+ 7j, t-i lit d, t , i 1, 

-,N, i=l. 

II 

N 

22 

M(X lf ) + MT tf ] - W t -0 

IIA 

© 

II 

h— ‘ 

,T 

i=l 


W t - W t . x -H t + F t = 0, 

1, 

,T 


-pW t + O t ^Q, 

t=l. 

,T 


X lt ,I lt Z 0, i=l, ,N, t=l, 

,T 


W t ,O t ,H t ,F t Z 0, 

t= 1, 

,T 

where 


HX lt )=' 

[0 if X lf >0 

ll if x lt = o 



The mterpretation of the model should now be straightforward to the reader 
One could easily add backorder costs following the procedure suggested in the 
linear cost-variable work force model. 

The solution procedures used to deal with this model are identical to those 
employed with the lot size-fixed work force model, that is, a fixed cost model 
is generated whenever the downtime incurred m manufactunng setup (a,) is 
negligible , otherwise the LP approximations suggested by Dzieknski and Gomory, 
or Lasdon and Tequng can be applied 

Newson [1971] proposed to attack the problem in two stages The first 
stage deals with the detailed scheduling decision for each individual item over 
the multiperiod planning horizon, neglecting the manpower constraints For a 
given product i, this stage can be formulated as follows 

Mm z, — 22 for + v lt X,t + C,f I t f] 

t = i 


X t tiht = 0 , 


subject to 


t= 1, - ,T 
t=l, . ,T 
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After this model is solved for each of the N items, the capacity required by 
the detailed schedule for each time period t is computed as 

Pt=l + f=l, • ,T 

1=1 

Then the second stage model dealrng with the aggregate capacity decision is 
solved. The model is defined as follows 

Min z(P) = £ (r t W t + o t O t +h t H t +f t F t ) 

f=i 


subject to 


Wt + Of-Pt^ 0 , 

f“l,. 

.,T 

- W t< -H t +F t = 0, 

r=l, 

,T 

-pW t + 0* ^ o, 

f*l. 

...T 

W t ,O t ,H t ,F t Z 0, 

t= l. 

.,T 


Newson suggested a heuristic iterative process that relates two models sequen- 
tially until a terminal criterion is met. 


4.3 Advantages and Disadvantages of Lot Size Models 

The primary advantage of these models is that they incorporate the scheduling 
issues associated with lot size mdivisabihties into the capacity planning decisions. 
This, however, creates the need for a great deal of detailed information through- 
out the planning horizon, which is costly to gather and to process 
An alternative approach to coordinate the aggregate capacity planning and 
detailed scheduling decisions is represented by the construction of hierarchical 
planning systems (Hax and Meal [1975] ). 

5 GENERAL COST MODELS 

The linear, quadratic, and lot size models we have analyzed, although appropri- 
ate for a great number of apphcations, impose several restrictions on the nature 
of the cost functions to be used Some authors have argued that realistic indus- 
tnai situations tend to exhibit cost functions which are nonlinear and discon- 
tinuous and, therefore, cannot be treated by any of the methods outlined pre- 
viously Buffa and Taubert [1972] report the following factors as mainly 
responsible for this cost behavior supply and demand interactions, manufactur- 
ing or purchasing economies of scale, learning curve effects, quantum jumps in 
costs with addition of a new shift, technological and productivity changes, and 
labor slowdowns 
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Several aggregate capacity planning methods have been suggested which *-t 
tempt to be more responsive to the complexities introduced by the specific 
decision environment Generally, these more realistic approaches do rot 
guarantee that an optimum solution will be found They can be classified 
roughly according to the following categones 

-Nonlmear analytical models, which provide a mathematical treatment of 
general nonlinear cost structures, 

-Heuristic decision rules, which attempt to bring in the decision maker's 
intuition of the problem under consideration by incorporating “rules of 
thumb” that contribute to the solution of the problem, 

-Search decision rules, which consist of the application of hill climbing 
techniques to the response surface defined by a nonlinear cost function 
and the problem constraints, and 

-Simulation decision rules, which represent the problem under consideration 
by a set of programmed instructions The decision maker is able to test 
various approaches in an iterative fashion, where the outcome of each run 
suggests what the subsequent run might be Simulation is particularly 
suitable to treat the uncertainties that can be present in a decision 

We now review the major contributions that have been proposed in each of 
these catagones 


5 1 Nonlinear Analytical Models 

Dunng the last twenty years, a significant amount of work has been devoted to 
the analytical treatment of production planning models with general nonlinear 
cost functions. Much of this work has attempted to decompose the multipenod 
planning problem by using DP principles Due to the mherent complexities of 
the problem under consideration and the computational limitations of DP, 
these models seldomly can be implemented to support penod-to-penod planning 
decisions However, they are effective in analyzing qualitative properties of the 
optimum solutions Most of the models to be discussed in this section will be 
single product models 

Two types of single product models are covered in the literature The first 
type does not penalyze changes m the production rate, and can be formulated 
as follows 


Mmz = £ [v t (X t ) + c f (I t )] 


(23) 
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v subject to 


Xt+It-i If d t . 

t= 1, 

,T 

(24) 

h^h^Tt, 

II 

H- » 

,T 

(25) 

X t ±x t s Xt, 

t= 1, 

,T 

(26) 


v(X) and c(I) are, respectively, the nonlinear production and inventory carrying 
cost functions I t , h, and X t , X t are lower and upper bounds imposed on the 
total amount of inventory and production at every time period By choosing 
I t = o for all t, all backlogging is eliminated Optimum solutions to this model 
can be obtained by using standard DP methods 
The second type of model introduces production change costs which depend 
both on the current as well as the past production levels In this case, the 
objective function (23) is substituted by the following expression 


Min z = £ [i>r(X r ) + c t (I t ) + p t (X t _ x 


t = i 


X t )] 


The production change cost function p is assumed to be zero whenever X t _ x = 
X t , and nonnegative otherwise 

A number of different functional forms have been proposed to characterize 
the production change costs (Johnson and Montgomery [1974] ) 


p t (X t . x ,X t ) = p t \X t 

' Xt-i 1 

(27) 

p t (X t . l ,X t )=p t (X t 

-xt-ir+pkxt-xt-i)- 

(28) 

p t (X t _ 1 ,X t )=p t (X t 

n 

/ — S 

T 

1 

(29) 

[Pt, 

if X t > 0 and X t ^ x = 0 


Pt(X t - 1 ,X t )=j 


(30) 

l 0, 

otherwise 


[Pt, 

if X t > 0 and X t _ x = 0 


p t (x t ^,x t )=U;, 

ifX t = 0 and X t ^>0 

(31) 

[ o. 

otherwise 



Functions (27) and (28) can be treated as lmear functions (see, for example, 
Hanssmann and Hess [I960]) Expression (29) is a simple quadratic convex 
cost, (30) defines a start-up cost model, (31) includes start-up as well as shut- 
down costs (Sobel [1970b] , and Zangwill [1966c] ) 

Models with production change costs do not lend themselves to be treated 
by standard DP techniques smce they define two state variables X t and I t 
This creates serious computational difficulties 
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It is important to recognize that constraints (24)-(26) can be represented b 
the following network formulation - 



Nodes 1,2, . , T represent the various time periods m the planning honzon 

Node 0 is an artificial source to provide a flow balance condition ZangwiH 
[1969] suggested this network representation and extended it to allow for 
backlogging The network analogy has generated several important contnbu 
tions to the production planning problem (Kalymon [1972], Veinott [1969], 
Zangwill [1968, 1969] 

To facilitate an organized discussion of nonlinear analytical models we have 
classified them into three broad categories convex cost models, concave cost 
models, and feedback and optimum control models 

Convex Cost Models In practice, convex cost functions do not create problems 
These cost functions can be approximated, to any desired degree of accuracy, by 
means of piecewise linear functions and the resulting production planning pro- 
blem can be solved by LP procedures Direct analytical treatment of convex 
cost models, however, provides important insights with regard to the nature of 
the optimum decision rules 

Veinot [1964] considered the problem of determining the optimum produc 
tion quantities of a single product over a finite number of time periods so as to 
minimize convex production and inventory costs [expression (23)] subject to 
the constraints represented by expressions (24)-(26) When the total cost func 
tion is strictly convex, the optimum production quantities are umque Veinott 
performed a parametric analysis to study the changes on the optimum produc- 
tion levels resulting from variations in demand requirements, and inventory and 
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production bounds His findings can be summarized as follows. 

(1) The optimum production m a given period is a nondecreasmg function of 
-the demand requirements many given period (di,d 2 ,. -,d T ) 

-the upper and lower production capacity bounds in the given period (X t , X t ), 
and 

-the upper and lower inventory bounds in the given period and all succeedmg 
period fork = t, t + 1, — , T ). 

(2) the optimum production in a given period is a non-increasing function of 
-the upper and lower production capacity bounds in every other period 

(Xk,Xk> for k= 1,2, . ,,t- l,t+l,...,r),and _ 

-die upper and lower inventory bounds in any preceeding period (7 fc ,/fc, for 

fc= 1,2, ,f-l) ' 

Veinott exploited these results to develop simple and mtuitive computational 
procedures for finding optimum production schedules for a range of parameter 
values Karush [1958] suggested a DP approach to this problem 
Johnson [1957] studies a special case of this problem where no backlogging 
is allowed, no storage limits are permitted, and inventory carrying costs are 
linear. For this case, Johnson proved a very simple optimum rule requirements 
should be satisfied m order of their due dates by the cheapest available means 
Modigliani and Hohn [1955] analyzed the problem for a convex and non- 
decreasing production cost function and linear inventory holding cost with- 
out production or storage limits. In addition, they assumed that production 
costs were unchanged for each period of the total time horizon The problem 
then can be stated as follows 

Min z = £ [o(jf f ) + cl t ] (32) 

r=i 

X t +I t . 1 ~I t = d t , t= 1, ,T (33) 

It = 0, X t z 0, t= 1, ,T 

The denvative of u(X f ), to be denoted v'(X t ), is assumed to be nonnegative, 
monotone increasing, and continuous In order to charactenze the properties of 
the optimum solution to this problem, it is helpful to view the cumulative pro- 

T 

duction schedules, P t = ^ X k and the cumulative demand requirements, 
r * =I 

Dt ~ J^d k , as a piecewise hnear functions of tune formed by straight lines 

fc=i 

joining adjacent pomts Also, let K t be the upper convex envelope of the 
cumulative demand requirements, D t , and let P Q = D 0 = K 0 = 0 
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If P f denotes an optimum production plan, the following properties can be 
proved (Modigliani and Hohn [1955] , Klein [1961]) 

(D Pf=D r 

(2) For any t - 1 , , T, if K t - D t , then P* - D t The penods in which this 

property holds are called planning horizons 

(3) If D t is concave, then P* - D t> l £ t g T 

(4) Dt£K t ,t=l, ,T 

(5) If D t is convex, then P* is convex 

(6) A fundamental solution to the problem is the set of production sequences 
X t that minimizes the objective function (32), subject only to constraint 
(33) The fundamental solution satisfies the following condition on the 
marginal costs 

»'(**♦! W(*l) + * 

Modigliani and Hohn proposed an algorithm based on fundamental solutions 
that can be implemented graphically However, the qualitative properties associ 
ated with planning horizons are the most important results of Modigliani and 
Hohn’s work They proved that the total planning interval can be partitioned 
into subintervals, defined by planning horizons, within wluch the optimal plan is 
independent of requirements and costs during other penods Furthermore, if 
inventory holding costs are negligible, a constant rate of production within 
each interval is optimum 

There are important practical implications that can be drawn In production 
planning, when decisions are affected by strong seasonalities, the relevant horizon 
is unlikely to extend beyond the period of seasonally high sales of the current 
cycle, unless sales over the next seasonal cycle tend to be substantially higher than 
in the current one Moreover, if the relevant horizon extends beyond the current 
cycle, this extension is likely to proceed by whole cycles 
Chames, Cooper and Mellon [1955] extended the Modigham-Hohn results for 
slightly more general production cost structures, and indicated that more than 
one product could be included in the model provided that suitable surrogates 
for total costs be utilized instead of output (for example, labor hours) 

Klein [1961] combined the works of Modigliani and Holm, and Hoffman and 
Jacobs [1954] to introduce piecewise linear costs associated with penod-to 
period fluctuations m the production rate In an earlier work, Klein [1957] 
offered some insightful comments on the general shape of the optimum produc 
tion schedules under a variety of costs and requirements conditions 
More recently, Lippman, et al [1967a] have studied the form of optimum 
policies for a single product problem assuming convex production costs, V- 
shaped production smoothing costs, and increasing inventory costs In a subse- 
quent paper [1967b] the authors proposed a computational algorithm when the 
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costs functions are linear and demand is either monotone increasing or decreas- 
ing Yuan [1967] extended the algorithm when production costs are convex 
and demand requirements are arbitrary. 

Concave Cost Models Concave costs can result from setup charges, discountmg, 
and efficiencies of scale m the production process Since these situations occur 
frequently m practice, the study of production planning under concave cost 
functions has attracted significant attention in the past 
Let us concentrate first on the uncapacitated single product concave cost 
problem, ignoring production change costs This problem can be formulated as 

Mmz = £ [v t (X t ) + c t (I t )] 


Xt+It-1 -It=d t , 

t= 1, 

,T 

x t z 0 , 

t= 1,. 

.,T 

If backorders are not allowed, constraints 



o, 

t~ 1, 

,T 


should be added 

Zangwill [1966b] proved that it can be assumed without loss of generality 
that I 0 = If = 0. Several algorithms proposed to solve the problem assume this 
condition 

The minimum of a concave function subject to linear constraints occurs at 
an extreme pomt of the convex set determined by the linear constraints. Con- 
cave cost functions could be minimized, therefore, by performing an exhaustive 
analysis of the extreme pomts of the constraint set However, complete enu- 
meration is seldom feasible for the general problem Luckily, the optimum 
solution satisfies some important properties that can be exploited to develop 
effective DP approaches to this problem 

When no backorders are allowed the optimum solution is such that (Wagner 
and Whitin [1958]) 

Xtit-i. = 0, t= 1, ,T 

This result was expanded for the backordermg case (Zangwill [1969], Veinott 
[1969]) where the optimum solution satisfies the following conditions 

(1) If-i > 0 implies X t = 0, 

(2) X t >0 implies If = 0, and 

(3) ^_j > 0 implies If = 0 
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These properties, together with the concepts of dominant schedules and pb- 
mng horizons (see section 4 1), have played a fundamental role in the anal^e! 
concave cost models 

A specially important class of concave cost production planning problems ts 
represented by the lot size problem, where the objective function is chair 
terized by setup costs and linear variable production and inventory costs lb 
problem has been discussed extensively m section 4 and it will not be treated 
here In particular, section 4.1 considered the single product uncapacitated 
problem and described forward and backward DP algorithms to solve that prob- 
lem These dynamic approaches can be expanded easily to the general conca,; 
cost function (Johnson and Montgomery [1974] , pages 212-224) 

Zangwill [1966b] suggested a backward DP algorithm for a single product 
problem with or without backlogging Backlogs are assumed to be filled at most 
a period after the scheduled delivery date This condition can be expressed as 
follows 


£ d k , 

k=t-a + l 

where d k = 0 for k 0 If a = 0, no backlogging is allowed If a > T, backlog 
gmg becomes unrestricted since the time horizon is limited to T tune penods 
Zangwill considered concave production costs and piecewise concave inventor)' 
cost, allowing for a discontinuity in the origin so as to differentiate between 
backlogging and inventory carrying costs These results were expanded by Zang- 
will [1966a] to mclude multiple facilities in parallel and in senes The lot size 
problem with multiple facilities was treated as a network problem by Zangwill 
[1969], and Kalymon [1972] Kalymon analyzed the case of arborescence 
structured production systems, in which each facility requires input from a 
unique immediate predecessor A general discussion of the network approach 
for single product concave cost models is given by Zangwill [1968] Hus 
approach can be extended to multiple product single source models 
Vemott [1969] , using the characterization of extreme pomts of Leontief sub 
stitution systems, presented a unified theory to deal with single product concave 
cost problems, and extended Zangwill’s results to an arborescence multiechelon 
structure 

Adding capacity constraints to the concave cost model 

X t ST t , r = 1, .,T 

creates serious computational difficulties in the DP algorithms since these condt 
tons break the structure of the optimum solution 
Flonan and Klein [1971] studied the capacitated single product concave cost 
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case under no backordering, and when backordering is limited to at most a 
periods They analyzed the properties to develop a DP-shortest route algorithm 
for problems in which the production capacities are the same in every period 
Flonan and Robillard [1971] proposed a branch and bound procedure to solve 
the capacitated network problem with concave costs, which can be apphed to 
this production planning problem 

Some work has been devoted to study the single commodity production plan- 
ning problem, mcludmg concave production costs, concave inventory costs, and 
piecewise concave costs of changing the production level from period to period 
Zangwill [1966c] analyzed the case of no backordering and nondecreasing 
demand requirements, ie,d f ^ d t+1 , t = 1, - , T He studied the properties of 

the optimum solution under these conditions, and proposed algorithms for 
special cost structures Sobel [1970b] made a similar analysis of the problem 
with smoothing start-up and shutdown costs 

Optimum Control and Feedback Models- Two important additional issues re- 
garding production planning decisions have been studied by means of general 
cost analytical models These are extensions of production planning models 
to continuous time, and stability conditions of the suggested decision rules 
The basic concepts that have been applied in dealing with these issues are the 
Pontryagm’s optimum principle (Pontryagin, et al [1962]) and feedback and 
servomechanism theory (Holt, et al [1960, Chapter 19] , Forrester [1961] , and 
Simon [1952] ) We will review now briefly the implications of this work 
Several approaches have been proposed in the literature to deal with aggregate 
production planning through continuous time As with the previous analytical 
models we have examined, these approaches generally do not lead to practical 
computational procedures They require a high level of aggregation (normally 
consisting of single product models), and their usefulness relies primarily on the 
characterization of the structure of optimal policies Continuous time models 
are important m applications that mvolve high-speed control and where dynamic 
responses need to be examined 

One of the first studies dealing with a continuous time production model was 
proposed by Arrow, Karim, and Scarf [1958, Chapter 7]. They suggested a 
continuous formulation to the problem of balancing inventory and production 
costs If we denote by 

1(f) = inventory level at time t 
X(t) = production rate at time t 
d(t) = demand requirements at time t 
o(2Q = production cost associated with production rate X 
c(P) = inventory cost associated with inventory level I 
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The problem can be formulated as follows 

Mm f {u[Z(0] +c[I(t)]}dt, 

^0 


subject to 


m= m + 



dt 


An equivalent statement of this constraint is 


m) 

dt 


= X(t) - d(t) 


If no shortages are allowed, the folio wing constraint should be added 

m ^ o. 

Arrow, Karim, and Scarf studied this problem assuming linear inventory hold 
mg costs, and production rate costs that are proportional to the rate of change 
for upward movements and zero for downward movements They analyzed the 
properties of the optimum solution for vanous forms of the demand functions 
Hwang and Fan [1966], and Hwang, Fan and Erickson [1967] applied Pon 
tryagin’s optimum principle to the continuous production problem In the 
production planning context, the optimum control actions correspond to the 
optimum level of the production quantities and the state variables correspond to 
the inventory levels The problem can be stated as follows 


subject to 


Mm 


[ {v[X(0- X*] 2 + c[I(0- I*] 2 } dt, 
^0 


dm 

dt 


= X(t)-d(t). 


In the objective function production and inventory costs have been approxi 
mated by a quadratic expression. X* and I* are production and inventory 
targets assumed to be known and constant 
The apphcation of Pontryagm’s principle produces the following optimum 
solution to the problem 


m = A l e Kt +A 2 e~ Xt + [/(f)] p 
X(i)=A x \e Xt ~ A 2 e- x U d -^- 


+ d(t). 


dt 
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C 

where A 2 =— ,A\ and A 2 are to be determined by initial conditions, and I(t)p 
v 

is a particular solution to the equations to be decided by the forms and for the 
values of I* and d (Hwang, Fan, and Erickson [1967] ) 

Nelson [1966] applied Pontryagm’s principle to obtain necessary and suffi- 
cient conditions for a problem of manpower assignment in a labor and machine 
constramed production system 

Concepts such as feedback, lagged responses, types of control devices, and 
stability of the production system over time play a fundamental role m the de- 
sign and operation of on-going production planning systems Servomechanism 
theory provides the basis for a formal analysis of these concepts m the produc- 
tion environment Holt and Simon [1954] and Hanssmann [1962, pp 132— 
136] proved that the production rules derived by differentiating a quadratic cost 
expression can generate a very unstable system, creatmg unacceptable fluctua- 
tions in production and inventory levels unless demand forecasts during the plan- 
ning horizon are perfect Vassian [1955] proposed ways to construct stable 
feedback rules for this situation, and Holt and Simon [1954] , and Simon 
[1952] , mdicated how the unstable rules can suggest the definition of stable 
classes of rules However, as Hanssmann mdicated, there appears to be no 
general theory available today to provide the practioner with a complete under- 
standing of the stability of a proposed set of decision rules This is particularly 
valid whenever external forecasts are mtroduced in the production planning 
model At the present time, simulation seems to be the only way to explore 
exhaustively the degree of stability of the production planning decison rules 
For further discussion on this subject, the reader is referred to Holt, et al. 
[1960, Chapter 19] 


5 2 Heuristic Decision Rules 

Perhaps the most important attempt to mcorporate management behavior m a 
systematic fashion to the aggregate capacity planning problem is Bowman’s 
management coefficient approach [1963] Bowman suggested that managers 
tend to determine production rates, inventory levels, and work force levels in a 
way which is responsive to the relevant costs that affect those decisions How- 
ever, they tend to overreact to the daily pressures of their work, occasionally 
creating expensive and erratic decisions which vary from their average pattern of 
past behavior Moreover, since most cost functions exhibit a flat shape around 
the optimum, small deviations from the optimum are not going to generate 
heavy penalties 

From this, Bowman concluded that a decision rule with mean coefficients 
estimated from management’s past performance should produce better results 
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than those which actually occurred, and better results than those generated frc- 
analytical studies 

The actual structure of the decision rule to use can be suggested fromamhv 
cal considerations like the linear decision rules obtained from quadratic cot 
functions, by intuitive reasoning, or by a combination of both. Bowman sc.' 
gested the following example of a production scheduling rule 

t+r-i 

P t = E a i s < + 1 ~ S t ) + y(I N - /,. i) 

j =t 


where 

P t - production scheduled in penod t 
S t - sales forecast in penod t 
x,y~ smoothing constants (0 £ x £ 1), (0 £ y $ 1) 

I N = “normal” inventory 
I t -x ~ endmg mventory at penod t - 1 
a, = weighting coefficient for sales forecast S,,a t > a t+1 >•••> a u t-i 
T = planning horizon 

The numerical values of the coefficients a„ x, and y are obtained not b;> 
analytical methods (as in the HMMS models) or by simulation techniques, hut 
by performing regression analysis on past management behavior. 

Bowman reported encouraging results by comparing the performance of his 
approach against linear decision rules and actual past costs in four industnes 


5 3 Search Decision Rules 

Jones [1967] combined a heuristic approach, defining the nature of the decisio 
rules, and a search approach to compute the coefficients of the decision tuk 
and he developed a method for aggregate capacity planning that he calif 
Parametric Production Planning He started by postulating the existence of tv 
linear decision rules to address work force level and production level decisions 
The work force decision rule takes the form of a smoothing expression 

+A(W D ~W t „ 1 ) 

where 

IPj-i = current work force level 
iPt = planned work force level for the upcoming period 
IP# - desired work force level to meet upcoming demand forecast 
A - coefficient determining the fraction of the difference in the plar 
and current work force to be realized. 
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The desired work force W D is expressed as a weighted sum of the work force 
. required to meet future sales during the planning honzon, T. 

\ W D =£b t K{S tJhl . t ), 

«=i 


where 


b{ - weighting coefficient for sales forecast S t+t _ x 
K{S t ) = number of workers required to produce S t umts at minimum cost 


After experimenting with several weighting functions, Jones suggested the 
following expression to determine values of the b{ coefficients 


b,= 


& 


T 

Z B ' 

1=1 


where 

B = coefficient between 0 and 1 that determine the relative weight to be given 
to future forecasts 


Note that all the b t coefficients, i = 1 , . , T, are expressed as a function of a 

single parameter B. 

Moreover, Jones included a term to prevent inconsistencies in inventory deple- 
tion or buildup Jones suggested the following corrective term to be added to 
the work force decision rule - 

bt K(I* ~ lt-i), 

where 

I* = optimal inventory level at the end of the upcoming period (to be com- 
puted externally to the model) 

The resulting work force decision rule becomes 


K^JVi +A 


T 

z 

L i=i 


b t K{S t »-i)- fVt-i +&!*(/? -7,_t) 


The production decision rule is similar to the work force rules, except that the 
production rates are expressed in production units rather than in number of 
workers 


Pt - ( jiv ) + c 


£ d,5 f+ ,_, - K~ l (T V t ) + d x (/? - ) 


L«=i 
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where 

K~ l (IV f ) = number of umts that can be produced by W t workers at minmu 3 
cost 

C- coefficient between 0 and 1 mdicatmg the fraction of the desired 
production increase or decrease to be achieved 
d, = weighting coefficient for sales forcast 5 f+I _, 

The d, coefficients are defined by an expression similar to the one used for the 
b t coefficient,! e , 


r 

1=1 

The numencal values of the four coefficients A,B, C, and D are obtained by 
applymg search techniques over a five dimensional space determined by the 
firm’s profitability and the four parameters The profitability is determined by 
taking into consideration the general cost structure relevant to the production 
rate and work force decisions 

There are a large number of different search techniques available for optimiza 
tion purposes An extensive coverage of these techniques has been reported by 
Wilde [1964] Among them the one that seems most promising is the Direct 
Search procedures developed by Hooke and Jeeves [1961] Jones suggested that 
the response surface determined by the four coefficients and the associated 
profitability measure is ummodal, shallow, and smooth— highly desirable attn 
butes for search techniques to be applied Jones reported some encouraging 
results after testing the performance of his approach 
Another important application of search to aggregate capacity planning was 
developed by Taubert [1968] There are some basic differences between 
Taubert and Jones’ approaches Taubert searches on the values of production 
rates, work force and inventory levels during each time period, while Jonei 
searches only on the values of four coefficients (A, B, C, and D) The dimen 
sionahty of Taubert’s search depends on the number of time periods containei 
in the planning horizon, which creates more computational difficulties 
Taubert suggests also the possibility of combining search with branch an 
bound procedures by partitioning the set of feasible solutions, using branc 
and bound methods, into simpler aggregate scheduling bounding problems ths 
can be solved by applymg search techniques This approach, attractive in i 
potential, has not yet been tested Another simple application of search 1 
aggregate capacity planning was done by Goodman [1973] . 
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5 4 Simulation Decision Rules 

' For a long time simulation has been recognized as an important modelmg tool 
to deal with situations where analytical models either become computationally 
infeasible or provide a too simplified representation of a real world problem 5 
Vergm [1966] developed a general purpose simulator that is able to capture 
some of the special conditions that are present in practical schedulmg problems 
that, by necessity, have been ignored m the analytical approaches to the capacity 
planning problem The simulation can be adjusted to incorporate special condi- 
tions of a particular firm 

The simulation process starts with an initial schedule which is suggested by 
experience or represents the current conditions of the firm An objective func- 
tion, which has no restrictions m terms of its structure, is used to evaluate the 
performance of each schedule A change is mtroduced in employment levels, 
overtime, inventories, subcontractmg, etc , until a local minimum is achieved. 

Vergm conducted a study on three manufacturing firms affected by strong 
seasonalities and reported a much better performance of simulation schedules 
against both operating schedules and lmear decision rules schedules 

5 5 Advantages and Disadvantages of General Cost Models 

One of the greatest advantages of the general cost models we have surveyed is 
the added realism they are capable of introducing to reflect more accurately the 
production planning environment, including uncertainties and special cost struc- 
ture and constramts In addition, they are more closely associated with the 
actual decision process, which makes them more acceptable by managers and 
easier to explain and justify 

However, these advantages have a price Usually the models are expensive to 
develop and to run, and the computational procedures used to solve them 
seldom guarantee overall optimization Some of the models require a high 
degree of aggregation, this creates problems of implementation when decisions 
need to be disaggregated at the lower levels Moreover, general cost models do 
not lend themselves to handling a large number of interactive constramts, which 
easily can be managed by LP methods 

Analytical models are helpful m determining qualitative properties of the 
optimum solutions, but seldom generate practical algorithmic procedures 

Lee and Khumawala [1974] tested, m a practical environment, the perfor- 
mance of the Linear Decision Rule model agamst Bowman’s Management 

For good references on simulation see Emshoff and Sisson [1970], and Naylor et al 
[1966] 
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Coefficient Model, Jones’ Parametric Production Planning Model, and Taubert’s 
Search Decision Rule They concluded that the Search Decision Rule chafy 
outperforms the other three models evaluated, and they provide a synthesis [ 0 ; 
implementing aggregate capacity planning models 

6 INTEGRATING THE PRODUCTION PROCESS 

Economists define production as the process by which goods and services axe 
created In more specific terms, production can be defined as the process of 
converting raw materials into finished products Of course, the terms “m 
materials” and “finished products” are relative, since what constitutes a finished 
product for one industry, could be the raw material for another firm An effec 
five management of the production process should provide the finished products 
m appropriate quantities, at the desired times, of the required quality, and at 
reasonable costs 

61 A Framework for Production Decision Making 

Production management encompasses a large number of decisions that affect 
several organizational echelons To understand the role of OR in supporting 
those decisions it is helpful to classify them according to the taxanomy proposed 
by Anthony [1965] regarding strategic planning, tactical planning, and opera 
tions control (Hax [1976] ) 

Strategic Planning Facilities Design. Strategic planning is mostly concerned 
with the establishment of managerial policies and with the development of the 
necessary resources the enterprise needs to satisfy its external requirements in 
a manner consistent with its specific goals In the area of production manage- 
ment, the most important strategic decisions have to do with the design of the 
production facilities, involving major capital mvestments for the development 
of new capacity and the expansion of existing capacity. These decisions include 
the determination of location and size for new plants, the acquisition of new 
equipment, and the design of working centers within each plant Other decisions 
which require strong coordination with marketing, are the selection of nev 
products, and the design of the logistics system (including warehouse locatioi 
and capacity, transportation means, etc.) 

These decisions are extremely important because, to a great extent, they ar 
responsible for maintaining the competitive capabilities of the firm, determine! 
its rate of growth, and, eventually, defining its success or failure An essenti: 
characteristic of these strategic decisions is that they have long lasting effect 
thus forcing long planning horizons in their analysis. This in turn, forces th 
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' recognition of the impact of uncertainties and risk attitudes in the decision 
s making process This imposes some problems for the proper use of mathe- 
' maticai programming models which, except for parametric analyses, do not 
allow for uncertainties to be properly handled. 

Moreover, investments in new facilities and expansions of existing capacities 
are resolved at fairly high managerial levels, and are affected by information 
which is both external and internal to the firm. Thus, any form of rational 
- analysis of these decisions has necessarily a very broad scope, requiring informa- 
•' tion to be processed in a very aggregated form to allow for all the dimensions of 
the problem to be included and to prevent top managers from being distracted 
! by unnecessary operational details 


Tactical Planning’ Aggregate Production Planning Once the physical facilities 
have been decided upon, the basic problem to be resolved is the effective alloca- 
tion of resources (e g , production, storage and distribution capacities, work 
force availabilities, financial and managerial resources, etc ) to satisfy demand 
and technological requirements, taking into account the costs and revenues 
associated with the operation of the production and distribution process When 
dealing with several plants, with many distribution centers, regional and local 
warehouses, with products requiring complex multistage fabrication and assembly 
processes, affected by strong randomness and seasonalities m their demand 
patterns, these decisions are far from simple. They usually involve the considera- 
tion of a medium range time horizon, divided into several periods, and the aggre- 
gation of the production items mto product families Typical decisions to be 
made within this context are utilization of regular and overtime work force, 
allocation of aggregated capacity resources to product families, accumulation 
of seasonal inventories, definition of distribution channels and selection of 
transportation and transshipment alternatives This chapter dealt exclusively 
with model approaches to support aggregate production planning 


Operations Control: Detailed Production Scheduling. Aftermaking an aggregated 
allocation of capacity among product families, it is necessary to deal with the 
day-to-day operational and scheduling decisions which require the complete 
disaggregation of the information generated at higher levels into the details 
consistent with the managerial procedures followed m daily activities Typical 
decisions at this level are the assignment of customer orders to individual 
machines, the sequencing of these orders in the work shop, inventory accounting 
and inventory control activities, dispatching, expediting and processing of orders, 
vehicular scheduling, etc 
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6.2 The Need for a Hierarchical Decision Making System 

To deal with these three distinct levels of decisions one has to recognize seven! 
complexities First, the investment, location, allocation, and scheduling dec 
sions cannot be made m isolation because they interact strongly among o.v 
another, therefore, an integrated approach is required if one wants to a\o>dfe 
problems of suboptimization. Second, this approach, although essential, cannot 
be made without decomposing the elements of the problem in some way, vnthn 
the content of a hierarchical system that links higher level decisions with lower 
level ones in an effective manner, and in which decisions that are made at high;] 
levels provide constraints for lower level decision making This hierarchical 
approach recognizes the distinct characteristics of the type of management 
participation, the scope of the decision, the level of aggregation of the required 
information, and the time framework in which the decision is to be made In 
our opinion, it would be a senous mistake to attempt to deal with all these 
decisions at once, via a single mathematical model. Even if the computer and 
methodological capabilities could allow the solution of large detailed integrated 
production model, which is clearly not the case today, that approach is map 
propnate because it is not responsive to the management needs at each level of 
the organization, and would prevent the interactions between models and 
managers at each organization echelon 

In designing a system to support the overall production management decisions 
it is imperative, therefore, to identify ways in which the decision process can be 
partitioned, to select adequate models to deal with the individual decisions at 
each hierarchical level, to design linking mechanisms for the transferring of the 
higher level results to the lower hierarchical levels which includes means to 
disaggregate information, and to provide quantitative measures to evaluate the 
resulting deviations from optimal performance at each level Some suggestions 
on how to implement such an approach are provided in Hax [1974a] . 

Several hierarchical systems have been reported in the literature to deal with 
production decisions Particularly, Hax [1973] descnbes an application for a 
continuous manufacturing process, Hax and Meal [1975] address the use of 

hierarchical systems in a batch processing environment, and Armstrong and Hax 

[1974] , and Shwimer [1972] analyze an application for a job shop activity 

Some limited work has been conducted to integrate the production manage- 
ment process with the remaining managerial functional areas (e g marketing, 
finance, etc ) For examples of this type of work the reader is referred to 
Damon and Schram [1972] , Starr [1972] , and Thomas [1971] . 

Part of this work was supported by the Office of Naval Research under con- 

tract N00014-67-A-0204-0076. 
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1. INTRODUCTION 

The theory of inventory management was one of the earliest fruitful areas of 
application for operations research (OR), since problems m the area are com- 
plex, the significant factors span at least three organizational divisions of the 
enterprise, and the solutions are highly profitable to manufacturing, processing, 
wholesaling, and retailing organizations The first successful systems were imple- 
mented for spare parts inventories of large companies, where demand from a 
large population is based primarily on need (rather than promotion), there is no 
important substitutability of one item for another, and the costs and lead times 
are known with sufficient accuracy Much of the early work was highly theoret- 
ical, but has been translated into successful practice with accurate rules of thumb 
that can be understood by the users 

Two independent streams of development have contnbuted to the state of the 
art One was the abstract mathematical model of an inventory process (Dvoretsky 
[1952], Arrow [1958], Moran [1959]) looked at from purely an economic 
sense of minimizing costs within constramts on availability of stock to satisfy 
demand The other was pragmatic (Magee [1958]), m which one had to show 
how to measure demand, for example, rather than merely stating— “assume the 

*R G Brown’s Materials Management Systems (Wiley-Interscience 1977) is an expanded 
version of the points covered m this chapter, with copious examples of implementation 
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1.2 Inventory Decision Rules 

The second-level part of an inventory system for any enterprise must mclude 
some decision rule for both replenishment lot quantities and safety factors 
Both require forecasts (see Chapter 1-1) which measure the distribution of errors 
around the forecast In each of the decision rules there is at least one policy 
variable for which management can choose values to affect the exchange of cap- 
ital investment in stocks against some sort of operating expense In the next 
two sections of this chapter, m which the decision rules are discussed, the third- 
level exchange curves will also be presented They enable one to make a strate- 
gic choice among alternative rules, as well as the tactical choice of the value for 
the policy variable in the rule to be used 
In some systems there is also the need for a decision rule for allocating a finite 
resource (not necessarily scarce) among activities These rules are discussed m 
section 4. The last section covers systems architecture— the alternative ways that 
these decision rules can be built mto systems that make effective routme deci- 
sions about when to reorder, how much to order, and where to put it 


1 3 Stratification and Classification 

The distribution across an inventory of items, of their sales rates in dollars per 
year, is universally representable by a lognormal distribution The distribution 
can be plotted on lognormal graph paper (Figure 1), with one set of points repre- 
senting the cumulative fraction of items, and another set representing the frac- 
tion of total revenue (or cost) from those items Both are plotted against the 
annual sales rate. If the distribution is lognormal, the two lines will be parallel, 
and the common “slope” is called the standard ratio For a normal distribu- 
tion, about 16% exceeds the mean by more than one standard deviation, and 
about 84% exceeds a value one standard deviation below the mean. These per- 
centages are marked with the heavy horizontal rulings m Figure 1 The param- 
eter a (which is not the standard deviation) of the lognormal distribution (i e , 
the normal distribution of the natural logarithms of Sv) can be computed from 
the 16 and 50 percentiles by o = In 50 - In 5 = In 50/5 = In 10 = 2 3 The ratio 
50/5 = 10 is referred to as the standard ratio Let m denote the average sales per 
item per year and let J = e 1/,2c , then (Brown [1959] ) the median item has sales 
of mjj, and half the sales are denved from items with sales exceeding mJ . 

In many industries there is more than one inventory, in the sense of the mar- 
ket population it is mtended to support, which will be indicated by evidence of 
two lognormal distributions with different means, but the same standard ratio 
If there are two populations, the lines will not be straight, as indicated by the 
dashed lines in Figure 1 Observation of this phenomenon has led to the discov- 
ery that hotel suites are not merely more expensive hotel rooms, but have a 
different market, that there are two different physical processes m the formation 
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of drops in a spray-drying process, and that the characteristic market for Indus 
trial tools is quite different from the market for do-it-yourself, even though both 
sets of customers tend to buy quite similar tools The marketing implications of 
recognizing these different populations can be quite as valuable as the improse 
ment of inventory management The detection of what discriminates among 
the various populations requires considerable imagination and investigative skill 
A more familiar representation is the Pareto curve that plots the percentage of 
revenue against the percentage of items, where items are ranked m descending 
sequence by annual dollar sales If “20% of the items account for 80% of th. 
sales” (they seldom do exactly), that is equivalent to a standard ratio of about 
5, which would be characteristic of demand for consumer products at the retail 
level The standard ratio for manufactured products is more often approxi 
mately 10, and for highly technological material such as aircraft or computet 
components, the standard ratio may be as high as 25 
A convenient way (Brown [1971a]) of plotting the distribution to find the 
standard ratio and to look for the possibility of nonhomogeneous populations u 
to plot the percentage of revenue against the percentage of items, with proba i 
lty scales along both axes (Figure 2) If the distribution is lognormal, then the 
points fall along a straight line with a 45° slope In Fig 2, 50% of the items con 
tnbute 99% of the revenue It can be shown that 50% of the items contnbute 
F(o) as a fraction of the total revenue, in this case 0 99 Since F( ) is the cumu 
lative normal distribution, from a table one can find the parameter o - 233, so 
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that the standard ratio is p = e° = 10 15, which agrees with the values computed 
above in conjunction with Figure 1 

In practice, the first few items on the list, which account for 50% of the rev- 
enue, are called Class A items, which deserve not only the best inventory man- 
agement system, but also careful review by experienced managers who may 
improve on formal rules with extrinsic knowledge of special circumstances 
There are few enough items to be watched, and the consequences of improving 
over formal rules can be large. The last half of the items are called Class C, and 
together represent only a small (1%) percentage of the total revenue Very 
simple inventory systems may be justified for these items, since the loss caused 
by approximate controls may be very much smaller than the savings from using 
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simple procedures on so many items The intermediate items, which account 
for nearly half the revenue and nearly half the items, merit sound systems but 
minimal intervention They are called Class B 

For more refined control, items can be classified in several other ways (a) 
materials vs stocked components vs finished goods at the plant, vs finished 
products in the field distribution system, (b) items made within the plant vs 
items supplied from mdependent vendors or other corporate divisions, and 
(c) items which customers can obtain from competition vs items where this 
company is the sole source Profit margins, time since introduction, and essen 
tiality to the user are also the basis for classification m many corporations 

Throughout this chapter, an “inventory” is the group of stocked items with 
similar characteristics within this stratification An enterprise might have from 
three to ten such inventories Because of the difference in source and use ofthe 
items between one inventory and another, it is quite possible to make different 
strategic choices of decision rules for different mventones, and it is mvanably 
true that management will want different tactical choices of the values of policy 
variables from one inventory to another 

1.4 What Items to Stock 

There are two quite different motivations for carrying an inventory One has 
the marketing connotations of service to the customer, to satisfy his needs quickly 
The other has production connotations of service to the supplier, to buffer flue 
tuations m demand from the economics of smooth production The decision 
whether to stock an item depends on the purpose of that inventory 

(a) In a customer-oriented inventory, the decision to add an item to the range 
m stock is usually based on the number of calls for that item If there have been 
at least N calls in a period of time T, then the item is stocked A decision table 
can be set up by marketing management giving the minimum values of (N, T) by 
inventory classification There will, of course, be certain classes of items for 
which the item is stocked before the first call (essential repair parts for new 
machinery and pipeline stocks for a new product) It may take more evidence of 
demand to stock a noncurrent (spares only usage), nonfunctional part than to 
stock a current (also used in building products), essential part Since the long 
term marketing contribution of having an item in stock is only partially financial 
and always highly subjective, it is not likely to be productive to have very elabo 
rate models of the costs of stocking an additional item The manager making 
the decision should be aware of the cost consequences, but the model for mak- 
ing that prediction can be very simple, based on planning factors of inventory 
investment, space occupied, and the systems costs for first-level operations 

(b) In a producer-oriented inventory, there is a clearer economic basis for de 
cidmg whether to stock an item or to produce it (a generic term inferring either 
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manufacture or purchase as appropriate) whenever there is demand. Suppose we 
sell M units a year, it costs A dollars to produce the item (a setup or ordering 
cost, not the mvoice amount), the unit cost is $u/piece, and management has 
set a carrying charge of r S/$/year on inventory investment If the item is re- 
plenished p units at one time, the total annual cost is NA/p + \rv (p-1) The 
costs of not stocking the item (p = 1) are less than the costs of making two when 
one is needed and carrying the other until it is used for N < rv/A Hence, one 
would tend to make an expensive item, or one with very low setup costs, and 
to support from stock a high sales rate, cheap item or one that is expensive to 
setup 

(c) In a distribution network, with several warehouses, there have been many 
attempts to find an economical model for deciding which warehouses should 
carry a given item A more practical approach is to consider each warehouse 
and decide what items should be stocked there Rank all stockable items in 
descendmg sequence by number of calls (rather than the dollar value of annual 
demand) A relatively few items at the top of the list will account for 50% of all 
calls These items should be stocked at all locations, to satisfy the largest num- 
ber of requests with relatively small inventory costs because there are few items 
involved The items in the middle of the list can be stocked regionally to reduce 
the number of inventory accounts to be managed, but still to gam the economy 
of transporting material m bulk into market areas, and to gain the marketing 
advantage of having products reasonably close to the customer for much of the 
remainder of the demand The last half of the items on the list should be stocked 
m only one location to save the costs associated with multiple inventory ac- 
counts The delays m supplying such material to the customer can’t have serious 
marketing consequences smce the demand rate is so low, and the transportation 
costs can’t be large because there are so few demands 

Recently several corporations are beginning to explore the possibility of 
putting productive capacity “into stock” in the sense of having the ability to 
produce small amounts quickly rather than carrying the inventories of these low- 
demand items at all A separate plant can “make one of anything over night, 
but two is a production run and we don’t handle that,” with numerical con- 
trolled machinery and special mechanics. Such a plant may be far less expensive 
than carrying physical stocks of finished products for which there is little de- 
mand, but what demand there is must be filled It is important, however, that 
the process engineering for such a plant be wholly separate from traditional mass 
production 

In consumer goods especially there are often many similar products in stock, 
or potentially in stock, any one of which could satisfy the customer’s needs 
In this case most of the inventory theory (replenishment order quantities and 
safety stocks) applies to the aggregate group of substitutable merchandise as the 
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planning unit So long as the right total stock is available, the customer vail 
make a choice and buy something from among what is in stock 
Some experimental work has been done which tends to show that there is a 
critical (broad) range of alternatives of the assortment If there are too lev, 
items, the customer is less likely to buy any of them, even though they are the 
most popular in the whole line If there are too many, the customer maybe 
come confused and unable to make a choice Clearly, different companies 
create different images about the breadth of the assortment the customer is 
likely to find, and the size of the assortment seems to be relative to the custom 
er’s expectations for that store 

2. REPLENISHMENT LOT QUANTITY DECISION RULES 

The first-level procedure for determining how much to produce (make or buy) 
when it is time to replenish stocks can in general either be to order a predeter 
mined quantity (filed in the first-level system) or to order the difference between 
current available stock (on hand, plus on order, less commitments) and a maxi 
mum stocking objective (also in the first-level files) Sometimes the quantity 
ordered for each item is its fan share of space, weight or dollar constraints on 
the total order for a family of items These procedures are discussed in Section 
5 on systems architecture Here we shall cover the second-level decision rules for 
the economical order quantities that can be used to estabhsh the predetermined 
quantity or the maximum stocking objective for an item or for a family 

2.1 Assumptions about the Operating Environment 

The various formulas for economical order quantities (Raymond [1931]) hast 
to make one or another of the alternative assumptions under each of five basic 
headings Under each heading the simplest assumption is given first With each 
alternative there is a discussion of the circumstances under which the formulation 
using this alternative may be worth considering as a significant improvement 
over the first assumption Since the assumptions under one heading are logi- 
cally independent of the assumptions chosen under others, there are at least 120 
possible combinations leadmg to different decision rules Out of such a vanety 
one should be reasonably close to the best obtainable, no matter what the en 
vironment, but the odds are high for choosing the wrong rule if one does not 
verify the real needs of the specific situation m which the rule is to be used 
1 (a) The entire quantity ordered is delivered as one lot The model assumes 
that the stock on hand rises from the minimum to have the entire lot quantity 
on hand at the beginning of each cycle (Figure 3) (b) Material is delivered 
from the start of the production run over a period of time that is long enough 
for some part of the material to be consumed (issued, sold) before the entire 
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Fig 3 Stock on hand with delivery of whole lot 


quantity has been delivered. In Figure 4, if material is delivered at the annualized 
rate P while being used at the annualized rate S, the maximum quantity on hand 
at the end of the production run is Q(\ - SfP ) Note that the total annual 
deliveries to stock will be of the order of S P is the rate of delivery durmg the 
production run, so that the item is m production only a fraction S/P of the time 
This alternative assumption is important if P < 2 S, so that the fraction (1 - S/P) 
>0 5 If P<S, this implies that there is more than one facility, each with a 
production rate P Of these, (n - 1) run continuously with no changeovers, and 
the last one runs intermittently to fill an effective annual demand of S - ( n - 1)P 
units per year 

2 (a) Usage will continue at a constant rate for an indefinite time, so that there 
will be more replenishments of the same quantity Q, and so that stock on hand 
will be diminished along a straight line as shown in Figures 3 and 4. “An indef- 
inite time” turns out, in practice, to mean that there will be at least three more 
replenishment lots 

(b) Usage will continue at known or forecast rates which vary from period to 
period. This is the case that has received a great deal of attention in the OR 
literature m the past 15 years The exact solution (Wagner, Whitin [1958]) 
requires dynamic programming A number of plausible approximations have 
been proposed, but it has not always been recognized that they are approxima- 
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tions If all the high demand is at one end of the planning horizon (e g i3CU; 
rently popular item that is dying rapidly, or a new product that is expected to 
have exponential growth) then none of the approximations work If there ta 
periods of high and low demand throughout the planning horizon, the distinction 
among alternative approximations is not significant and evaluations are usually 
predicated on the particular random samples chosen, rather than on basic iniet 
ent differences 

(c) If there is a significant random variation in demand, the minimum stock n 
not zero, as shown m Figures 3 and 4. However, there is safety stock Whenlot 
quantities are increased over what they would be with the default assumption, 
there are fewer exposures to the risk of a shortage during a year, thus safety 
stock could be reduced for a given desired level of service The total savings in 
jointly computing lot quantities and safety stocks is significant when the default 
lot quantity is smaller than the standard deviation of forecast errors over the re 
plenishment lead tune For example, consider the case of a very expensive item 
with small setup costs, which might be made in a week’s supply at a time, hut 
where the usage is so erratic that one standard deviation is equivalent to amonth’s 
supply The exact formulation requires iterative computations A practical 
approximation is to mcrease the default lot quantity to be at least as large as the 
standard deviation While this is not the lot quantity that results from the exact 
computations it is large enough that further refinement is not justified in terms 
of the cost of the computation 

(d) Usage will continue until there is an unexpected need to write off any 
stock that remains on hand (Brown [1971b]) Engineering changes that can be 
planned to take place far enough in the future to allow for balancing out present 
stocks can be taken mto account by making the last lot sufficient to last only 
over the planned usage before that change But when the Federal government 
decrees that a product is not safe and must be withdrawn immediately, then the 
carrying charge should be increased by the probability that such a change will 
arise within the next year 

(e) Finite remaining total demand. If usage will fall to zero some time within 
the planning honzon (end of contract, change m product model, discontinuance, 
etc ), then the last lot should be sufficient to cover the difference between cur 
rent available stock and the total remaining demand Dynamic programming is 
required to determine whether it is economical to produce the remaining demand 
in one, or m more than one lot, and if so, how large the first lot of the sequence 
should be Closed forms have been developed for several possible models of the 
declme in demand The difference between the first lot of an optimal sequence 
and the default lot quantity is important only when there are three or fewer 
remaining lots to be made. 

3. Setup cost. These may include costs for setting up production, costs of ad- 
ministering the production schedule, and ordering and receiving costs that depend 
marginally on the number of orders processed during a year 
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; (a) Setup cost is incurred independently for each item ordered (b) There is a 
'' major cost incurred for ordering a family of items with minor costs for including 
one more member of the family m the current order Examples would include a 
list of merchandise bought from the same vendor, different products bottled in 
the same size bottles on a line, or parts stamped in progressive dies from the 
' same gauge, width and material of coil stock The joint order quantities are 
significant when the major setup cost is larger than the sum of the minor costs over 
' all items m the family 

; 4 Unit costs are used in placing a capital value on the investment in stocks that 

- result from making more at one time than is required immediately 
i (a) Any reasonable quantity can be produced at any time for the same unit 
; cost (b) Anticipated price changes If the cost on future orders is likely to be 
: higher than present unit cost, the current replenishment order quantity should 
be larger than the default quantity to defer the expense at the higher rate The 
extra time supply that it is economical to produce is proportional to the percent- 
age pnce increase expected The constant of proportionality is dominated by 
management’s carrying charge or the rate used to discount future expenses to 
present value The rate for this decision may be much higher than for the default 
case of repetitive replenishment orders under similar conditions 
(c) Quantity discounts When the unit cost will be lower if a quantity larger 
than the default case is ordered each time stock is replenished, then the optimum 
lot quantity can be determined by comparing total costs for the default case 
with costs at each of the breakpoint quantities where the price changes As a 
convenient rule of thumb, it is economical to order M months of supply over the 
default lot quantity only if the percentage reduction in unit cost is at least 2 M% 
(based on the typical case where management’s carrying charge is in the range of 
20-24% a year) 

5. The carrying charge is an arbitrary policy variable wluch can be increased to 
reduce capital investment in stocks at the expense of processing a larger number 
of orders per year The value of the carrying charge that would theoretically 
maximize return on mvestment is equal to the current corporate return on net 
assets employed— hence the popular values of 20-24% per annum However, 
the carrying charge should be higher than that rate if management believes there 
is either more risk or less liquidity to an mvestment in inventories than in other 
capital investments of the firm Thus, one major corporation sets lower carrying 
charges on raw materials than on finished goods, and a higher carrying charge on 
field stocks than on finished goods at the plant 
(a) The default case is a carrying charge on the financial mvestment m mven- 
tones (b) Space occupied If there are some relatively bulky items, and others 
that are relatively dense (in S/ft 3 ), then management may set a second policy 
variable as a charge on space occupied which will reduce the lot quantities from 
the default case for bulky items Note that m an inventory of glass bottles or 
building insulation, where all the items are bulky, it is not necessary to have a 
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separate term in the model for space occupied-a higher charge on the 
investment will reduce the inventory to fit into the space available 
The carrying charge is, within limits, a management policy variable If mJn ., 
ment chooses a value somewhat higher than corporate return on net assets tb 
lot quantities will be smaller with more frequent replenishment lots Akj* 
value of the carrying charge increases the capital investment but saves on the 
annual expense of processing replenishment orders 
There is a maximum practical limit on the value of the carrying charge forthu 
purpose When safety stocks are provided to protect customer service, the 
smaller and more frequent replenishment lots require additional safety stock to 
maintain the same level of service Above some value of the carrying charge, th= 
decrease m working stocks is offset by an increase in safety stock required, so 
that the only effect of increasing the carrying charge beyond that point is to 
increase the expense of ordenng without a compensating reduction in total 
capital investment 

2 2 The Default Case 

When usage is constant at the rate S umts/vear, the entire lot quantity Q b 
delivered to stock at one time, the setup cost A is incurred each time an item is 
ordered, the unit cost u S/piece applies for any reasonable quantity, and manage 
ment policy is to charge r S/S/year for money invested in inventories The 
economical quantity is Q = \fl ASjrv This standard economical order quantity 
(EOQ) formula was first published by Harris [1915] , and is one of the fust 
cost-optimization models to be developed by each new entrant into the Ok 
profession 

The annual costs of processing replenishment orders Cj = AS IQ, the costs of 
holdmg the resulting stocks C 2 -\rvQ, and the total costs <XQ) = C\ afe 
plotted m Figure 5 Note that in the neighborhood of the EOQ the total cost 
curve is quite flat If the quantity actually ordered is in the range from Ql'fi 
to Q\f 2, then the total annual cost will be less than 6% above the minimum 
Hence, any error in estimating one of the factors in the formula that is in the 
range from double to half of the true value will not seriously impair the effec 
tiveness of this rule in practice— unless, of course, one is so unlucky as to make 
errors on the high side for both factors in the numerator and on the low side in 
the denominator Still, a factor of 2 is such a wide margin that most processes 
of estimation come well within that range 

2.3 The General Case 

Most of the alternative assumptions can be accomodated in a more general 
formula Cases of (a) known and random demand, (b) finite remaining de 



INVENTORY CONTROL 185 



Order quantities Q (pieces) 

Fig 5 Total annual inventory costs 

mand, and (c) changes in the price with quantity and time will be considered 
separately Express the time that a lot will last as T = Q/S = \f2AjrSu{\ - S/P) 
Note that if P is large compared with S, the effect of the factor S/P becomes 
insignificant 

If there is a probability p that stock on hand will be written off unexpectedly 
within the next year, T - \/2A/(r + p)Su If p = 0, this reduces to the default 
case 

Joint setups Let A be the major setup cost incurred for ordering the family 
and a } be the minor setup cost for including the /-th item of the family in the 
order If a, is dependent on the sequence of items, the travelling salesman prob- 
lem can be formulated to find the optimum sequence of running individual 
members of the famdy and solved, for example, by branch and bound methods 
In practice, the operating people know one of the nearly optimal sequences al- 
ready, and will not contemplate any of the clearly uneconomical sequences So 
it may not be worth the effort to find the optimum sequence the improve- 
ment isn’t worth the effort to find it In any event, the c ; are the minor setup 
costs in the optimum (or nearly optimal) sequence 
If all items are produced on each cycle, the economical cycle wdl last 

T = \ / 2(A + 2>/) /r £ S,v,, 

where the summations are taken over all items / in the family 
If slow-moving, cheap items are produced on every fc-th cycle m a supply that 
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will last kjT years, the economical interval between lots becomes 
T^^A + Z^/kJ/rZk^v, 

There are two models for determining the economical frequency for mcludirr 
the slower-moving members of the family m the production order One(Bio^ 
[1967]) is 

k, 1 = (Oj/SjVj) (Zk t -S t v t / (A + £ a, jh$) 

Start with all k, = 1 on the right and solve for values on the left Substitute 
them on the right and continue until the solution converges to the values k 
sumed The integral value of k } can be obtamed at each step by rounding the 
fractional part of the square root upward if the fractional part is larger than 04 
A slightly different approach is given in Nocturne [1973] 

All of these variations could be combined into one unwieldy formula As each 
of the variables assumes its default value the formula simplifies 


2.4 Special Cases for Change in Cost 

Figure 6 shows the cost curves for processmg replenishment orders, holding in 
ventory mvestment, and total costs in the case where the item’s unit cost 



Breakpoint 1 Breakpoint 2 

Quantity ordered each time 


Fig 6 Total inventory costs with quality discounts 
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. changes with the quantity ordered each time There may be several solutions to 
the formula Q = \j2ASjru for each of the unit costs v„ but there is only one 
consistent solution where the quantity Q, is m the range where the value v, would 
s apply This quantity is the default case The minimum total annual cost must 
' occur either at this default quantity or at some larger quantity where the unit 
cost drops The annual costs for a finite number of alternatives can be com- 
pared, to choose the value ( Q *, v*) for which the costs would be the least 
If future umt costs are expected to be higher than now (as when a sale is over 
. or when production is re-tooled to produce parts in spares quantities only after 
the end of an assembly model year) it is useful to formulate the present value 
W(Q) of future expenses for alternative strategies about present and future lot 
quantities W(Q) = (A + Qv)/(l - e~^ s ) If all factors are at default conditions, 
formal differentiation of this expression gives the default EOQ as the least-cost 
strategy, in wluch the factor r is the rate at which management discounts future 
expenses to present value for companson of alternatives 
When any quantity <2i can be produced at the current cost tq , but future pro- 
duction will be at the higher cost v 2 , then the optimum current quamty is 

Qi = (S/r) 1 n (r/Sv Y ){A 2 + Q 2 v 2 + Sv 2 /r), 

m which Q 2 is the EOQ quantity after the price has increased to v 2 Under the 
usual case where the setup cost A is much smaller than the invoice amount Qv, 
this expression reduces approximately to 

Qi v i~ Q 2V 2 =(1 / r ) (l>2 _ Vi)/Vi +( 2A 2 sir Vl - QD/2S 2 

If the second term on the right is approximately zero (the difference between 
squares of time supphes), the increase in quantity over the default quamty, ex- 
pressed as a tune supply, is proportional to the percentage price nse, and the 
constant of proportionality is the reciprocal of the carrying charge, or the dis- 
count rate 


2 5 Special Cases for Changes in Usage Pattern 

If demand is known, planned, or forecast to vary significantly from a constant 
rate by period out to some future planning honzon, then the exact solution to 
the economical lot quantity problem can be solved by dynamic programming 
(Wagner and Whitin [1958] ) The process can be visualized by plotting cumula- 
tive requirements as m Figure 7. Consider as one possibility making the total re- 
quirements m precisely three lots The shaded area represents the total inven- 
tory earned for a particular choice of T r and T 2 as the times when the first two 
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Fig 7 Making total requirements in just 3 lots 


lots will be used up and the next lot due into stock The third lot clearly is de 
termined by the balance of the requirements out to the planning honzon 
There is a choice of (T t , T 2 ) that minimizes the total inventory earned, and 
hence the cost of the strategy of providing the requirements in precisely three 
lots Similar analyses can be made for A'' = 1 , 2, lots. When the reduction in 
cost of carrying the minimum inventory that results from going from N to A r + 1 
lots is less than the additional setup cost for one more lot, then we know the op- 
timum number of lots, and hence the sequence of lot quantities under that op- 
timum strategy 

Unless the cumulative plot of future requirements is very convex (upward or 
downward, indicating that all the high demand is at one end of the planning 
penod) a satisfactory compromise is to use an artificial usage rate S as the 
average of planned requirements out to the honzon Then compute the eco- 
nomical interval between lots by whichever of the cases discussed above is appro- 
pnate to that environment The quantity actually planned for the first replenish 
ment lot is the sum of the scheduled requirements during that economical interval 
Sometimes it is worth a slight improvement on this approximation If hie 
planned requirements during the last penod (week, month, etc ) of the first in 
terval are greater than the average S, then schedule a lot to cover one less penod 
than the economical interval In this case, the large planned withdrawal will he 
at the beginning of the second lot, rather than at the end of the first lot, reduc 
ing inventory investment 

There are two much publicized approximations least unit cost and pert pz- 
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nod balancing (deMatteis [1968] ) Tliese approximations are contrasted in Fig- 
j ure 8 Tlie part period balancing quantity is chosen so that the triangular area, 
bounded by the quantity and the cumulative demand, is equal to A/ru The least 
umt cost quantity is computed as a time supply such that the triangular area 
bounded below the cumulative demand is A/rv If demand is at a constant 
annual rate S, the areas, and hence the quantities, are equal to the EOQ When 
demand vanes, the differences in results of the two algorithms is quite sensitive 
to the shape of tire requirements curve at about the end of the penod covered by 
the first lot 

Now consider the case where demand is declining exponentially S t - S 0 e~ at 
If it is now time for the last lot, the quantity should satisfy all remaining demand 
Q = S 0 /a If it were advisable to make the total demand m n more lots, there is a 
recursion relationship for the times T t when the ;-th lot will be exhausted and 
the next lot due mto stock 


a(T, - 7}_!) = 1 - exp -a(T J+1 - T,) 

Since T n is infinite, a(T n _ { - T n - 2 ) = 1> and since the first lot must be made 
now, T 0 = 0 and aTi = 1 - exp ~a{T 2 ~ T x ) The first lot that results from this 
sequence is materially different from the default EOQ only if n < 3 

2 6 Cycled Production 

When a production facility is running at a rate that is sufficient to produce a 
year’s supply of each of several items during a year, and each of the products is 
made in turn, the general rule is to continue making the item now in production 



Fig 8 Comparison of part-penod balancing and least unit cost 
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until either (a) stock of some other item is used up, or (b) too large a fraction of 
the stock is invested m the item now being produced, so that there is a dangerof 
running out of two other products simultaneously 
From the model for the economical intervals between lots when there u a fi 
mte rate of delivery mto stock, we can determine (Brown [1971a]) that th- 
maximum inventory (twice the average) for any item is 

//£ /, = 25, (1 - s,/p,)IZ S t (1 - SJP .) 

If the stock of item / reaches this fraction of the total inventory, stop and shift 
to the item with the lowest time supply That will allow making all products K 
reasonably economic lots, without running short of two of them simultaneously 

3. SAFETY FACTOR DECISION RULES 

The first-level decision when to order a replenishment quantity is governed by 
comparing current available stock (on hand, plus already on order, less commit 
ments to customers) with the maximum reasonable demand over the replenish 
ment lead time, which is stored in the first-level files as an order point The lead 
time starts when a demand transaction is posted that reduces the available bal 
ance below the order pomt quantity, it includes the internal time for processing 
the order, the vendor’s lead time to fill the order, and any further internal time 
required to receive the materials and post it as available for use 
The maximum reasonable demand is the sum of the forecast over the lead 
time, plus a safety stock The safety stock is the product ka of the safety factor 
and the standard deviation of errors m forecasting demand during the replenish 
ment lead time 

In this section we shall assume that the forecasting system (Chapter 1-1) pro- 
vides an estimate of a If the lead tunes are known with reasonable accuracy in 
advance, the standard deviation can be estimated from the errors in forecasting 
demand If lead tunes vary unpredictably, it is dangerous to use any model that 
alleges to convolve the distribution of lead times with the distribution of fore 
cast errors. The variance of the resulting distribution is highly sensitive to 
assumptions about the statistical dependence (often assumed independent) be 
tween the two distributions Scenarios can be constructed that show that the 
distributions are either negatively or positively correlated, and there is seldom 
enough evidence in practice to support the assumption of independence 
Lead times do, of course, vary. The first attack is to find the cause of the 
variation and eliminate it if possible. Many companies reach agreement with the 
source of supply for a specified delivery date, which makes the lead times known 
for purposes of computing the safety stock 
If it is impractical to control the lead times, measure demand-dunng-a-lead 
tune directly . When a replenishment order is triggered, that is by definition the 
beginning of a lead time. Record the demand year-to-date as part of the fust 
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v level file of open orders Later, when the resulting material is received and 
posted to stock, that is by definition the end.of the lead time Subtract from 
. today’s year-to-date demand the value recorded when the order was triggered. 
*The difference is demand-dunng-a-lead-time. This is the variable for which we 
require the standard deviation, with no assumptions made about dependence or 
independence between demand and lead time 
Examples will assume that the distribution of forecast errors is normal, with 
zero mean A good forecast will produce zero mean forecast errors, and if the 
interval between successive revisions of the forecast is much shorter than about 
' a third of the replenishment lead time, the relevant distribution is usually nearly 
< normal However, in cases where the lead times are short compared with the in- 
tervals between forecasts, and especially at stocking echelons close to the ulti- 
mate consumer, it pays to find out what form the distribution actually has, smce 
it may be badly skewed In any case, provided one uses the tables of the correct 
probability distribution, the results of the second-level decision rules m this sec- 
tion apply for all cases For convenience, it is usually satisfactory to treat de- 
mand as a continuous variable rather than as a discrete random vanable 


3 1 Measures of Service 


The safety stock added to the forecast of lead-time requirements is expressed as 
ka, where k is a safety factor usually limited to non-negative values as a matter 
of pohcy Balancing out stocks at the end of a selling season might, however, re- 
quire a negative value for the safety factor The probability that demand during 
the next lead time will exceed the maximum reasonable demand is represented 
by F(k) in standard units, (x - p)/a That is, if demand (x = p + ka) is equal 
to the order pomt quantity, then (p + ka - p)/o = k The probability function is 
obtained by integrating the appropnate density function p(k) from the right (the 
reverse of the usual statistical practice), winch is the area under the upper tail of 
the probability function, from the maximum reasonable demand out to infinity. 
We shall also need the partial expectation function 



(t - k)p (0 dt 


Smce the height of the probability curve is proportional to the chance that there 
will be a shortage, and a(t - k) is the corresponding number of units that will be 
short, oE(k) is the expected number of units short per replenishment cycle 
Schlaiffer [1961] calls this function the “linear loss function” and IBM manuals 
call it the “service function ” Its nomenclature has not yet been established m 
statistics Tabulated values are given for the normal, exponential, uniform and 
lognormal distributions in (Brown [1959, 1963, 1967]). 
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There is no risk of any shortage just after a replenishment lot has been re 
ceived, the risk occurs when stock is at the low pomt just prior to another re 
ceipt Therefore, the expected number of shortage occurrences per y eat ls 
(S/Q)F(k), and the expected dollar value of demand that cannot be filled from 
stock per year is ( S/Q)avE(k ) Both measures of service thus depend on fe 
number of replenishment orders S/Q per year, and hence the safety factor kvi 
depend on the replenishment frequency 

If demand that cannot be filled from stock is backordered and filled from the 
next lot received from the source, the average safety stock investment is loo 
However, if demand that cannot be filled from stock is lost, nothing will be sub 
tracted from the next receipt and the average investment will be higher at p(Jt+ 
E(fc))o The specific decision rules discussed in this section are based on the as 
sumption that demand is backordered if it cannot be filled from stock The 
denvations of the analogous cases where demand is lost are straightfonvard, using 
the above expression for average safety stock investment 

3 2 Exchange Curves 

Each of the decision rules contains a management policy variable that can be 
used to control the exchange of capital invested in safety stocks [dimensions S} 
against some measure of service which includes [1/years] in the dimension The 
measure may be shortages per year, dollar value of annual backordered demand, 
or the number of customer transactions per year that cannot be filled from 
stock One choice of a value for the management policy variable results in high 
investment and good service~a different choice reduces the investment at the 
expense of service 

One of the important third-level simulations is the exchange curve which 
shows (graphically or in tabular form, depending on whether the reponsible man 
ager is primarily a visual or an aural person) the consequences of alternative 
choices of the value for the policy vanable The ordinate of each pomt on the 
curve is 23 kav over all items in that particular stratum of the corporate mven 
tory (with the obvious addition if unfilled demand represents lost business) and 
the abscissa is 23 ( S/Q)voE(k ) to represent annual backorders or ^(SIQWi^) 
to represent the number of shortage occurrences 

Figure 9 shows exchange curves developed for two alternative decision rules 
applied to the same inventory The rules may be any of the ones discussed in 
sections 3 3 to 3 7, for generality we may call them “A” and “B” Clearly if 
backordered demand were the relevant measure of service, decision rule A is 
preferable to decision rule “B”, but if the number of shortage occurrences is 
more relevant, the order of preference is reversed 

Backorders (or lost busmess) are most often the primary measure of service in 
a terminal inventory from which demand from third-party customers is satis 
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x 




Shortage occurrences (No /yr) 


Fig 9 Strategic comparison of two decision rules 


fled, and which is relatively isolated from the source of supply The number of 
shortage occurrences may be of more concern m an inventory where it is pos- 
sible to expedite a reasonable number of lots and get material m advance of the 
established lead time when demand is so much above forecast that the normal 
safety stock will be inadequate The management of each enterpnse must weigh 
the marketing and production reasons for having an inventory at all in order to 
decide which measure is more important m each instance 

Simpson [1958] has shown that to minimize the total inventory investment 
m a logistics system of several echelons, all of the risks of failure to meet de- 
mand should be taken at the final stage of inventory At each earlier stage it is 
necessary to meet all the requirements The base stock system (Magee [1958]) 
allows earlier stages to anticipate abnormal requirements and have material avail- 
able on time, and effective expediting can often get material earlier than 
planned, even if intermediate stages do not carry safety stocks sufficient to meet 
all surges m demand 

Exchange curves are generated by assuming a range of alternative values for the 
management pohcy vanable Companson with current safety stock mvestment 
and current actual service, as in Figure 10, aids the responsible manager to de- 
cide where on the curve he would like to operate for the coming year Third- 
level exchange curves facilitate negotiation, in this case between the financial 
managers and marketing managers, by displaying the anatomy of alternative as- 
sumptions The exchange of capital resources for marketing effectiveness is at 
the heart of entrepreneurial risk and is not an “ideal” value that can be measured 
objectively by an OR technician 

The next few sections descnbe m detail some of the common decision rules for 
determining a value of the safety factor k for all items in an inventory, with 
guidelines as to where each rule might be apphcable 
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Fig 10 Tactical choice of operating policy 


3.3 Weeks of Supply 

Many existing inventory systems, otherwise quite sophisticated, include “3 
weeks of supply” for safety stock where the value 3 is clearly the choice of a 
management policy variable This rule fails utterly to take account of the fact 
that the coefficient of variation (ratio of the standard deviation to the mean 
forecast) vanes by as much as a factor of 4 even among items with roughly the 
same forecast rate of sale Hence, the effective safety factor for one item is 
quite low, resulting in poor service, and for another item quite high, resulting in 
an unnecessary inventory investment This rule is quite a pet of the consultants 
in OR, if only because it is so easy to show a substantial gam in effectiveness 
with little effort 


3 4 Constant Safety Factor 

In a system that needs a decision rule which is easy to develop, implement, doc 
ument, maintain, and educate people in its use, a far preferable decision rule is 
to set safety stocks at “1 lcr” for all items m the inventory stratum The value 
of the safety factor itself, here k = 1 1 , is the policy variable Because this rule 
takes explicit account of the standard deviation of forecast errors, it will have 
substantially less investment for any given level of service than the weeks of 
supply rule The major complexity in this rule is to measure the standard de 
viation, which is properly part of the forecasting system, and required in any 
event if one is to obtain improvement in operating effectiveness 
This rule is often a useful transient stage in systems development that gets 
good results quickly and lets people in the organization become familiar with 
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computing safety stocks from the standard deviation, rather than just the fore- 
cast itself, before gomg on to implement some more elegant rule 


3 5 Minimum Backorders 

“Given a total capital budget for safety stocks, I Q , compute the safety factors 
for each item m the inventory stratum to minimize the value of annual back- 
ordered demand.” This problem was formulated (Gerson [1970]) as a transla- 
tion from the “managerese” of a very real objective of managers 

The expected dollar value of the backorders to be minimized is ^ ( SlQ)voE(k ) 
per year, where each of the variables is subscnpted for individual items in the in- 
ventory stratum. This minimization is subject to the constraint that the total 
safety stock kov = I 0 . Form the expression to be minimized, including an 
arbitrary multiple (Lagrange multiplier) X times zero 

m,X) ^(SjQdv.am + X[Zk t v,o t - I 0 ) 

Set the partial derivative with respect to the safety factor for a particular item to 
zero, dH/dkj = 0 Note that the terms for all other items in the summations are 
constants with respect to the differentiation, so that we are left with ( SjIQj ) 
VjOjFikj) = X VjOj, which results m the decision rule F(kj) = XI(Sj/Qj ) The dimen- 
sions of the management policy vanable X are shortages per item per year Note 
that the effect is to assure the same expected number of shortages per year for 
all items, taking account of the number of exposures based on the number of 
tunes the item is replemshed Values of the policy vanable can be established by 
responsible management from a review of the exchange curve to satisfy either a 
capital budget constraint on mvestment (or space) or some marketing objective. 

The effect of this rule is to compute larger safety factors for Class A items 
which are replemshed frequently For Class C items, which may be produced in 
a one- or two-year supply when needed, the formula may result in negative 
values for the safety factor, often arbitrarily limited to a minimum of zero That 
is, for items replemshed at long intervals, one obtains better service than the de- 
sired level with no safety stock at all However, if additional money is available 
for investment, an increase in the safety stock for Class A items will reduce 
backorders more than the same investment added to the inventory for Class C 
items 


3.6 Minimum Number of Shortages 

If the objective is to minimize the number of shortage occurrences for a given 
capital mvestment, the formulation of the problem is similar, replacing the ex- 
pected number of shortages for the expected dollar value. The resulting deci- 
sion rule is to find (if one exists) a safety factor k } that satisfies p(kj) = XVjOjI 
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( SJQ ,) where the management policy variable (Lagrange multiplier) X has di 
mension (1/S) and can be interpreted as the marginal cost of a shortage that 
could be avoided by investing an incremental amount of capital m inventory j t 
is an imputed cost, not an accountable cost The value to be implemented ha 
tactical choice to be reviewed annually by management with the aid of an ex 
change curve 

3 7 Other Decision Rules 

Quite a wide vanety of decision rules can be derived by changing the objective to 
be minimized within a budget constraint For example, management may say 
that they want to minimize the number of customer calls (transactions) that 
can’t be filled from stock Brown [1972] shows that the solution to this prob- 
lem has the extreme result of carrying stock for those items with low invoice 
values, and lettmg shortages occur for items with high mvoice values Qv 
Another problem considers the administrative costs per customer transac 
tion and the premium shipping charge per pound of matenal that has to be filled 
by refernng an order to an alternative location when the point of demand entry 
is out of stock The resulting decision rule is similar to section 3 5, and tends to 
reduce safety factors for hght-weight matenal, or items where a single customer 
transaction is likely to be for a large quantity. 

3 8 Interaction between Safety Stock and Replenishment Frequency 

In the foregomg sections it was assumed that the frequency of exposure SjQ to 
shortages was already determined by the average order quantity Q and the 
annual sales rate S The total annual cost of processing replenishment orders and 
of carrying the total investment in working stock (jQ) and the safety stock is 
C- Yi ASIQ + r Yi v(ko + \ Q ), again with the obvious addition of voE(k ), if 
demand dunng a shortage is lost rather than backordered To minimize this cost 
subject to a constraint B on the total dollar value of backorders, form 

m„ k„ \) = C + X[Z(SjIQj) VjOjEikj) - B) , 

and turn the crank to get a pair of decision rules 

^ ] )=mKSj[Q 1 ) 

Q, = V2 (A, + \VjOjE(kj))SjlrVj , 

where it is clear that both the carrying charge r and the Lagrange multiplier k 
are management policy vanables. Figure II represents a three-dimensional ex- 
change surface . The vertical axis represents total inventory investment £ + 


Fig 11 A three-dimensional exchange surface 

j Q ), the axis to the nght represents service such as Y («$/ Q)F(k), and the axis 
out of the plane of the page is the expense of processing replenishment orders 
Y AS/Q. It is impractical to solve the two decision rules simultaneously for the 
safety factors k and the lot quantities Q, but they can be evaluated iteratively 
First assume that the value for Q is some default lot quantity, and solve for k 
Substitute that value m the second equation, solve for Q, and repeat Usually, 
about three iterations gives a satisfactory convergence 

The results have been shown to be superior m total costs only when the de- 
fault lot quantity would otherwise have been smaller than the standard devia- 
tion Therefore, to save the expense of iterative computations, it is advisable to 
round the default lot quantity upward to at least the quantity of one standard 
deviation. This is not the quantity that would result from the decision rules 
above, but it is large enough to make it not worth while to compute the exact 
quantity 

Note that the expression A voE(k) could be considered as an additional ex- 
pected expense of processing backordered demand that is incurred once each 
order cycle, just like the setup cost A Thus the order quantity is larger than the 
simple default case, to reduce the frequency of exposure, which reduces the 
safety stock by more than enough to offset the increase m working stock If any 
factor in this term is zero, the lot quantity is the default EOQ 
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3 9 Stocks for Options in an Assembly 

Consider now the case where the total number of trucks to be assembled m a 
given week has been fixed by the production schedule. Each truck has an op. 
tional feature which the customer may specify from a number of alternate 
choices The particular mix of orders for the week in question is not known® 
advance Therefore it is necessary to provide enough of each option to alio?, 
for building any reasonable order mix Let us assume that the management ob- 
jective is to minimize the number of shortage occurrences for any option, with® 
a given constraint for the total investment m stocks for all alternatives for that 
option 

If the r-th option is ordered with probability p„ then the distnbuhonofthe 
different order mixes is given by a multinomial distribution The marginal dis 
tnbution for the i-th option is a binominal distribution, which could be approx 
imated for large assembly rates by the normal distribution One degree of free 
dom is eliminated from the decision about how much to stock because the total 
number of orders to be filled must add to the total number of trucks to he 
assembled 

The decision rule is similar in form to section 3 6 The majo r difference being 
that we infer the relevant standard deviation from a = \f Npq, rather than from 
measuring forecast errors 


4. ALLOCATION 

There are several ways in which a finite resource can be shared among actmtm 
in inventory systems For example, a production batch of paint, or cereal, is to 
be filled mto each of several different package sizes The finished stock of a prod 
uct is to be distributed through each of a number of field warehouses The 
space m a rail car is to be shared by a number of products for the same destina 
tion In each case there is a finite resource which is to be shared by several achv 
lties These are all instances of a general allocation problem 

The decision rule for how much of the resource to devote to each activity 
usually works by computing the maximum objective for each that is consisten 
with the total resource available Then enough of the resource is allocated ti 
each, taking account of what is already available, to bring stock up to tbs 
objective 

Often one activity will already have more than its fair share of the total r 
source. In that case its resources and requirements are removed from consider 
tion, and the allocation is computed with fewer activities The result must co 
verge in a finite number of iterations, with something to be allocated to at lea 
one activity 
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4.1 Criteria 

u'l 

There are several alternative criteria for determining the maximum stock objec- 
\tive for each activity. Perhaps the simplest to understand and to implement is to 
. give each activity the same time supply. Let Q be the new amount to be shared 
K among activities which have current usage rates S, and current available stocks a,. 

' The total stock in the system will last T= ( <2 + XX» ) / XX Therefore the 
amount to be sent to the z-th activity is q, = TS, - a,, if the result is positive 
^ Usually it is impractical to empty packages that are overstocked, and uneco- 
' nomic to bring stock back from overstocked warehouses If q t is negative, 
remove S, and a ; from the summations and recompute T' , which will be smaller 
" than before. 

Meyer (see Brown [1967] ) has worked out a rationale for allocation that mini- 
• mizes the expected remnant stock Suppose that a batch of product is filled mto 
different size packages, and that a new production batch is required whenever 
: the stock of any single package runs short The stock at that time of the pack- 
ages that haven’t run short is called the remnant stock Stock should be allo- 
cated among packages so that the probability that package y is the first one to 
run short is equal to the ratio /XX If demand is deterministic, there will be 
no remnant stock It is difficult to work with the expression for the probability 
that package y will be the first to run short Good results can be obtamed by 
using T as the median time to run short for each product. Both the sales fore- 
cast S,(T) and the standard deviation o,(T) depend on the length of time bemg 
covered For each activity, compute a safety factor such that F(k } ) is propor- 
tional to aSj /XX The stocking objective is then S,(T) + k / o / (r) The con- 
stant of proportionality 0 5 < a < 0 693, is a root of the polynomial G(a) =11 

(l-aS,jZsj=0 5. 

Other catena for allocation might be to minimize the expected total value of 
backorders or the number of shortages Note that the safety stock decision rules 
in sections 3.5-9 were all denved by allocating a finite capital budget among 
items in the inventory stratum, m order to minimize some service cntenon. 

4 2 Evaluation 

While each decision rule can be stipulated to achieve the objective set forth in 
stating the problem, the evaluation of alternatives should take note of side 
effects, such as the average stock m the system as a whole, the number of alloca- 
tion decisions per year, and the expected number and size of shortages It may 
be found that a simple rule, like equal time supplies, is quite robust and shows 
good performance on all measures, while a more elaborate rule migjit do well m 


INVENTORY CONTROL 201 


*s The second-level decision rules are usually evaluated at regular intervals, such 
'ts once a month, and the results are stored m the first-level files 

This is the simplest procedure to comprehend and implement, and is fre- 
quently quite satisfactory For example in the manufacture of paint and 
aharmaceuticals, tank sizes impose physical limits on the reorder quantities, so 
" that it makes sense to reorder m pre-determined lot quantities 
'i (b) Max I mm or (s, S ) The minimum level s is computed the same way as the 
- order point in the paragraph above entitled “Order-point, order-quantity ” The 
< maximum level S is the sum of this mimmum and the order quantity suggested 
iby the appropriate lot-size decision rule from section 2 These values are com- 
muted at regular intervals by the second-level system, and the results stored in 
the first-level files 

; The first-level system continually keeps track of available stock. When it drops 
5 to the minimum, the quantity to order is the difference between the maximum 
objective and the available stock If there is an opportunity to reorder after each 
umt of demand is posted (so that the available stock drops exactly to the mini- 
mum level), the system operates exactly like the order-point, order-quantity 
However, if the records for the available stock are posted at long intervals, or 
if single demand transactions can be found for large quantities, there is a pos- 
sibility that the available stock will be below the order pomt when the need to 
replenish is recognized, and the max/mm system restores that deficit This 
system has been studied extensively (Arrow [1958]), and is preferable to the 
order-point, order-quantity system when there may be significant deficits at 
the times when replenishment orders are triggered. Again, the suggested order 
quantity can be rounded to convenient packages, time supphes, and handling 
umts 

(c) Fixed interval If the source will not accept orders except at fixed intervals 
of time, there is no pomt in ordering between those times For example, the 
manufacturing plant may process all orders on the 24th of the month when they 
prepare production schedules Or a supply boat visiting ships of a fleet calls only 
once every 10 days One might as well wait until the source is ready to accept 
orders to trigger new orders to replenish stocks 

In this case the reorder pomt, or minimum stock level, is based on a forecast 
of requirements during the replenishment lead time plus one additional interval 
between opportunities to order, plus a safety stock to cover errors in forecast- 
ing demand over that interval, as before If the available stock at the tune of 
review is below this reorder pomt, then a replenishment order is released either 
for the predetermined order quantity or for the difference between the available 
stock and the maximum level Note that the minimum order quantity must 
always be sufficient to last at least the time between replenishment opportunities 
This scheme is also used, in some instances, as an approximation to jomt ordering 
(5 7) where several items should be coordmated 
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low demand, and occasional quite large peaks If the large peaks can be antici- 
pated, such as for special projects and contracts, it is wise to plan their procure- 
ment separately (5.4). When the demand is essentially unpredictable, classical 
methods of inventory control (especially forecasting) are in some difficulty. 

The following system is now bemg used successfully by a number of corpora- 
tions Stock is replenished on a max/min (s, S ) system The order quantity 
used in computing the maximum should take account of the interaction between 
lot quantities and safety stocks (3.8), which can be approximated satisfactorily 
by assuring that the lot quantity is at least as large as o 

The order point should be larger than the normal minimum by the amount of 
the expected deficit, or the average of the amounts by which the available stock 
is below the order point when a replenishment order is triggered An estimate of 
this expected deficit is (d 2 )/2(d), where the notation < > is for the expected 
value and d is the number of units on a single demand transaction, or a single 
posting to stock Note that if all transactions were for the same quantity, the 
expected deficit reduces to half the expected demand quantity For lumpy 
demand it is significantly larger. 

Thus for normal items, the lumpy-demand control system reduces to a classical 
mm/max system “Lumpiness” is measured by the coefficient of vanation (ct/m) 
rather than the absolute level of demand. If the coefficient of vanation (or any 
other convenient measure of relative vanabihty) is larger than 1 0, the item can 
be considered to be lumpy. Items should not be reclassified more often than 
once a year, and there should be a “chatter” interval so that normal items be- 
come lumpy only if the coefficient of variation exceeds 1 2 and lumpy items 
become normal if it drops below 0 8 Marginal items, with ratios near 1 , will 
be controlled much the same way in either case 

There is no information from current demand to warrant revising the max/nun 
levels frequently. This is the significant difference from the second-level revisions 
of the max/mm levels for the normal case One can maintain statistics about 
the average demand quantity and the average square of demand quantities, 
revised after each demand postmg by exponential smoothing Lead-time 
demand can be posted at each receipt, to maintain statistics about the aver- 
age and average of squared values After at least 30 demand transactions, or a 
calendar year, whichever occurs first, use these statistics to recompute the max/ 
nun quantities 

5 4 Time-Phased Planning 

The inventory control systems described above keep track only of the total 
balance of stock on order from all outstanding replenishment orders. The 
balance is credited with new replenishment orders and debited by receipts from 
the source (with suitable adjustments for orders that are closed short or long) 
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Future requirements are expressed as the total forecast over the lead time pi u 
a safety stock 

In some situations it is advisable to keep track of requirements and availabiLt 
by time period, within the lead time, and far beyond For example, if them a® 
special large commitments for marketing programs, retrofit of customer equip, 
ment, lot-size withdrawals for assembly, or definite contracts, these requite 
ments can be posted separately from the forecast of normal demand In mail 
order of style merchandize and sales of air conditioners it is trade practice to 
accept return of goods sent out earlier, and it is necessary to keep track of a 
separate forecast of returns, by time period, as well as new matenal due from 
the source 

There are two reasons for keeping the more elaborate first-level records Ins 
trated in Figure 12 (a) When dependent demand on lower levels of assembly is 
to be exploded from top-level production schedules, requirements must be 
projected quite some time ahead to allow for the offset times at each level of 
assembly (b) When it is practical to expedite as an alternative to keeping 
safety stocks (3 6) the time-phased records give a more precise picture of which 
open order must be rescheduled, and what others can be moved back to provide 
capacity 

A typical record (Figure 12) has one column for each time penod, and one 
row for each independently planned kind of requirement and for each source of j 
material Usually there is a freeze penod, indicated by the heavy hne between 
penods 8 and 9, during which orders on the source are considered firm and aie 
not to be changed either in quantity or time due Orders beyond this toe 
penod, which can be longer or shorter than the actual lead time, are notional 
They are, for example, used as a basis for planning materials and labor, but ate 
subject to change m tune and quantity as requirements and current available 
stock change 

Notional orders are computed as follows Set all notional orders to zero, 
beyond the freeze penod Compute the total planned requirements by time 
penod as the algebraic sum of each kind of requirement record The safety 
stock is the product of a suitable safety factor and the standard deviation o, 
which is based on errors in forecasts of total requirements over the freeze penod 
In some cases safety stock also includes other reserve quantities 
The bottom row shows the net stock position by time penod In the fust 
period the net stock is the excess of stock actually on hand over the planned 
safety stock, and it may be negative Each penod the net stock is computed 
from the net stock at the end of the previous penod by adding firm orders and 
subtracting total planned requirements 
The first notional order is due in the time penod (a) beyond the freeze and 
(b) where net stock falls to or below zero (That is equivalent to saying that 
stock on hand is projected to fall to or below the planned reserve for safety 
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stock.) In the illustration, this occurs in period 9, which is beyond the f rejp 
where the projected net stock falls to -50 units Thus a notional ordensdti>n 
penod 9 

The quantity for that notional order can be the sum of actual requuennu 
over an economical number of planning periods (2 5) or for a fixed order quj 
tity which may be dictated by quality control or manufactimng methods fo 
the case shown, the first notional order of 1 125 covers the total planned requu; 
ments in the next three periods, plus the deficit of 50 umts earned over from th 
freeze penod Then the net stock falls to zero in penod 12 and another three 
penod supply is due in penod 13 

The notional order now due m the first period beyond the freeze now becomes 
a firm order, not to be changed in subsequent penods when the planning process 
is repeated. Note that the firm order can be a zero quantity 

Chapters 1-5 and 1-9 go more deeply into the production processes which explode 
high-level requirements into requirements on parts and raw matenals, and other 
matters of inventory planning in the manufactunng process 

5 5 Run-out Lists 

Sometimes it is advisable to tngger orders in advance of need, to give production 
facdities enough work to use the planned capacity effectively One method n 
to produce a list of notional orders for all products, sorted in sequence by due 
date, until a sufficient workload has been accumulated to assure that even with 
the most favorable conditions of productivity and yield there won’t be a short 
age of things to do 

5.6 Seasonal Stocking 

In any industry where it is economically advisable to produce at a steady iate 
throughout the year, but demand is seasonal, it is necessary to plan the stocks of 
items to be built up during the slack season First select only stockable item> 
where it is prudent from marketing, shelf-hfe, and continued demand to cany a 
stock for a substantial portion of the year 

Now rank these items m sequence for the preference for seasonal stock 
usually the ratio of man-hours (or machine hours) to the standard cost of ma 
tenals The aim is to stock those items with high labor (or machine) content at 
the minimum financial investment 

At the beginning of the slack season, when capacity is greater than required 
for current demand, select the first item on the preference list, and make enough 
of it to last through the next peak season If there is additional capacity avail 
able, make the second item on the hst. 

Easy-to-make, expensive items are made to meet current demand throughout 
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the year The hard-to-make, cheap items are made in one lot, which stocks a 
great deal of productive capacity for relatively little financial investment 

5 7 Joint Orders 

If there is a common cost incurred once for an order of a number of related 
items, then the whole family should be ordered at one time For example, 
matenals bought from the same vendor may have freight mmimums or quantity 
discounts, various products can be bottled on one packaging line for one line 
setup, many different parts can be stamped from the same coil stock with a 
simple change of dies, etc 

One possibility is to tngger a replenishment order for the family at fixed inter- 
vals (5.1c) Another possibility is to tngger an order for the family whenever 
any item reaches its order point However, that leads to substantial remnant 
stocks (4 1) A third possibility is to tngger a replenishment order when the 
aggregate projected shortage reaches some cntical level Estimate the probable 
stock level a lead time from now /,(/-) = 7,(0) - L[i t , where L is the common 
lead time for the family, and fi, is the projected rate of usage for the r-th item 
For some items /,(/,) might be negative The effective safety factor is k, = I,(L)I 
a, The expected total shortage is then v,o,E(k,) for the family If this 
expression is larger than A ^ Mi, for some management policy A, then it is time 
to order 

In the independent-item case it is not so usual to express the order pomt in 
terms of the expected shortage, but it holds there as well. This difference in 
point of view makes it practical to deal with joint orders. 

All items are ordered on the basis of a common time supply T (2 3) For those 
items produced every cycle, order enough to bring supply up to Tfi, + k,a t For 
items that are to be produced only on every n-th cycle, order enough to bring 
the supply up to n,Tfi, + k,a, However, if the available supply is now enough to 
last at least T, don’t order that item at all 

If the order for a family is triggered when the available stock for any member 
reaches an order pomt, then coordinated orders for other items can be generated 
by companng their available stocks with a “can-order” pomt, which is usually 
set as some fraction of the distance between the order pomt and a maximum 
stocking objective (Sliver [1972]) 

5 8 Multi-echelon Physical Distribution 

There have been several scholarly papers on multi-echelon inventory manage- 
ment (Scarf [1963]) The “master/satellite” system has been implemented suc- 
cessfully in many government and industrial physical distribution networks, with 
considerable improvement in availability and reduction m inventory investment. 
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Each product that is stocked in more than one location (1 4) has one locatio- 
designated as a master warehouse The location of the master warehouse r «t 
not be the same for all products In some industries it is the location nearest fr? 
plant or port of entry, in others it is m the center of the market concentration. 
The function of the master warehouse is to carry a national safety stock for 
redistribution to the satellites. Often the same physical location has a sateki 
function, to fill demand from customers in that market terntory 

The net available stock in the system is the stock on hand, plus firm orders on 
the source, less any unfilled commitments to customers, less the sum of satellite 
order point quantities, and less any unredistnbutable excess New orders on the 
source can be tnggered by comparing this net available stock with a national 
order point, or by time-phased planning In either case there is provision fora 
national safety stock based on the standard deviation of the error m forecastua 
aggregate demand, and a safety factor (3 6). 

When material is received from the source, the national safety stock quantity 
is reserved at the master warehouse, and the balance of the stock is allocated 
among satelhtes (4 1) 

Each satellite has an order point based on the forecast of demand m its tem 
tory dunng the redistribution lead time from the master warehouse, plus a 
safety stock based on the standard deviation of errors in those forecasts and a 
safety factor (3 5) The stock available to a satellite is the stock on hand, plus 
in transit, less unfilled commitments to local customers When the available 
stock reaches the order point a redistribution is tnggered The national safety 
stock is now considered available (not reserved as in the initial distnbutionofa 
receipt) and the total system stock is allocated among all locations Only the 
fair share due to the location needmg more matenal is actually shipped The 
balance is held at the master warehouse until some other location taps its 
reallocation order point 

If during the allocation computation some satellite has more than its fair share 
already, that excess is the unredistnbutable excess, which is subtracted from 
total system net available stock in deciding whether to order more matenal 
from the source If the excess is large, some enterpnses temporarily designate 
that location as a master warehouse, to distribute the matenal to other locations 
as needed, in which case the excess is clearly not unredistnbutable 

There are many vanations on this theme. In some cases the initial distribution 
is computed before shipment so that the source can ship directly to each Ioca 
tion The total country considered as one system may be only the warehouses 
west of the Rockies for commodities such as paint and bncks that aren’t shipped 
long distances There may be some commodities where it is unpractical to 
redistribute stock, so that orders on one warehouse are transferred to another 
when the normal stocking location runs short (3.7) There may be good market 
uig reasons for biasing the allocations to assure that one territory is kept in good 
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starting from current stock status until the new conditions are reached 
a characteristic time constant for an inventory, which includes the lead 
from a reorder decision until stock is on hand, and the distribution of t©> 
until present stock status reaches the new order point Brown [1967] ^ 
worked out expressions involving the parameters of the order-quantity decision, 
and the lognormal distribution of usage rates for the expected fraction of ft. 
ultimate effect, as a function of the elapsed time after a change is introduced 
In practice it is usually simpler to use a brute-force simulation 
In conglomerate enterprises, managers who have become subjectively aware of 
the time constant m one segment of the business may be alarmed at the vast 
difference in another kind of industry An appropriate third-level simulation can 
help them condition their expectations so that there will be no surpnses 

6 2 Excess Stocks 

Inevitably, some of the current stock is excessive— if not under present rules, 
then under the proposed change in decision rules and values for policy vanables 
It is important to identify these excesses, and to take action to get nd of the 
most senous ones 

The maximum reasonable stock on hand could be as much as a full replenish 
ment lot quantity, plus twice the safety stock (on the grounds that the mini 
mum reasonable stock is zero, and the average on hand before a receipt is the 
safety stock) Any actual stock on hand above this amount is excess 
The total available stock (on hand plus on order) could be as large as the 
maximum stock objective, or the order point plus the order quantity If avail 
able stock is above this level, the difference is excess 
To screen out the trivial excesses, one usually ignores excess stock that will be 
worked off in a short span of time at the forecast rate of usage, say three or four 
months, or excess amounts that are small m value, say less than S1000 
The excesses which represent more than three months of supply and more 
than $1000 can be listed in descending sequence by the dollar value of the 
excess, so that if there isn’t time to deal with them all, at least the most impor 
tant will receive attention first If the excess is caused by an open order, cancel 
the order, defer delivery, or cut the quantity Even a cancellation penalty can 
be small compared with the cost of writing off excess material later If the 
excess stock is already on hand, then more careful consideration is required to 
find the best way to salvage it 

Often the accountants will have a view as to the best time to take a tax wnte 
off on the excess Marketing may have views on the danger of letting matenal 
get into disposal channels that would compete with the profitable products 
or they may have ingenious suggestions for special marketmg campaigns to sell 
off the excess 
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■:> An economic model of the cost of retention versus salvage of material, when 
Vhe demand forecast is rising or will contmue long enough to use up the material, 
" indicates that it is better to retain the excess than to write it down However, if 
:-,he stock on hand is more than the forecast of total requirements for the re- 
nainder of the life of the product, then any excess over an all-time supply 
j ihould be wntten off, at any loss 

For spare parts for automobiles and other machinery there is good evidence 
-(Brown [1963]) that the population declines exponentially, and that “an all- 
-time supply is a five-year supply”— meaning that the total remaining usage for a 
“'part, once it is in the declining phase, is about five times the actual usage m the 
""most recent year, at any time 
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1. INTRODUCTION 

Since its introduction m the early 1940’s, the digital computer has had a signifi- 
cant effect on tire operations of business, scientific, and educational organizations 
throughout the world Computer hardware, computer software, and the people 
assigned to the design and maintenance of computer systems represent a size- 
able resource of an operating organization Because of this, operating organiza- 
tions and researchers have been intrigued with the vast number of allocation of 
resource problems associated with computer systems Computer systems have 
been modeled and analyzed by various techniques of OR (Hanssman [1971]) 
In this chapter the various classifications of computer and information systems 
will be defined, the activities of designing, operating, evaluating, and managing 
computer systems will be specified, and various ramifications of applying OR 
techniques to specific problems will be presented 
Operations research techniques have been used to analyze various components 
and levels of digital computers In order to delineate the various applications 
we will define vanous system classifications of computers The hardware system 
represents the lowest level, it usually includes the central processing unit, primary 
memory, secondary memory, peripherals, and control functions There are only 
a few published reports of the use of OR to aid m the design of these hardware 
devices 
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Most often we refer to a computer system as the combination of hardware ■-> 
software provided by the vendors, such as the operating system and the lan^ ' 
processors (compilers, assemblies, etc ) The operating system is a collectionTf 
computer programs used to control and direct the wide range of user prosrar 
run on the computer system and to allocate resources to these programs Opem 
mg systems also perform other functions such as resource charging and account 
mg Most of the applications of OR techniques to computer and mfoimatic- 
science have been directed toward design of the components of an operate 
system and the interface of operating systems to the vanous hardware components 

Most organizations, both business and scientific, make little or no change to 
the hardware and software provided by the computer vendor They use thw 
resources to wnte application programs and design file systems to meet fa 
specific information processing requirements The collection of application 
software and computer system hardware and software is often referred to aj 
a computer-based , information processing system Until recently, there hare 
been few applications of OR techniques to determine efficient ways to derelop 
application programs using the facilities of the computing system Most of the 
applications have been in tire area of the design of user files 

A computer is a device for storing, maintaining, and processing data foruse by 
people in many organizations a computer-based, information processing 
system is an integral part of the organizational information system Horve\er, 
the information system also contains many noncomputenzed and manual 
functions Included in these are those activities associated with preparing input 
for computer systems and for the use of computer output by vanous technical 
and managenal personnel Operations research techniques have been used to 
design and evaluate information systems and have been used to determine the 
effective use of computers within the information systems 

In order to classify the use of OR techniques in the area of computer and 
information science we also distinguish the point in time in which these tech 
niques are apphed to the particular system The techniques may be used in de 
sign, operation, management, and evaluation of any of the system classifications 
listed m this section 

The life cycle of development of any of the four system types can be viewed 
as being divided into the following stages 

1 Perception of Need 

2 Logical System Design 

3 Physical Systems Design 

4 Construction 

5 Testmg 

6 Operation and Evaluation 

7 Maintenance and Modification 
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During the perception of need there is a recognition of the desire to produce a 
.ystem During the logical system design phase, the system is specified in terms 
•i)f requirements During physical systems design there is a detailed specification 
of the procedures necessary to construct the system During construction, the 
system is built using the available components During testing, the system is 
'tested under various conditions both idealistic and operational The system is 
'then operated over time, evaluated, and, possibly, maintained and modified 
■ Dunng the maintenance and modification, a number of the other steps of the 
• life cycle may be repeated 

In general, OR techniques have been used dunng the physical systems design 
, phase of the four levels of system classification In some cases, OR techniques 
have been used to evaluate and compare vanous alternatives Also, OR techniques 
, have been used to decide how to monitor the operation of computer systems 
and, based on this monitoring, make appropnate modifications 

Vanous OR techniques have been used to study the different system levels 
dunng the vanous phases of the life cycle specified above The difficulty m 
companng the techniques lies in the fact that there is often a fine line between 
the use of mathematical notations m the analysis of a computer system, the use 
of simple quantitative analysis, or the use of OR techniques to study the system 
The three most widely used classes of OR techniques are queuing theory, opti- 
mization theory, and computer simulation Queuing theory models of vanous 
components of computer operating systems constitute a large class of the 
apphcations of OR These applications have, for the most part, looked at a 
computing system as one or more resources requested by users of one or more 
types These analyses have been done both at the secondary memory device 
level and the operating systems component level 

Mathematical programming techniques have been applied to computer systems 
design by vanous authors dunng the past ten years In most cases the authors 
have formulated optimization problems involving time-shared or spaceshared 
resources of a computer system in an attempt to solve these problems through 
the use of mathematical programming techniques such as IP Some of these 
applications are in the areas of scheduling in a multiprogramming environment, 
organization of pnmary and secondary memory, and design of file organizations 
to support an information processing system (McWhorter [1971] ) 

Computer simulation models have been designed to aid in the development of 
vanous systems Besides the simulation models designed by the computer ven- 
dors, there have also been computer simulation models designed to assist users in 
the selection of a computer system based on a set of predetermined requirements 
Simulation models have also been designed to study various components of 
hardware and operating systems 

In the remaining sections of this chapter, specific examples of the use of OR 
techniques m the area of computer and information systems will be described 
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The examples will be classified according to the system type to which the no 1 ■ 
and technique were applied The technique used will be explicit, but the t~- 
withm the life cycle should be self-evident 

2 COMPUTER SYSTEMS 

The designer of computer systems software (operating systems, compilers, fo., 
management systems, etc ) is constrained by the resources provided in the ha.' 
ware system, and wants to produce the most cost-effective software for th 
programmers and file designers that will use his software (computer system) 

The application of OR techniques to the design of a computer system u 
usually concerned with the allocation of memory and the distnbution of processor 
time to a set of programs The published results can be classified into th 
following three categories 

1 design of scheduling and allocation schemes for a particular memory device 

2 assignment of user files to memory when there is more than one etas o' 
memory 

3 design of scheduling schemes to be used in a multiprogramming or Imp 
shanng environment 

Frank [1969] developed models of movable head secondary storage devices 
Expected seek tune and expected rotational delay were used as measure of 
performance of the disk The following aspects of disk file behavior were 
considered the speed characteristics of the mechanism and its effect on seel 
time, effects of the probability distnbution of requests for information stored 
on tracks, track overflow of records, dynamic queumg strategies, reduction of 
rotation time by buffered read techniques, and strategies for using multiple 
armed devices He developed analytic stochastic models of the transfer charac 
tenstics of this class of storage devices 
Based on these models, Frank was able to state a number of conclusions If 
very active records are stored in the central portion of the disk, the average seel 
time can be reduced A significant reduction m seek time can be made by 
utilizing the properties of the queue of service requests rather than using a FCFS 
policy If records are large relative to track capacity, buffers can be effectively 
used to reduce rotational delay Additional results were stated concerning die 
use of multiple independent disk heads 
Seaman, et al [1966] developed a queumg model for analyzing alternative 
ways of storing direct access files on secondary storage systems They denied 
formulas for system response time and for utilization factors of the file modules 
and channels They also discussed modifications to the basic model necessary 
for estimating performance obtained in using indexes in large sequential files 
Abate, Dubner, and Weinberg [1968] used queumg theory to analyze the 
performance of a mass storage device m a real-time environment A trade-off 
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Analysis was performed between the throughput of a stochastic service device 
and the response time for each service request The analysis was applied to the 
IBM 2314 disk storage facility The results were presented in a senes of graphs 
showing the file system response time versus the throughput for several distn- 
butions of record length and user requests, as represented by disk arm move- 
ment The authors claim that any disk whose seek time charactenstic can be 
^approximated by a piecewise linear contmuous function can be analyzed by the 
„ methods presented 

J Lauer [1967] developed an analytic model to aid in the comparison of a 
'IBM 360-67, usmg a drum as a paging memory, and an IBM 360/67 using bulk 
'core for a paging memory Models of the drum and bulk core systems were 
' constructed and used to determine that the drum could not support the paging 
> rate except under conditions which impose high system costs 

Denning [1967] analyzed the effect of vanous queue disciplines on the per- 
, formance of disks and dmms He compared the performance of three scheduling 
methods for movable head devices The basic scheduling method was one in 
‘ which requests are processed on a FCFS basis In an effort to reduce the head 
movement and the expected seek time of the FCFS, scheduling procedures m 
which all waiting requests are considered as candidates for the next request to 
be serviced were also examined In one of these scheduhng schemes, the next 
request processed was the one that could be satisfied in moving the head the 
shortest distance (shortest-seek-time-first (SSTF)) The other scheduling scheme 
was a modification of SSTF Dennmg showed that SSTF methods reduce the 
expected seek time and consequently the expected service and completion 
time, but that the variance of completion tune is often very large because of 
long delays encountered m servicing requests for information in the inner and 
outer regions of the storage device In this model, Dennmg approximated the 
movement of the head with contmuous random variables and computed the 
expected value of this random variable as a measure of performance to be used 
m comparison of the alternative schemes Merten [1970] and Teorey and 
Pinkerton [1972] extended and modified Denning’s results Analytic and sim- 
ulation models are presented which are used to compare vanous disk scheduhng 
policies with respect to the mean and vanance of different performance vanables 
Coffman [1969] developed mathematical models of drum scheduhng dis- 
ciplines in which requests amved singly and at random The models were 
analyzed and the following results were presented a measure of drum utilization, 
a generating function for the queue length probabilities at equilibnum, and a 
procedure for computing the mean queue length and the mean waiting time 
Vanous authors have apphed quantitative techniques to the allocation of 
primary memory to computer jobs Kelley [1961] developed a model to 
assign subroutines to available pnmary memory Kelley defined three allocation 
problems usmg space requirements, processing time, and the functional capabilities 
of vanous routmes as parameters In one model, memory space was minimized, 
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N 

^recorded address traces of executed programs A combination of queuing theory 
'..and simulation models for the analyses of processor and memory operations 
-were presented These models were used to analyze two computer programs a 
% FORTRAN compiler computing a source program and a FORTRAN object 
program 

Gecsei, et al [1970] presented quantitative techniques that eliminate much of 
the effort required in the use of simulation to evaluate storage hierarchies 
t Procedures were presented to determine the exact frequency of access to each 
level of a memory hierarchy These procedures were applied to a large class 
of memory replacement algorithms used to determine which program or data 
file should be moved to a slower, cheaper memory device to make room for 
another file 

Vanous third-generation operating systems are based on the concept of virtual 
memory A programmer can write a computer program as if he has an unlimited 
amount of memory available. In other words, while the actual memory available 
is limited, the “virtual memory” available to the programmer is unlimited The 
operating system manages the movement of portions of the user program to 
mam memory and maps the virtual memory to the actual memory assigned to 
the program 

Denning [1970] presented an overview and mtroduction to virtual memory 
computer systems He studied the allocation problems associated with the use 
of virtual memory and showed how vanous analytic and simulation techniques 
had been used to contrast different memory allocation schemes He presented 
a set of analytic equations for selecting the size of pages, for selecting the proper 
replacement policy, and for moving information between pnmary and secondary 
memory The paper descnbed the mechanisms for effectmg virtual memory 
and the policies for usmg the mechanisms The pnncipal mechanisms were 
segmentation under which the address space was organized mto variable size 
segments of contiguous addresses and paging under which the address space is 
organized into fixed size pages of contiguous addresses The paper reviewed 
and presented analytic models to compare and contrast the policies and the 
implementation mechanisms 

Aho, et al [1971] addressed the problem of optimal page replacement m 
computer systems that use virtual memory The objective in this paper was to 
determine a paging policy which minimizes the aggregate page wait time ac- 
cumulated while executmg The problem was expressed as a DP problem 

McKinney [1969] reviewed previous papers which described queuing models 
of time-sharing systems The paper also delineated the parameters which dis- 
tinguished the different analytic models The techniques used in analyzing 
vanous classical schedulmg algorithms, such as round-robin models, and 
multiple-level queue models with and without pnonties were emphasized An 
excellent annotated bibliography was included 
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Moore [1971] and Buzen [1973] applied network queuing irodi • 
analysis of multi-programming and time-sharing systems Moore rep-e;~V , 
time-shanng system as a set of independent resources Based on this 
assumption, independently operating queues were represented as a 
tinuous Markov process The model was validated on a time-shama c:er- 
system. and was used to compare the two memory allocation schemes u-: - 
virtual memory systems (paging and segmentation) 

Buzen [1973] used the network queuing models to design operate: sv-* : - 
The models were used to determine the optimal buffer size fo* sec 
devices Next, certain models were used for the optimal allocation of peek- 
ing requests among a set of functionally equivalent peripheral procesrn h 
addition, the models were used to select the optimal degree of multi-prognrrzz, 
in paging systems 

3 COMPUTER-BASED INFORMATION PROCESSING SYSTEMS 

Industrial, commercial, and government organizations, whose activity is ro/c’ 
development of computer systems, employ programmers and system analyrs t 
build computer-based information processing systems (user programs andD'i 
which use the computer system provided by the hardware manufacturers cz:’r 
software vendor Examples of such information processing systems are p:n.I 
programs and files, inventory programs and files, and student registration prorr- 
and files 

Operations research techniques have been applied to the design of user rc- 
grams and files, given the resources of the hardware and operating system Vr 
of the work has been in the area of the analysis and design of data files Em- 
ulation techniques have also been applied to the design of programs 
Simulation techniques have been applied to the analysis of an mformcim 
processing system (Hirer [1967] and Sutherland [1971]) These com::/ 
system simulations are sets of special purpose programs which simulate a detc : 
workload (programs and files) on a specified computing system (harden 
operating system, and, possibly, file management system) The proposed 
load is defined on a set of pre-defined forms or in a specification lanpzu 
Characteristics of files include such information as blocking factor, number r 
records, record length, and packing density. Each individual program in >• ; 
workload whether batch or real-time, is described in a machine indeperd... 
form The description of a program includes the processing required anc i- • 
generated file activity'. The technical characteristics of the hardware and sa i 
ware of a set of machine configurations are maintained in a library' to beaecei-'-- 
in a particular simulation. The hardware characteristics used by the simuz - 
include descriptions of the central processor, peripheral devices, and commur— 
tion equipment. Similarly, software characteristics mclude desenptio s - 
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aperating systems, problem-oriented language processors, sort packages, and 
report generators The computer system simulator accepts these inputs, sim- 
ilates the proposed workload and configuration, and then prints various reports 
Dutputs include a summary of file activity, device utilization, and response 
times 

' Thiess [1965] , Day [1965] , Chu [1968] presented mathematical programmmg 
formualtions of file organizations and file allocation Day used IP to determine 
■'i which file should be searched in order to satisfy a group of requests The 
objective was to minimize total tape search time subject to the constraint that 
<<each request must be satisfied He assumed that only one file could be searched 
at once, and that the entire file must be searched even though the request might 
; be satisfied after only one part of the file has been searched He also presented a 
modification of the above model to allow for the simultaneous interrogation of 
two data files 

. Chu [1968] developed a mathematical model to allocate sets of files that are 
required m common by several computers in a computer network The model 
, considers storage cost, transmission cost, file sizes, usage rates of the various 
- files, the maximum allowable access time to various files at each computer, and 
. the storage capacity of each computer The criterion of optimal allocation is 
, minimal overall operating costs (storage and transmission) The model was formu- 
. lated into a zero-one IP problem with nonlinear constraints that can be reduced to 
linear constraints 

Thiess [1965] addressed the problem of optimally blocking records in a 
number of files so that input/output time is minimized over a senes of com- 
puter runs He assumed that the files were on magnetic tape and that processmg 
was done without buffering of input/output operations He also assumed that 
the number of data records in each of a number of input and output files in a 
senes of computer runs was given, as was the amount of computer storage 
available for internally stonng input and output data An additional con- 
straint specifies that the number of characters per data record could not be 
altered, and no data record could split He formulated this problem as a NLP 
problem with linear constraints and a nonlinear objective function He relaxed 
the assumptions of the basic model to permit buffering, satellite computers, 
different types of tape units, etc General NLP algorithms are used to solve 
the mteger problem The nonmteger solutions are truncated to arrive at mteger 
blocking factors He treated the problem ol assigning files to vanous available 
types of tape units so as to minimize the read-wnte time of each run After the 
blocking factors have been determined, a model was proposed to select the 
tape unit assignment which will move the files the fastest The result was a 
transportation problem. 

A file simulation model FOREM written in FORTRAN was introduced by 
Senko, et al [1968] Tables describing logical files, records, fields, device 
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The model mcludes explicit specification of data, user activity, and storage 
parameters The set of data is described by the number of records, the fields 
within each record, and the specification of the field which can be used to 
uniquely identify a record For example, the set of data contams 1000 logical 
records, each consisting of 10 attribute-value pairs which constitute the des- 
cription of one employee entity Each logical record has a unique employee 
pass number. 

The user activity is described m terms of record deletions, additions, and 
modifications, and m terms of user requested extracts from the data set An 
example of a modification would be that approximately five telephone number 
changes are processed each month User specified extracts are stated in terms 
of an extract key, a projection schema, an ordenng catena, and a frequency of 
occurrence For example, each month the system must retneve the name and 
pass number of all employees m division A sequenced in numencally ascendmg 
order by pass number 

The storage facility is also described with respect to a set of predetermined 
parameters which specified the charactenstics of the hardware (e g rotation 
speed of a disk) and the system software (e g procedures used to logically con- 
nect two elements of stored data) The file organizations were evaluated with 
respect to linear combinations of the following cost components 

1) the space required by the file organization, 

2) the time required to retrieve an extract from the file organization, 

3) the time spent on the maintenance of the file organization 

Kennedy [1973] presented a model for constructing file structures with 
doubly-chained trees, by the use of access frequencies of data The basic prob- 
lem is minimization of the weighted path length of a tree For the equally 
weighted case, an approximated solution was given by Sussenguth [1963] , and 
an exact solution was given by Stanfel [1970] as an IP problem The problem 
was shown to correspond to binary tree minimization and a type of machine 
scheduling problem A branch and bound algorithm was introduced to obtain a 
solution. 

Ramamoorthy and Blevins [1971] developed a heunstic procedure to study 
the arrangement of frequency dependent data on sequential memory The 
heunstic is applicable to a general class of objective functions corresponding 
to seek time functions constrained to be a monotonically increasing, piecewise 
linear. Results mclude development of bounds for achieving a locally optimum 
arrangement, proofs for finiteness and feasibility, comparison of the procedure 
with a modified version, and simulation experiences The techniques employ a 
directed graph formulation 

Yao [1974] developed a file design system to select good file organizations 
from a large number of alternatives The design system took its design require- 
ment parameters from the data collection, user activities, and machme charac- 
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tenstics The output of the design system is a suggested file structure 
details of the actual file structure can be determined by simulation or c>'.' 
techniques 

The model is based on the fact that all access mechanisms are gnfej;, 
refining processes, and that they hierarchically decompose the search sr. > 
Within a data base, the access paths of most file structures were modeled t, r 
access tree. The access tree was represented by two sets of vanables Onex lC 
variables characterized the configuration of the tree, and the other set of r.- 
ables determines the implementation of the branches of the tree 

The access tree model provided a mapping from the space of file structures 4 ' 
an ^-dimensional vanable space Design requirements were incorporated nto i 
cost function defined over this vanable space. A NLP algonthm was u^c b 
locate a set of minimal cost values for the vanables which, in turn determc : 
a minimal cost file design 


4. INFORMATION SYSTEMS 


Organizations use information in conjunction with its various functional actmt,-> 
For example, sales reports and the marketing models are used to adjust salesrr, 
routes and commissions Computer programs and files can store and prorei 
data m support of these functional activities of the organization Hov,e«r,th* 
flow and control of information to support this activity requires manual pro- 
cedures and other noncomputerized activities, for example, the comemon oi 
source documents into machine readable form, and the delivery of the comput: 
output to the responsible manager 

Nunamaker [1971] and Teichroesv and Sayani [1971] developed procedures 
to use OR techniques to assist m the automation of the design of compute 4 
based information systems The fundamental concept of the research is that a 
complete information system can be generated by the computer from a precne 
statement of the processing requirements of the system The design methodo 1 
ogy consists of a set of submodels which are solved using mathematical pro- 
gramming, graph theory, and heuristic procedures The algonthm used b a 
multi-level decision model where the decision vanables of one level became the 
constraints at the next level 


A formal language was proposed for stating the requirements of the informs 
tion system independent of processing procedures The algonthm selected a s; 
of hardware, and generated the specifications for the set of programs and fue 
that satisfied timing requirements core memory, and secondary storage cor 
stramts, such that the cost of hardware system was minimized The algonth 
was limited to the design of uni-programmed batch systems, sequential auulia> 
storage organization, linear data structures, and the selection of a single, cents 
processing unit Mathematical programming models were used to optimize ti 
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: locking factors for all files, specify the number and type of auxiliary memory 
ievices, assign files to memory devices, and generate an operating schedule for 
.unning program modules 

Teichroew et al [1974] and Merten and Teichroew [1972] extended the con- 
cept of usmg the computer itself as an aid to designing computer based informa- 
tion systems The fundamental concept is that the descnption of user require- 
ments should be recorded in machine readable form as early as possible m the 
process 

The descnption of the requirements of an information processing system re- 
quires identification and nammg of a number of types of objects and of the 
relationships among them. First, the objects which are involved in producing, 
storing, or usmg information from the system must be identified The physical 
units by which data is transported or stored must be identified. Next, the units 
of data and the process which operate on the data must be specified The dy- 
namic behavior is described by statmg the conditions or situations which trigger 
events over time, and the actions which follow events Finally, the size of the 
proposed system must be described by identifying the parameters which deter- 
mine size. 

Based on the formal description of user requirements, algorithms are bemg 
developed to assist the analyst m the design of computer programs, files, and 
data bases In particular, algorithms are being devised to group and present user 
requirements m a form that corresponds with the mput specifications of the file 
design models discussed m the previous section 

5 CONCLUSION AND SUMMARY 

This chapter has classified and reviewed the apphcation of OR techniques to 
computer and information science The major contributions appear to have 
been in the apphcation of these techniques to the scheduhng of operations on a 
large auxiliary memory Recent published work has presented some successes 
in the apphcation of OR techniques to the problems directly related to a user, 
that is, the design of an information processing system and/or an information 
system 

Various factors have hmited the achievements m this area of apphcation 
First, most designers and evaluators of computer and information systems are 
unable to specify the objective and/or constramts of their problem In other 
cases, there exists more than one objective to be optimized 

Second, many of the problems associated with computer and information 
systems are either scheduhng, ordering, or allocation problems In most cases, 
these problems lead to discrete optimization problems The lack of efficient 
computational tools m this area has been a drawback Finally, it is very often 
difficult to combine design algorithm, developed for different allocation prob- 
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lems, into a model which can be used at a higher level of design This is c „ 
a problem, but appears more severe in this application area A major coat*' 
tion to this problem is in the wide range of time units for the activities o f 
design. For example, m a time sharing system, while the effectiveness of - c . 
system is a function of both the user at a terminal and a particular anthr> 
processor, the time variables associated with the user are often measured r 
minutes or seconds, while those of the processor are measured m microseco-h 
and nanoseconds 

Future applications of OR techniques to computer and information saen.cs 
will have to address these basic problems. Similarly, more research vuj fc* 
directed to the design problems of the eventual user of a computer The optini 
design of information processing systems and information systems remews i- 
research challenge. 
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I INTRODUCTION 

In this chapter the application of operations research (OR) methodology to the 
study of facilities location and layout problems is presented Even though 
facility location problems have been the subject of mathematical analysis since 
at least the seventeenth century, it was not until the emergence of OR that the 
subject received renewed attention from a number of academic disciplines To- 
day, there exists a strong interdisciplinary interest m facilities location and lay- 
out As examples, architects, economists, engineers, geographers, logisticians, 
management scientists, operations researchers, systems analysts, and urban 
planners are among those who have discovered a commonality of interest in their 
concern for the location and layout of facilities 
The term “facility” can be defined very broadly As examples, a facility can 
be a manned space vehicle, a school, a student to be bused to a school, a 
machine tool, a hospital, a remote computer terminal, a fire station, an 
ambulance, a sewage treatment plant, a book m a library, an airport, a police 
cruiser, a radar station, a computer program to be stored on magnetic tape, a 
warehouse, a console display, or an office within an office building Due to the 
very general interpretation which can be given to the term facility, it is not 

' Much of the material presented m this chapter is from Francis and White [1974] Materials 
reprinted are by permission of Prentice-Hall, Inc , Englewood Cliffs, New Jersey 
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The final category in formulating location problems is the criterion employed 
“N[ solving the problem A number of different criteria can be employed, however, 
*' N ie catena encountered most frequently m the literature treatmg pnvate sector 
^ication problems are the minimization of a total cost function and the mini- 
uzation of the maximum cost involving pairs of facilities Alternatively, m 
lie pubhc sector a cntenon of maximizing public benefits may be employed 

In addition to its use in formulating location problems, the structure provided 
n Figure 1 can be used to classify the growing body of research literature on 
ocation problems We make use of the structure in organizing the subsequent 
hscussion Specifically, point location problems having a contmuous solution 
space are treated in Sections 2 and 3 In Section 2 the number of new facilities 
~-s a parameter, whereas, m Section 3 the number of new facilities is a decision 
vanable A related area location (layout) problem having a continuous solution 
"space is presented in Section 4. In Section 5, the layout problem presented in 
..Section 4 is solved for the case of a discrete solution space In Sections 6 and 7, 
, discrete solution spaces are assumed for the location problems treated in Sec- 
-tions 2 and 3, respectively Additionally, in Section 7 are presented a number of 
constrained, discrete location problems which occur commonly in the pubhc 
sector 

Due to the large number of variations of facilities location and layout prob- 
lems which have been studied, it is not possible to provide an exhaustive discus- 
sion of the subject in this chapter As an illustration, the subjects of computer- 
: lzed plant layout programs, network location problems, and mimmax location 
: problems have not been addressed 

A large number of computerized plant layout programs have been developed 
m recent years Among these are ALDEP (Seehof and Evans [1967]), CORELAP 
(Lee and Moore [1967]), Interactive CORELAP (Moore [1971]), CRAFT 
(Armour and Buffa [1963]), and PLANET (Apple and Deisenroth [1972]) 
For a discussion of a number of these programs, see Francis and White [1974] 

The problem of locating facilities on a network has received considerable 
attention since Hakimi’s [1964] early work Among the contnbutors to the 
study of locating facilities on networks are Chnstofides and Viola [1971], 
Donath [1968], Frank [1966], Gilbert and Pollack [1968], Goldman [1969, 
1971, 1972a], Goldman and Witzgall [1970], Hakimi [1964, 1965, 1972], 
Hakimi and Maheshwan [1972], Levy [1967], Minieka [1970], and Wendell 
and Hurter [1972] 

With the exception of the discussion on covenng problems m Section 6, the 
previous treatment of facility location and layout problems employs the objec- 
tive of minimizing the weighted sum of distances between facilities An 
alternate objective, which has a number of applications, is a mimmax objective 
in which new facilities are located, such that the maximum weighted distance is 
minimized Mimmax facility location and layout problems have been studied by 
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Dealing and Francis [1972], Elzinga and Hearn [1972a, 1972b, 1973 ] Fr<-~ 
[1967c, 1973], Goldman [1972b], Nair and Chandrasekaran [ 19711 ^-' 
Wesolowsky [ 1 972b] . ’ £ ~ 

2. CONTINUOUS FACILITIES LOCATION PROBLEMS 

The facility location problem treated m this section is a generalization of ale* 
tion problem variously referred to as Fermat’s Problem, Steiner’s Problem £• 
Weber Problem, and the Stemer-Weber Problem Mathematically, the prot- 
ean be stated as follows Let m existing facilities be located at known detci 
points ,P m , and let » new facilities be located at points.^, t \ E 
the plane Let d{X ] ,P l ) represent the distance between the locations of 
facility ; and existmg facility i, and d{Xj , X k ) be the distance between the lo- 
tions of new facihties / and k Let the annual cost per unit distance bctv ; -_ 
new facility / and existmg facihty r be denoted w }l , with u )f being the co- 
respondmg value for new facihties j and k The total annual transportation col 
associated with new facihties located at X t , . . , X n is given by 

n m 

/(*.. Z (i) 

l</<L<n 1=1 i=l 

Properly defining v /K as the annual cost per umt distance due to item mover? c* 1 
between new facihties / and k, it is only necessary to sum over those values of/ 
which are less than k, and over those values of k from 2 to n The multiMn 
location problem can be stated as the selection of locations X*, . . of th 3 
new facihties such that total annual cost is minimized 

2.1 Rectilinear Distance Problems 

For the case when distances are rectilinear, when X j = ( x } ,y ; ) and P, = 

d{X } ,X k )=\x r x k \ + \y r y k \ © 

and 

d(X l ,P l ) = \x I -a,\ + \y r b l \ ® 

On substituting (2) and (3) into (1) and rearrangmg terms, the following explo- 
sion is obtamed 

f(Xi, . ,X„)=f l (x j,. ,x n )+f2(yi, ,yn)> ^ 

where 

/,(*„. £ v, k \x r x k i*±f i w„ix r a,\ P 

1 <i<k<n /=i i=i 
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ad 

n m 

fiiyi, Z v ik ij'z-j'iti+Z Z w » (6) 

K/<A.<72 / = 1 1 = 1 

■ubsequent reference to the total cost expressions f y and/ 2 will be to the expres- 
sions defined by (5) and (6) respectively unless otherwise indicated The expres- 
sions /i and / 2 give the total cost incurred due to “travel” in the* and y direc- 
. ions, respectively 
From (4), it follows that 

l \ mmf(X u ,X n ) = mmfi(xi, ,x„) + min/ 2 (y l5 . ,y n ) 

Thus, optimum x coordmates of the new facilities can be found independently 
'of optimum y coordinates Further, it is the case that f t and / 2 have the same 
*■ form, so any procedure developed for minimizing f y will also apply to / 2 on 
replacing Xy byy ; and a t by b r 

The procedure used to minimize f y or / 2 depends on the idea of transforming 
it to an equivalent lmear programming (LP) problem , any optimum solution to 
the LP problem will provide optimum x coordmates of the new facilities 
1 The determination of an equivalent LP problem will now be considered The 
following fact is needed given numbers a, b, p, and q,ifa-b~p + q = 0,p>0, 
q> 0, and pq = 0, then | a - b\ = p + q Thus, minimizing f y is equivalent to 
the following problem. 

n m 

Minimize £ v,k(P,k + <7 >*) + Z Z w n ( r /> + 

Kj<k<n j=\ j=l 


Subject to 


X J x k Pjk Pjk 


= 0, 

1 <]<fc<n 




X 1 

r ]i * s n 

= «!> 

i = l, ,m 

and 

7 = 1,- 

,n 

Pjkt P/k 


>0, 

1 <j<k<n 





r ji , fy 

>0, 

i = l, ,m 

and 

7 = 1,- 

,n 

Xy unrestricted 

5 

7=1, 




P]k X <7yfc 


= 0, 

1 < ] < k < n 





r ]t X Sy, 

= 0, 

? = 1, . ,m 

and 

7 = 1, 

- 


Notice that, with the exception of the last two sets of multiplicative constraints, 
the above problem is a LP problem (call the above problem P0, and call PI the 
LP problem obtamed by deletmg the multiplicative constraints from P0) Smce 
Pi is a less constrained problem than P0, the minimum value of its objective 
function will be at least as small as the minimum value of the objective function 
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of PO If a minimum feasible solution to PI satisfies all the constraints c 
(1 e , the multiplicative constraints as well as the others), it is therefore • -- 
mum feasible solution to PO 

In solving PI, the theory of LP guarantees that some basic feasible yt . 
will be a minimum feasible solution. For any basic feasible solution iff. - 
in the basic feasible solution, q, k will not be, and vice versa, likewise i:T t 
in the basic feasible solution, s ; , will not be, and vice versa Since larubC- 
m the basic feasible solution are zero, the multiplicative constraints will tb- 
fore be satisfied for every basic feasible solution Thus, PO and Pi are ecrr 
alent optimization problems, and we can employ LP to solve the renL?. 
location problem 

A straightforward LP solution of P 1 can be time consuming when a large tr 
ber of new and existing facilities are involved Specifically, from PO we obsn 
there can be as many as n 2 + 2 mn variables and n(n- l)/2 + mn consten 
involved in determining the x coordinates for the new facilities Ofco,rs: 
depending on the values of v ;k and w Jt , the actual number of vanabkjjf 
constraints can be considerably less than the maximum number given abre 
However, it is apparent that, for large sized problems, more efficient solu'r. 
procedures are desired Cabot, et al. [1970] formulate the dual of PI v. 
convert the dual problem to a network flow problem to obtain an efficr 
solution to PI 

For the case of a single new facility, a simple procedure can be used tos^V 
the rectilinear location problem Specifically, by letting the w, value be refen:: 
to as the “weight” between the new facility and existing facility i, it mb 
shown that an optimum x coordinate (y coordinate) location for the r.- * 
facility is a median location- A median location is defined to be a locate- 
such that no more than one-half of the cumulative weight is to the left of 
(below) the new facility location and no more than one-half of the cumuhtir 1 
weight is to the right of (above) the new facility location 

In addition to the single facility location problem being easily solved, one c::. 
also construct contour lines of the total cost function Contour lines 
constant total cost) provide considerable insight into the shape of the surface Oi 
the total cost function, as well as providing a useful means of evaluating alterra 
five locations for the new facility A procedure for constructing contour 
for the rectilinear distance problem is given below The procedure will b 
employed subsequently, in Section 4, to obtain warehouse layout designs 

1 Plot the points [a x , b x ), . . . , {a m ,b m ), and draw perpendicular te 5 > 
(parallel to the x and y axes) through each point (See Figure 2) 

2 Consider the vertical lines to be numbered 1,2,. ,P from left ton*, 
and the horizontal lines to be numbered 1,2, . . , q from bottom to top 

3. Call the x intercept of the /-th vertical line c ,, the y intercept of the i fa 
horizontal line d , Denote the region delimited by vertical lines/ and j * 
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Fig 2. Illustration of a procedure for constructing contour lines 

and horizontal lines i and i + 1 by [/,/] (In order that all regions are num- 
: bered, imagine there is a vertical line numbered 0 to the left of vertical 
lme 1, a vertical line numbered p + 1 to the right of vertical lme p, a hon- 
• zontal lme numbered 0 below horizontal hne 1, and a horizontal line q + 1 
above horizontal hne q ) 

4 Let Cj and D, be the sums of the weights associated with vertical line / 
and honzontal line i, respectively (For example, if the points (5, 3) and 
(5,10) have the associated weights of 6 and 8 respectively, and the second 
vertical line has an x intercept of 5, then C 2 =14) It is convenient to place 
the numbers C ; at the bottom of the corresponding vertical hnes, and the 
numbers D , at the left of the corresponding honzontal lines 

5 Compute the numbers 

pm q m 

Mo = - X) Cj = - ]T w, N 0 = - D, = - 

i=i i=i i=i i=i 

M l = Mq + 2Ci Ni = N o + 2D\ 

M 2 =M x + 2C 2 N z =N x + 2D 2 

m m 

M p =Mp_! + 2 Cp = jr w, N q =N q . J + 2 D q = iv, 

/=1 1= 1 

and place them as mdicated m Figure 2 

6 The slope, S tJ , of any contour hne passmg through region [/,/] is computed 
as follows 

S tJ = -Mj/N, 

When TV, is zero, the contour hne is vertical in region [z,/] 


238 I APPLICATIONS OF OR TO COMMON FUNCTIONAL PROCESSES 


7 To find a point (x*,y*) winch minimizes the total cost e\pr;-> 
are four cases to consider 

i) M t . i < 0, M t > 0, N s - j < 0, N s > 0, take or* = c t ,y* = d s 
u) Mf~ i 0, Mf — 0, A ^ 0, N s > 0, take or* to be any point te i >- 
c t and c t+1 ,y* = d s 

m) M f _j < 0, M t > 0, N s . y < 0, N s = 0, take x* = c f take v'tote,. 
pomt between d s and d s+1 

iv) i < 0 , M t - 0 , A/j-j < 0, N s = 0,takex* to be any poster*. - 

c t and c f+ i , and.y* to be any pomt between d s and dj +1 

8 Given the above information, a contour line can be constructed, tea-v- 
at any pomt except a minimum point As a check, the line shoula c-.; - 
“end” at the same pomt where it “begins ” 


2 2 Euclidean Distance Problems 

For the case when distances are Euclidean, when X t = (x^y^ and P t = (c ; 1 1 
then m (2 1) 

d(X , , X k ) = [(x ; - x fc ) 2 + (y, - y k f ] 1/2 (*: 

and 

d{X l ,P l )-{{x rat f^{y r b t fY n F 

On substitutmg (7) and (8) mto (1), the multifacihty Euclidean problem 
formulated as follows 

Minimize /(X,, . ,X n )= £ +()’,-ykYY h 


n m , 

+ £2>„ ‘+0, -»,)•!“• ft 

/=! 1=1 


The notation employed is the same as mtroduced for the multifacihty, red 1 
hnear distance problem The necessary conditions for optimal locations of r.’« 
facilities are that the partial derivatives of /(AT , ,X n ) with respect to A t . 
, X n be zero (or change sign) at the optimum locations 
Taking the partial derivatives of f(X , , . . . ,X„) with respect to Xj and ’>, 
respectively, gives 

a,)/E„, 7*1- -« (10i 
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id 

•») 

g f n m 

. 7— = £ v,k(y, - yk)lDjk + £ W/, 0 , - b,)lE Jt , 7=1, , n, (11) 

GJ 7 / fc=l 1=1 

Hi 

'j 

•here 

' 1 ^>/fc = [(*/ " *fc ) 2 + O/ - Jfc ) 2 ] 1/2 

/nd 

E ]t =[(x rai ) 2 +(y r b t fVl 2 

Jotice that, if new facilities / and k have the same location (D /k = 0), and new 
acihty / and existing facihty i have the same location (E Jt = 0), then both 
f/bxj and 3//0y y are undefined 

Geometrically, each cost term included in (9) represents the equation of a 
- ight circular cone Consequently, (9) represents the sum of cones The sharp 
joints of the cones involved in the summation result in the undefined derivatives, 
and produce the knife-edged surface referred to by Vergin and Rogers [1967] 
Since a cone is a limiting form of a hyperboloid, if the cones are replaced by 

A 

hyperboloids, a smooth approximating function,/, is obtained Furthermore, 
since hyperboloids are strictly convex functions and / is the sum of hyperbo- 
loids,/ is a stnctly convex function, assuming at least one w yi > 0 for each 7 
The equation for a hyperboloid centered on the point {a h b ,) in the x-y plane 
can be expressed as 

f)i = W), [(x, - a,) 2 + (y, - b ,) 2 + e] 1/2 

The addition of the constant, e, essentially results in the replacement of the 
point of a cone by a smooth hyperbohc surface Consequently, by introducing 
e, the partial derivatives exist everywhere Furthermore, the smaller the value of 
e, the closer the hyperboloid approximates the cone 
Letting 

Djk = [(*/ - X k f + 0 7 - ykf + e] 1/2 
and 

%x = [(*/ - + ( y, - b ,) 2 + e ] 1/2 , 


the new optimization problem can be given as 

zs ^ n m ^ 

Minimize /(X 1; ,X„)= £ v, k D jk +£ 

1< / < fc < n /= 1 1=1 


( 12 ) 
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where 

hmf(X 1 ,. .,X n )=f(X l , .,X n ) 

Therefore, solving (12) using a very small value of e yields a solution v 
approvimately the same as that obtained by solving (9) 

Taking the partial derivatives of/ with respect to Xj andy ; ,settincihe- - 
equal to zero and solving forx ; andy ; gives the following iteratne expm - 


k = 1 

(li+l) _ kfl 




t = i 




k=i 

Hi 


i-l 


y ; 


k=i 

(h+l) _Hl 


*. = 1 1=1 


k= 1 i=l 

Hi 


t! ■ 


0*1 


where the superscripts denote the iteration number. 

The iterative expressions (13) and (14) are subsequently referred tokth 
hyperboloid approximation procedure or HAP (Eyster, et al [1973]) 1' i 
known that if a convergent solution is obtained, it will be an optimum solutr: 
Although it has not been shown that (13) and (14) will always yield a concur:' 
solution, considerable computational experience with HAP has not proiu 
a case m which the procedure has failed to converge It has been shovm £ 
(13) and (14) reduce to the iterative expressions used in gradient search px*; 
dures, however, the size of the gradient step used in HAP is not “opturr 
For further discussion of HAP, see Eyster, et al [1973] 

For the case of a single new facility and e set equal to zero, (13) and (Ft 
reduce to 


m 

z 

x (h+i) = £l 


wfljE\ b) 


m 

Z 



(151 
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V 

If*.. 


y 


Z W t b ,/ E i 

(/i+i) 




Z W JE) 

1=1 


(/>) 


(16) 


.pectively, where 

f„, £{*> = [cr ( *> - +(/''> -b, n v2 

le convergence of (15) and (16) to the optimum location has been studied 
"T'cently by Kuhn [1973], among others Cooper [1963, 1964, 1967], Kuhn 
V) id Kuenne [1962] , and Miehle [1958] are among those who have employed 
5) and (16) in solving the single facility, Euclidean distance, location problem. 


r ,f CONTINUOUS LOCATION-ALLOCATION PROBLEMS 

h 

he multifacility location problems treated previously considered the situation 
, l which the values of the weights v jk and iv ;t were not dependent on the loca- 
\ ions of the new facilities We will treat briefly a class of location problems, 
ailed location-allocation problems, in which all v jk values are zero, and the w fl 
•alues are decision variables, as are the locations for the new facilities Our treat- 
nent of the location-allocation problem in this section will concentrate on the 
continuous solution space problems examined by Cooper [1963, 1964, 1967], 
, (( ind m Section 7 we examine discrete solution space formulations 

A very general statement of the location-allocation problem would involve 
_a determination of the number of new facilities, as well as their locations, and 
, (1 the allocation of item movement between the new and existing facilities A 
, common example involves the location of distribution centers which will receive 
“ products from production facilities and distribute products to retail or wholesale 
'outlets, another example arises when a number of branch banks are to be located 
in a metropolitan area Instead of branch banks or warehouses, the new facilities 
_ could easily be, say, hospitals or grocery stores. In the case of branch banks, 
" hospitals, and grocery stores, the existing facilities would mclude the residences 
of the consumers 

A mathematical formulation of the location-allocation problem can be given as 
follows 


n m 

Minimize ^ = z^diX^P,) +g(n ) 


( 17 ) 


242 I APPLICATIONS OF OR TO COMMON FUNCTIONAL PROCESSES 


subject to 

TX 

'y ' Zji “lj i- 1, . . . ,m, R- 1,2,. ,m, 

;=i 


where w ;i is the cost per unit time per umt distance if new facility / ln!;rr 
with existing facihty l, z {! equals 3 , if new facility interacts mth e\hfc 
facility i, and equals 0, otherwise; X J = (x I ,y J ) is the coordinate location cl; 
new facility /, P, ~ (a,, b t ) is the coordinate location of existing facility i,g[r] 
represents the cost per umt time of providing n new facilities, and $ is the tot2 
cost per unit time 

The decision variables in (17) are n, z jt , x } , and y ; Each constraint msr-s 
that each existing facihty interacts with only one new facility Since no cap;an 
constraints are given, it is assumed that a new facility is capable ofhandhncjj 
interchanges with existing facilities Additionally, it is normally assumed tk 
iv u = u’ 2l = = w nt , since identical new facilities are to be located Ms, 

tunately, an optimum solution to (17) is not easdy obtained The difficult! u 
presented by the decision variables n and z }l One approach which has been 
to solve the problem is to fix the value of n and consider all possible combia. 
tions of Zj, For each combmation of z ; ,, an “optimum” solution is obtaind 
by solvmg the associated single facility location problems Next, themumnin 
cost combmation of z,, is determined for the particular value of n Fmdlya 
optimum solution is obtained by performing a search over n 

The above procedure is not feasible for moderate to large sized problem 
since the number of combinations of z /; , which must be considered for each 
value of n, is given by the Stirling number of the second kind, 


S(n, m) = 


z 

fc= o 


(-1)*(r - k) m 

k'(n-k)\ 


Recall, the computation of the number of combinations is based on the assump- 
tion that the new facilities are identical; otherwise, even more combinations 
would have to be considered. 

Smce considerable computational effort can be required to solve the locate 
allocation problem exactly, a number of heuristic methods have been employ! 
to obtain “good” solutions to the problem, for example, see Cooper [W, 
1967] Kuenne and Soland [1971] present a branch and bound algonthm and 
Sherah and Shetty [1977] present a bilinear programming algonthm for deter 
mining the optimum allocations and locations of n new facilities 


4. CONTINUOUS FACILITY LAYOUT PROBLEMS 

In the previous section, we formulated a number of facility location problems 
in which both the new and existing facilities were idealized as points and aco® 
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luous solution space was assumed. In this section, we treat the new facilities 
:=); areas, rather than pomts Due to the physical context in which such a formu- 
tion arises, we refer to the location problems as facility layout problems In 
ie subsequent discussion we will find it convement to develop the discussion in 
warehouse design context, where the items to be stored in the warehouse are 
new facilities, and the shipping and receiving docks are the existing facilities 
P is assumed that no interaction exists between the new facilities 
XTo facilitate the discussion, some additional notation must be established. In 
Particular, suppose the warehouse is to include m items, the set of points m the 
lane winch item i takes up will be represented by and it will be assumed 
'• [.fiat S, has a known area, represented by A, It will further be assumed that for 
•Lny two items i and /, the sets S , and S } do not overlap Smce the sets S x , . , 
-Pm specify the locations of all m items, it will be convenient to speak of the 
rs-ollection (Si, . . , S m } as being a layout It will be assumed for any layout 
r ; ,hat each set S, is contained in a known region L, which might represent, for 
•^'x ample, the plot of ground on which the warehouse is to be placed The 
. collection of all layouts will be denoted by H m (L A) It will be assumed that 
, (i he warehouse will have n docks, at known locations P it ,P n Given any 
„ .ayout , , S m }, under an equal likelihood assumption, and letting \X - 

~ ’P, | represent the distance between X and P,, the average distance that item i 
travels to or from dock; may be represented by 





\X-P } \dX 


The cost of the travel of item i, to and from dock /, for a given time period, will 
be assumed to be directly proportional to the average distance, with w, ; being 
the nonnegative constant of proportionality, so that the total cost of movement 
of item i to and from dock ] for a given time period is given by 


vv 


»/ 



| X-P,\dX 


The total cost of movement of all items is then given by 

m n C 

F(Si, - ,S m ) = ZE w J (l/A,)\X-P,\dX ( 18 ) 

1=1 ;=1 J S , 

It will be assumed that the matrix W = (w tJ ) factors, the assumption is equiv- 

n 

alent to the assumption that w tJ = c,iv / , where c, = ]>^ w t; for i= \ , . . , m and 
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The factoring assumption is satisfied whenever the total number oi 
item i travelling in and out of storage from dock; per time penod (v 
obtained by multiplying the total number of pallets of item i travel 
out of storage per time penod (c,), by the fraction of all pallets trase 
out of storage from dock /(w,) 

Given the factoring assumption, (18) may be rewntten, on intercl 
order of summation and integration, as follows 


m r 

F(S U ,S m ) = £(cjA,) f(X)dX , 
1=1 J s t 

where 


m=t w j\ x ~ p i\ 

;= i 

In order to develop the conditions for an optimum layout, it is useful b 
to establish some notation Given any layout (Sj , . . ,S m }, the union of 5,, 

<7 

, S q , denoted by (J S t for q - 1 , 2, . . . , m, is defined to be the collectin'.! 1 

i=i 

? 

all pomts m at least one of the sets S, , . . , S q . In a warehousing con text, (JS 

!<! 

simply specifies the location of all the items 1 through q, and will have an are 
of B q , where B q is defined by B q = A : + • • • +A q , for q - 1, . . ,m Fin)" 

2 

illustrates a layout (Sf, S*}, as well as the resultant design (J S*. 

t=i 

The following property states a sufficient condition for a least cost bve 
design 

Property 1 Let {5*, , S^} be a layout in H m (L 'A) Given that 

>c m /A m >0, 

then 


F(Sr, ,S* m )<F{S l ,. ,S m ), 

where {S u ,S m } is any other layoutmi/ m (L ,4), if {S’*,, 
followmg property there exist numbers < < k m such that, for o 


q 

f{X) < k q for every point X m Q S*, and 

<=i 

q 

f(X)>k q for every point X notin (J-Sf 

1=1 



,'ig 3 Multi-item, single dock (a) storage area layout and (b) warehouse design 


Based on Property 1, a warehouse design is obtained by plotting contour 
-lines of the total cost function (19) From the discussion of Section 2 2, the 
'docks are treated as existing facilities, and w ; denotes the “weight” between the 
j items to be stored in the warehouse and existmg facility / The contour line 
f corresponding to a cost of A j, and enclosing a region of B x = A it provides the 
=> storage area used for the storage of item 1 , the contour line corresponding to a 
ii cost of k 2 , and enclosing a region of area B 2 = A\ + A 2 , provides the storage 
area used for the storage of items 1 and 2, etc The items to be stored are num- 
bered according to the ratio c[A, with the “fast moving” items tending to be 
‘'located nearer the docks Thus, when rectilinear item movement is used, con- 
tour lines are plotted using the procedure outlined in Section 2 1 
If the total cost of the optimum warehouse design is desired, it is useful to 
develop a single integral expression for least cost layouts To facilitate the 
development define the function q(k ) to be the area of the set {XEL /(. X) < 
A'}, under a weak assumption, q(k) is stnctly increasing and has an inverse func- 
tion, say r(t), such that q(r(B,)) = B, and r(g(A',)) = A, Finally, both the terms 
r(B 0 ) and k 0 will represent the minimum value of the function f(X) 


Property 2 Suppose there exist numbers Ao <A'i < < k m such that {Sf, 

, S * n } is a layout in H,„(L A), where 


ST = {X(EL. a-,., < f(X) < A',}, 1=1, 
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Then, for i = 1 , ,m,k t = and 


f m,)f(X)dX=(\/A,) q'(z)zdz 
J st Mb,- I) 




where q'(z) is the first denvative of q(z) with respect to z 
Property 2 provides a convenient means of computing the expected te 
traveled per unit time for item i Thus, the expected total cost of movementof 
all items can be given by 


F(Si, (cjA,) / q\z)zdz 

Mb,- i ) 




As an illustration of the use of Properties 1 and 2, consider the waiehotj. 
designs for a single item in Fig 4 Layout designs (a) and (b) suggest that tb 
single dock should be located in the middle of the warehouse in order to mini- 
mize expected distance traveled per unit time If travel is rectilineal, the 
diamond shaped layout is obtained; if travel is Euchdean a circular design a 
obtamed If the dock must be located along the periphery of the waiekw, 
designs (c) and (d) are obtamed for the cases of rectilinear and Euclidean trael, 
respectively If two docks are located as shown, travel is rectilinear, and w, = 
w 2 = the layout design obtamed is given by design (e) Also shown in Figure 
4 is the resulting expected total cost, F(S*), for each design 
This discussion of warehouse designs has, of necessity, been bnef, for adds 
tional discussion, mcludmg proofs of the properties presented in this section anu 
a treatment of rectangular warehouse designs, see Francis [1967a, 1967b] 

The contmuous formulation of facility layout and location problems intro- 
duced m this section can also be extended to include location problems in wMi 
the new facilities are idealized as pomts and the existing facilities are either 
pomts or areas (Wesolowsky and Love [1971b] ) 

In a sense, the contmuous warehouse design and layout problem treated in 
this section can be considered to be a special case of the more general problem 
of regional design The regional design problem can be defined as the deter 
mmation of optimal regions in the plane following some appropnate cntena. 
Thus, the regional design problem mvolves a partitioning of a given region into 
subregions Examples of regional design problems include the partitioning oh 
state mto congressional distncts, the partitioning of a county into school dis 
tncts, the division of a given region mto distncts of telephone subscnbers, tbs 
design of a source region for a busmess with several branch offices, the design 
of a parking lot based on the destinations of the people who park in the lot, an 
the design of a warehouse based on dock locations. For a discussion of regional 

design as it relates to facility layout and location, see Corley and Roberts 
[1972], 
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F{S‘) ~ c |(4/l +rfV' 7 — f/ 3 J /12A 


M 

Fig 4 Sample continuous warehouse layout designs 

5. DISCRETE FACILITY LAYOUT PROBLEMS 

Our previous discussion of a warehouse layout problem was based on a contin- 
uous solution space In this section we formulate the layout problem in a dis- 
crete solution space, and continue to assume that no interchange occurs between 
new facilities 

To facilitate the discussion of the discrete facility layout problem, we again 
consider a warehouse layout problem In particular, suppose that a region L, 
which might be that part of the floor of a warehouse where items can be stored, 
is subdivided into n grid squares of equal size, numbered in any convenient 
manner from 1 to n Suppose that m items arc to be stored in the warehouse, 
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and let the total number of grid squares which item i will take up bedenotedF 
A„ for example, if item 3 takes up 4 grid squares, then4 3 -4 Letthn -7 
house have p docks, the locations of which are known, and denote by i" 
appropriately determined distance between dock k and the center of gnd 
/ Denote by S, the collection of the numbers of gnd squares which are t a t,j r 
by item i , for example , if item i takes up 4 gnd squares, which have the 
12, 13, 29, and 30, then S , = {12, 13, 29, 30}. Given the assumption,^, 
given storage region for an item, that an item is equally likely to travel between 
dock k and any gnd square taken up by item /, the average distance item i 
travels between dock k and its storage region is given by 


Z 0 IA,)d kl ; 
jes, 


that is, the average distance is the sum of the distances between dock it and d 
the gnd squares taken up by item i divided by A, Finally, let w lk represent! 
known total cost per unit of average distance incurred in transporting item i 
between dock k and its storage region, for a given time penod Typically, n 
items are stored on pallets, for example, w tk would be directly proportional to 
the number of pallet loads of item / moving between dock k and the step 
region of item i, for some given time penod. Thus, 

X (UA,)d kt (B) 

;6S, 

is the total average cost of transporting item i between dock k and the storap 
region for item i The total average cost per time period due to transporting 
items to and from storage is given by 


nSu. E OMM; W 

1=1 fc= 1 [/SS, 

The warehouse layout problem consists of finding storage regions for each lien 
(given that no more than one item can take up any gnd square) which will mini- 
mize the total cost expression (24) 

In order to convert the layout problem into a generalized assignment proto, 
define the decision vanable x [} , as one if item /=!,.. . , m takes up gnd square 
/ = 1 . , n, and equals zero, otherwise It will be assumed, for the time being- 

that the total number of grid squares To be taken up by items is the same as the 

total number of gnd squares, that is, A, = n Since item i takes up a total of 

i=i 

A, gnd squares, it follows that 

n 

for i- 1, — ,m 

/=! 
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L-^nce each gnd square is also taken up by one item, it also follows that 

4, 

Z*v = 1 for ;= 1, . . ,n. 

Vj i=l 

,''hven the definition of the variables x l} , S t is the collection of all gnd squares; 
.'"or which x,j = 1, that is, S, = {/ x t/ = 1}, so the expression (23) is equivalent 
"o the expression 

•f; 

n 

W ik Z O/^i) dkjX,j, 

7=1 


ind the total cost expression (24) is equivalent to the expression 


m p 

Z Z w «* 

1=1 fc=l 


Z (M A i) d kjX t , I . 

7=1 




(25) 


J If the term c,, is defined by 


c„-(lfA,) £ w lk d kj , for i=l,. ,7?2 and ;=1,. 

fc=i 


,n, 


then the total cost expression (25) may be rewntten, on rearranging the order of 
summation, as 


m n 

Z Z c ‘i x ‘i' 

i=i t =i 

The generalized assignment problem version of the layout problem may now be 
stated 

m n 

Minimize c t ,x tJ 

i=i ]=i 

subject to 


n 


Z*<7 

7=1 


~ A i ,i~ 1> 


, m 


m 


Y,x„ = 1,7 = 1, ..,71 
1=1 

X |; E{0, 1), 7=1,..., 771 


/ 1 , . . . , 


71. 
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In some cases, the number of items and number of grid squares will 
generalized assignment problem too large to solve efficiently, using exist * 
computer codes Fortunately, an assumption, which is realistic m many 
can be made which permits a least cost layout to be found by a procedu'e 
simpler than the generalized assignment approach Specifically, as m Section^ 
it is assumed that w tk can be factored such that w lk - c,w k fori = l, J 
k= 1, ,p 

Given the factoring assumption, F(S, , . , S m ) can be rewritten, on rearm,; 
mg the order of summation, as follows' 

m 

F(Sy, . ,S m )=£(cjA,) £ /„ 

1=1 ;6 s , 

where 




K=l 


for ;=1, 


,n 


Letting the items be numbered such that 


c iMi ^ c m /A m , 

the problem of interest is to find a layout {. S *, such that F{S* U , 

Sm)^F(S i, , *S,„), where {S,, , S m } is any other layout 

The procedure for finding a least cost layout may now be stated For;= 1, 
, n, compute 


w k^kj> 

k = i 


and let /i,/ 2 , • ,] n be a permutation of 1, 2, ,n, such that jji </p ** 

A least cost layout {S*, , S * n } in H m {L A) is then given, on 

defining.6, = for i = 1, , m , by 

/i=i 


./Bj) 

= ■ >7b 2 ) 

A justification of the solution procedure is given by Francis and White [1974] 
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DISCRETE facilities location problems 

l 3 ^n Section 2, facilities location problems were treated as contmuous space prob- 
[ /ems Discrete counterparts of those problems are considered in this section 
,^>ince interchanges are allowed between pairs of facilities, the resulting discrete 
1 ' ocation problem is commonly referred to as a quadratic assignment location 
,, aroblem, due to the fact that it can be formulated (although we shall not do so) 
" 'is an assignment problem with a quadratic objective function 

We find it instructive to let a(j ) denote the number of the site to which facility 
! is assigned, and let a be the assignment vector 

^ a = (a(l),a(2), ,a(n)), 

where there are n new facilities to be located and n sites (If the number of sites 
exceeds the number of new facilities, then an appropriate number of “dummy” 
facilities are defined) As an illustration, the assignment vector, a = (4, 1,2, 3), 
indicates facility 1 is assigned to site 4, facility 2 is assigned to site 1 , facility 3 
is assigned to site 2, and facility 4 is assigned to site 3 
Given an assignment of facilities to sites, the next step is to compute a total 
cost for the assignment For all integer values of g and h between 1 and n, let 
d(g, h ) denote an appropriately determined distance between sites g and h As a 
subsequent notational convenience, it will be useful to assume that d(g,h) = 
, d(h, g) for all g and h Suppose, finally, that v jk is a constant of proportionality 
converting the distance between new facilities / and k, for all j <k, into a cost, 
. so that if facihty / is at site a(f) and facility k is at site a(k) the total cost for 
new facihties / and k is v jk d(a(f), a(k)) Let the distance between existmg 
facUity i and site h be given by c(i, h), with w Jt the constant of proportionality 
converting into a cost the distance between existing facUity i and new facihty /, 
so that if new facUity / is located at site a(j), the total cost for facilities i and / is 
w, t c(a(j), i ) The total cost for an assignment of facilities to sites is then as 
follows 


n m 

TC{ a) = X v Jk d(a{j), a(k)) + £ £ w„c(aU), 0 (26) 

1 </ < A. < n /= 1 i=l 

Thus, the quadratic assignment location problem involves the determination of 
an assignment vector, a, such that (26) is minimized 
If there exist costs wluch are not proportional to distance, they can be added 
to (26) to obtain 

rc(a)= X [Vjkd(a(j),a(k)) + p(a(j),a(k))] 

1 <j<k<n 


n m n 

+ LZ w /.c( ff 0)-0 + £?(o0)). (27) 

,=l 1=1 7=1 
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where p(a(j ), a(k)) is the non-distance related cost of locating new fac3n 
and k at sites a(j) and a(k), respectively, and q(a(j)) is the non-distance re£ 
cost of assigning new facility j to site a(j) To simplify the subsequent 
sion, our concern will be with (26), rather than (27) However, the present 
can be extended to (27). 

Procedures which have been developed to attempt to find least cost solute 
to (26) are of two types exact and heuristic Exact procedures do in fact fes 
least total cost assignments With the exception of total enumeration, all of 
exact procedures of interest developed thus far are branch and bound, or lmphcit 
enumeration, procedures Branch and bound procedures, to date, hate not 
proved to be generally computationally satisfactory; it has been estimated that 
they are unable to solve problems when n is greater than fifteen One eat 
solution procedure, total enumeration, may be ruled out immediately, since it 
requires the explicit consideration of all n ! assignments For these reasons, 
heunstic solution procedures have received considerable attention For the 
problem being considered, a heuristic procedure may be characterized as one 
which has intuitive appeal and seems reasonable, such a procedure might b 
called a “common sense” procedure. A number of heunstic procedures hate 
been developed for solving the problem bemg considered, and several will be 
discussed in the sequel 

One of the most successful heunstic procedures developed to obtain solutions 
to the quadratic assignment problem may be considered to be a steepest decent, 
pairwise interchange procedure (Armour and Buffa [1963]) This procedure, 
referred to more commonly as the CRAFT (Computerized Relative Allocation 
of Facilities Technique) procedure, begins with an initial assignment vector, a, 
and considers the change in cost produced by interchanging pairs of facility 
locations From among all pairs of interchanges the one which produces the 
greatest cost reduction is chosen and the associated interchange is made, yield 
ing a new assignment vector, a'. Given a new assignment vector, the procedure 
is repeated to obtain a second improved assignment, a", where 

TC(a) > TC(a') > TC(a") ( 28 ) 

The process continues until no pairwise interchange will yield a cost reduction 
The final assignment generated by the procedure is specified as the solution to 
the quadratic assignment problem 

A number of other heuristic procedures have been developed to solve the 
quadratic assignment problem For a comparison of several of the available 
heunstic procedures, see Hilher and Conners [1966] , Hanan and Kuitzbeig 
[1972], and Nugent et al [1968] 

The heunstic procedures we have considered are improvement procedures 
since an initial assignment is required and subsequent iterations yield improve 
solutions An alternate approach which has been used is to develop a construe 
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; 

C> 

% ujn procedure in which a final solution is obtained by constructing a complete 
t; Jsignment Construction procedures begin with a null vector and assign one of 
litue facilities to one of the location sites. Next, another facility is chosen and it 
' assigned to one of the remaining sites. The process contmues until all facilities 
ave been assigned to sites For a discussion of construction procedures, see 
v'^anan and Kurtzberg [1972] . 

v' A number of branch and bound approaches have been developed to obtain 
^'"xact solutions to the quadratic assignment problem. Among these are the 
procedures due to Gavett and Plyter [1966], Gilmore [1962], and Lawler 
P 1963] . A discussion of a branch and bound procedure based on the works of 
: 'Gilmore and Lawler is presented by Francis and White [1974] For extensive 
/-‘e views of solution procedures for quadratic assignment problems, see Hanan 
"und Kurtzberg [1972] and Pierce and Crowston [1971] . 

C* 

J 7. DISCRETE LOCATION-ALLOCATION PROBLEMS 

jjn Section 3 a continuous space formulation of the location-allocation problem 
Jwas considered In this section, a discrete space formulation is presented for the 
, location-allocation problem The discrete space problem is more commonly 
' referred to as the plant location problem and the warehouse location problem, 
due to the context within which the problem occurs. 

‘ 7.1 Plant Location Problems 2 

I 

L The plant location problem typically involves a determination of the number, 
. location, and sizes of plants (warehouses) required to supply products to cus- 
! tomers. The locations of a finite number of potential plant sites and customers 
. are assumed to be known. 

Baknski [1964] was among the first to formulate the discrete plant location 
problem as a mixed mteger programming (MIP) problem To facilitate the 
presentation of the MIP formulation, let m be the number of customers, n be 
the number of possible plant sites, y,j represent the fraction or portion of the 
demand of customer i which is satisfied by a plant located at site /, i = 1, . . , 
m,] = 1, . ,n,c,j denote the cost of supplymg the entire demand of customer 

1 from a plant located at site j; and f } be the fixed cost resulting from locatmg a 
plant at site / The decision variable, x p equals one if a plant is located at site /, 
and equals zero, otherwise 

Based on the above notation, the following discrete plant location problem, 
called the simple plant location problem, is formulated 

m n n 

PO. Minimize z = £ Z Wv + X//*/ (29) 

/=1 y=l 1=1 

2 

The authors wish to acknowledge the contributions of Leon F. McGinnis to this section 
For a review of plant location research results, see McGinnis [1977] 
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m 

subject to X f=l, ,n , 

1=1 

n 

y=i 

for all i,/ 
x ; = (0, 1) for all/ 

n 

The objective function (29) gives the cost when X plants are to beloa'cd 

/=i 

at those sites corresponding to positive valued x } Constraints (30) indicated 
total fraction of customer demand supplied by a plant at site / either equi 
zero when Xj equals zero, or cannot exceed the number of customers nhenx. 
equals one By (3 1) all demands for customer i must be met by some cerate, 
tion of plants Typically, the c, , are transportation costs If there were n 
fixed costs, the optimum solution to the problem would be to build a plant a: 
every site On the other hand, if there were no transportation costs, the optimum 
solution to the problem would be to build one plant at the site with the smtet 
fixed cost Thus, we see that m the general problem a balance must be achiev’d 
between transportation costs and fixed costs 
More generally, models of the plant location problem define y, t as the amour,! 
of the demand of customer i which is satisfied by a plant located at site; Addi 
tionally, constraints are often placed on the capacity of a plant at site/ Inco; 
porating these features in P0 gives the capacitated plant location problem , PI 

m n n / m \ 

PI Minimize z = £ £ c„ + X & Z ->’y 
1=1 ;=1 ;=1 \ 1=1 / 


m 

subject to X) y t ] ~ QjX,<0 
1 = 1 


X>„ = 4 

/= i 

y„> o, x } = (o, i), 

where 

Q, = capacity of a facility at site j, 
c ‘j ~ cos t of transporting a demanded unit from j to i 
g,( ) = cost function for the proposed facility at site /, which may include a 
fixed cost 
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t 

y tJ = amount supplied to customer / from site j 
d t = amount to be supplied to customer t 

’ Variations of PI include the consideration of nonlinear forms of g } ( ), as well 
as nonlinear distribution costs Also, additional constraints may be added to PI 
to restrict the configuration of plants Configuration constraints, for example, 
might be included to prevent the location of a plant at site ; if a plant is located 
at, say, site k For a consideration of a number of these variations, see Ellwein 
and Gray [1971], Sa [1969], Spielberg [1969a, 1969b], Soland [1971], and 
Elshafei [1974a, 1974b] , among others 
' PI can be expressed in matrix notation as follows 

P2 Minimize fx + CY 

subject to A t x + A 2 Y = b 
, Y>0 

: xGX 

x, = (0, 1), 

: where X is the set of feasible combinations of plant sites defined by any configu- 
. ration constraints, A t and A 2 are appropriately defined matrices and b is a col- 
umn vector 

P2 is a mixed integer linear programming problem (MILP) whose integer vari- 
ables are restricted to the values 0 and 1. Procedures proposed for solving P2 
can be classified as “enumeration methods ” to include “ relaxation algorithms ” 
and “partitioning algorithms ” Both algorithmic approaches are characterized 
by a tree diagram representing a systematic search for the optimal binary vari- 
ables, x / 

For P2 each node of the search tree corresponds umquely to a partition of the 
indices of the binary variables 

(l) K 0 = {j x, is set equal to 0} 

(u) Ki = {] x, is set equal to 1} 

(m) K 2 = {/ Xj is not assigned a value} 

Any x L for kE:K 2 is called a free variable There are, at most, two branches 
emanatmg from any node, v, m the tree. The two successor nodes correspond to 
choosmg a free variable, x k , at v, and forming two new partitions by alternately 
requiring that k^K 0 and k&K^ , and is referred to as branching on x k . 

It will be convenient to let RP denote P2 with the integer restnctions relaxed 
Thus, RP is the LP problem formed by removing the binary restnction on Xj 
m P2 If all the free variables m the LP optimal solution are mteger, then a 
feasible solution has been ob tamed to P2, otherwise, some noninteger x k is 
chosen for branching 
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Mm 

subject to 

j' fx + max u(b - Ajx) 

xGX 

uA 2 < C 

x, = 0, 1 

s- u> 0 


1 To motivate the procedure to be used in solving P2, suppose, for a given value 
of x, that DSP is unbounded Consequently, there exists a dual extreme pomt, 
i; u f , and a dual direction vector u r , such that 

(u* + 0u r )A 2 <C and (u r + 0u r ) (b - Ajx) -* 00 as 0 -+°° 

; This imphes that 

*' u r (b-Aix)>0 

«. If DSP is unbounded for some x, then SP is infeasible Consequently, x must 
satisfy 

u r (b - ^4 ! x) < 0 Vr E/?, 

where R is the mdex set of directions of extreme rays of uA 2 < C 
Let T be the index set of all extreme points of uA 2 < C Then we can re- 
wnte BP1 as 


BIP Minimize x 0 

subject to x 0 3 s fx + u*(b - A t x) fGT (32) 

0> u r (b-A,x) r<ER (33) 

x£X 

Xj = 0, 1 V/ 

BIP is a MILP with one contmuous variable, x 0 . In solvmg BIP, the sets T and R 
are initially empty, i e., the extreme rays and extreme points of DSP have not 
yet been identified Some x is chosen and DSP is solved, generatmg either an 
extreme point or an extreme ray The corresponding constraint, either (32) or 
(33), is appended to BIP and the problem is resolved, using any MILP technique, 
to obtain a new x 

The solution procedure iterates between BIP and DSP until some x is obtained 
which satisfies 


x 0 - fx = max u(b - AiX) 

subject to uA 2 < C 

u>0 
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Fimteness of the procedure is assured since there are only a finite number of 
extreme points and extreme rays For additional discussion of the iterative 
solution technique, see Garfinkel and Nemhauser [1972] 

Returning to a consideration of relaxation algorithms, recall from PI and P2 
at node v in the search tree, RP can be written as 

RP 1 ' mm £ 2>i/Py + Z f, + E fj x i 

/GAT, UA', t /GAT, y£Aj 

subject to E Piy = di 
;6A, U K 2 

Ey,r Qj x j <0 ’ j ek 2 

i 

Ey„<Q,, 

i 

Piy>0 

o<x ; <i, ye/: 2 

xex 

If there are configuration constraints (side conditions), then RP" must be solved 
directly as an LP problem However, if there are no side conditions the optimal 
solution will have 

'Ey,,- Q,x, = 0, j<EK 2 . 

I 

Thus, on solving forx ; in terms ofy (/ , we obtain 

such that 0 < x ; < 1 Substituting for x,- in RP" yields a formulation involving 
y,j alone; 

RPi" mm E E c „y„ + E E (c„ + f ±\y„ +E f, 

/e/r, i ysx : 3 i \ j ,^k 1 

subject to E = d n t= 1, ,m 

;6A, UA, 

Ey,,^Qp }€K 1 'jk 2 

i 

y,,> o, f=i, ,m 

Sa [1969] and Davis and Ray [1969] solved RP1" as a transportation problem 
If the plant location problem has no side conditions, and is uncapacitated such 
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that P2 reduces to PO, it is convenient to redefine and c, ; by lettingy^ repre- 
sent the fraction of the demand for customer i, satisfied by a plant at site j, 

and letting c[, become the cost of supplying the entire demand of customer i 

m 

from a plant located at site / Thus, \i y' t , = y tI /d„ c' tl = c tI d t , and Qj~Y^ d t , 

/= 1 

then RP1 1 ' reduces to 

RP2“ mm £ + Z Z + „U 

jeK l 1=1 /ejt, »=i ' 

subject to ^ y' t/ = 1, V? 

U K 2 

y'„> o, Vi, jsk, uk 2 

Definmg a new term g, such that 

_ f0, if jEKi 
8 ’ if )SK 2 , 

then an optimum solution to Ri^ is obtamed by mspection For each i, 
choose /* such that 

mc' tJ * + S>* = mui ( mc 'i / + £/)> 

and let 


ji, 

(0, otherwise 


Optimum values of x, are obtained from the relation 


1 m 


Efroymson and Ray [1966] first employed the above procedure m a branch 
and bound algorithm to solve PO Khumawala [1972, 1973] subsequently de- 
veloped a variety of node selection rules and branching rules which produced 
computational efficiencies in solvmg PO. 

In using partitioning algorithms to solve P2, notice that the specification of a 
complete design, say x^ k \ such that K 2 , the set of free binary vanables, is 
empty, reduces SP to 


SP(fc) mm £ £ Cl] y tI 

/e/c, i=i 

subject to £ y>i = d i> 

j(EK t 


, m 


2 = 1 , 
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m 

1=1 

y,,> 0, /6£i, 1 = 1, ,m 

Notice that the constraints of SP (A) are the same as those for RPl y when 
K 2 is empty, and that there are no side conditions Thus, the comments relating 
to RPI" and its descendants apply as well to SP (k) 

Spielberg [1969a, 1969b] presents an implicit enumeration algorithm for the 
uncapacitated problem with side conditions, which he indicates can accom- 
modate the capacitated problem Ellwein and Gray [1971] and Elshafei [1973] 
present algorithms for the uncapacitated problem with configuration constraints, 
and Bulfin and Unger [1973] provide an algorithm for the capacitated problem 
without configuration constraints 

7.2 Set of Covering Location Problems 

A location problem which is related to the plant location problem is the set 
covering location problem. In a facility location context, the problem of deter- 
mining the number and location of, say, warehouses such that a warehouse is 
within 100 miles of each customer, can be formulated as a set covering problem 
In addition to the location of plants and warehouses, a number of other facility 
location problems can be formulated as covering problems. As an illustration, 
one can formulate as a covering problem the problem of determining the num- 
ber and location of community colleges within a state, such that a student will 
be within a one hour dnve of a college. Additionally, the problem of locating 
fire stations within, say, five minutes driving time from all points in a city can 
be formulated as a covering problem 
The set covering problem can be formulated as follows 

n 

P3 Minimize z - ]jT c } x, 

1=1 


n 

subject to £ a v Xj > 1 , i = 1 , • • ,m 
/=i 

x / = (0,l),j = l > * • ,n. 

The a tJ values in P3 are referred to as covering coefficients, and take on the value 
of one if customer i is covered by site / , otherwise, a tJ equals zero Likewise, x ; 
is set equal to one if a facility is assigned to site / and to zero, otherwise. By the 
constraint in P3 it is required that each of the m customers be covered by at 
least one of the n facilities The objective, then, is to cover the customers at 
minimum cost, where c } is the cost of assigning a facility to site /. 
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As an illustration of the meaning of the term “cover,” consider the customers 
to be residences in a commumty, the facilities to be fire stations, and let resi- 
dence i be covered if there is a fire station located within a five minute dnve of 
the residence. As another example, let the facilities be plants, and let customer 
i be covered or served by a plant if it is assigned to either sites 1, 2, or 3 Thus, 
a a = a l2 =a t3 =1 and all other a,k are zero for k =£ 1 , 2, 3 

Since P3 is also an integer LP problem, any appropriate integer programming 
solution procedure can be used to solve P3 However, due to the special struc- 
ture of P3, a number of algorithms have been developed especially for covering 
problems Generally speaking, there are four broad approaches reported in the 
literature for solving covering problems, implicit enumeration procedures, cut- 
ting plane methods, reduction techniques, and heuristic methods For a general 
review of the covering problem and its apphcations, see Garfinkel and Nem- 
hauser [1972]. 

A common facilities location application of a set covering problem involves the 
determination of the minimum number of facilities required to cover a set of 
customers In such a situation, P3 reduces to what is called the total cover prob- 
lem, P4, by letting all c, equal one in P3 Toregas, et al [1971] demonstrates 
that a number of emergency service facility location problems can be formulated 
as total cover problems 

A zero-one programming problem, which is related to the total cover problem , 
is the partial cover problem. The total cover problem involves a determination 
of the minimum number and locations of facilities such that all customers are 
covered, the partial cover problem involves the determination of the location 
of a given number of facilities such that the maximum number of customers 
is covered In a number of practical situations, it is not possible to provide 
the number of facilities required to totally cover all customers, rather, the 
number of facilities available for location is only sufficient to partially cover the 
set of customers For such situations, a partial cover formulation is appropriate. 

Mathematically, the partial cover problem can be formulated, as follows. 

~ m 

P5 Maximize Z = V max a tJ x, 

/=l l<J<n 

n 

subject to ^,Xj<K 

Xj ~ (0, 1), / 1 1 *ri, 

where K is the maximum number of facilities available for assignment to sites, a i; 
and x, are as defined for P3. 

As indicated by the term max a tJ x } , m the objective function of P5, if a par- 

j 
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ticular customer is covered by more than one of the facilities which have been 
assigned to sites, only the maximum a l} value is included in the computation of 
Z. The constraint m P5 indicates that, at most, K facilities are to be assigned to 
sites Notice if Z equals m, the number of customers, then K is sufficiently 
large to totally cover the set of customers Thus, the total cover problem (P4) 
can be solved by solving the partial cover problem (P5) for various values of if, 
the solution to P5 (involving the smallest value of if), which results in Z equaling 
m, will be an optimum solution to P4 However, one would not normally solve 
P4 m this way, smce more direct (and efficient) solution procedures are available 
P5 has received very little attention in the location literature. However, a 
more general formulation of a minimization version of P5 has been studied ex- 
tensively Thus, P5 can be solved by using procedures appropnate for the more 
general formulation By generalizing the definition of a t] , the following formula- 
tion, defined as the generalized partial cover problem, is obtained 

^ m 

P6 Minimize Z = V mm a„ 

£?>««<*) 


n 

subject to ^x ; <if 
i-t 

^ = (0, 1), ; = 1, ,n, 

where 0(x) is the set of indices of sites which are assigned facilities, thus, 6(x) 
-{] Xj - 1} Letting a, be the customer population at commumty i, and d t; be 
the distance between commumty i and site /, then in P6 a tJ equals a, d tJ . Thus, 
the objective is to locate at most K facilities, such that the total distance traveled 
between communities and facilities is minimized The term, mm a„, mdicates 

jeS(x) 

that if a commumty can be served by more than one assigned facility, the com- 
munity will be served by the closest facility (Note 9(x) must be non-empty ) 
Due to the physical contexts in which P6 has been applied, it is referred to in 
the literature as the central facilities location problem (Revelle and Swain 
[1970]), the p-median problem (Hakimi [1965]), and a warehouse location 
problem (Shannon and Igniao [1970]) To complete the correspondence be- 
tween P6 and the central facilities location problem, in P6 each commumty is 
designated as a potential site for a facility, thus, n is set equal to m 
Exact solutions to P6 have been obtained using dynamic programming, branch 
and bound, and a dual procedure However, the exact procedures are not felt to 
be computationally feasible for n> 20 and if > 10 Consequently, a number of 
heunstic procedures have been developed to solve P6 (Khumawala, [1974], 
Maranzana [1964] , Shannon and Igmzio [1970] , Teitz and Bart [1968]) 
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8 SUMMARY 

Due to the large body of research and applications literature dealing with the 
location and layout of facilities, it is not possible to provide an exhaustive treatise 
on the subject in a single chapter Consequently, we have endeavored to provide 
a taxonomy of the subject, as well as formulations of a variety of facilities loca- 
tion and layout problems, in order to illustrate not only the wide vanety of 
applications which are possible, but also the role that OR has played in the study 
of the subject 

To date, the literature has emphasized the development of either new formula- 
tions of facilities location and layout problems, or new solution techniques for 
old formulations Relatively little has been published on the application of the 
formulations to real world problems. Yet, a number of successful applications 
have been made As appears to be the case with a number of the subject areas 
treated in other chapters of the handbook, many of those involved in solving 
real world facilities location and layout problems have not published accounts 
of their work. 

Many of the quantitative techniques presented in this chapter have been ap- 
plied m the location and/or layout of plants, warehouses, fire stations, hospitals, 
branch banks, post offices, production machines, and storerooms— to mention 
but a few. For a more detailed treatment of the subject, as well as the presenta- 
tion of a number of example problems illustrating the vanety of applications, see 
Francis and White [1974] 

In summary, significant progress has occurred in the past decade in the formu- 
lation of analytical models of facilities location and layout problems, as well as 
in the development of efficient solution procedures for many of these models 
In the future, it is anticipated that the current widespread, interdisciplinary 
interest in the subject will manifest itself m the apphcation of the models to a 
greater number and vanety of real world problems 
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1 . INTRODUCTION 

The words “scheduling” and “sequencing,” in the context of OR applications, 
have come to be associated with a wide range of quantitative problems Gener- 
lcally speaking, sequencing refers to the mere ordering of a collection of jobs or 
tasks to be performed, whereas scheduling is concerned with the assignment of 
pomts or times for each job or task that stipulate when it is to be performed 
In a totally deterministic environment, scheduling and sequencmg are often 
referred to interchangeably, simply because when all the problem charactenstics 
are known a pnon, and jobs are started as soon as possible, a sequence determines 
a schedule and vice versa In cases where uncertainty exists with respect to 
problem characteristics (e g , the time required to complete a job), a scheduling 
methodology necessarily implies only a means for sequencmg or ranking jobs, 
inasmuch as a “schedule” cannot be ascertained 
Despite the distinction just drawn, it is common in actual applications of the 
subject matter of this chapter to make reference to a “scheduling” problem 
that is rightfully a “sequencmg” problem only Likewise, there is a tendency to 
identify some of the more generalized methodology in this area as “scheduling” 
theory when it properly Contains “sequencmg” theory Accordingly, the liter- 
ature (including this chapter) will often be characterized by this mconsistency of 
terminology Nevertheless, an understandmg of the simple, yet fundamental, 
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differences between scheduling and sequencing, as noted above, is sufficient to 
compensate for this fact 

In the next section, a taxonomy of the scheduling problems addressed in this 
chapter is developed Clearly, it has not been possible to include all scheduling- 
related problems in such a scheme In fact, some specialized application areas, 
such as project schedulmg, have been treated separately in another chapter of 
this Handbook, because of the extensive work that has been done in these areas 
The material m this chapter does, however, represent the bulk of what is generally 
referred to as scheduling (and sequencing) theory, and it provides the foundation 
on which to proceed with an organized presentation of the vast research that 
has been done in this area. 

The remainder of the chapter will consist of a discussion of the scheduling and 
sequencmg models that have been developed thus far within the framework of 
the taxonomy. Generalized methodologies, which, it is hoped, will provide some 
guidance to the practitioner in treating any specialized scheduling problems, are 
also presented 


2. A CLASSIFICATION OF SCHEDULING PROBLEMS 

It has been difficult to develop a standard classification scheme or taxonomy of 
schedulmg problems, mostly because of the diversity of schedulmg applications 
What is needed is not only a logical framework m which to categorize the bulk 
of applications, but also a vocabulary that can somehow be used to describe the 
basic characteristics of each application 


2.1 The Job-Shop Process 

A major contribution to the classification of schedulmg problems is the concept 
of the job-shop, the setting for much of the research expended thus far in the 
area of scheduling theory In fact, many of the schedulmg problems for which 
solution techniques have been developed are special cases of the ubiquitous job- 
shop scheduling problem The basis for the commonality of these schedulmg 
problems is the job-shop process, a concept that embodies the elementary (and 
often idealistic) assumptions usually associated with applied scheduling problems, 
and that is a good foundation upon which a classification scheme or taxonomy 
of schedulmg problems can be devised 

One of the more thorough efforts to isolate the concept of the job-shop pro- 
cess appears m the pioneering textbook Theory of Scheduling by Conway et al 
[1967] . The material to be subsequently introduced is adopted from this work. 
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The basic unit of the job-shop process is the operation In fact, a j'ob is consid- 
ered to be some finite collection of operations Each operation associated with a 
job must be “processed” on a specific machine for a specific duration of time (the 
processmg time) unique to the job and machine 

A job-shop is the set of all machines that are identified with a given set of jobs 
or, equivalently, a set of operations A job-shop process is the machine, jobs, 
operations, and a statement of the disciplines or physical constraints that Testnct 
the manner m which an operation can be assigned to the corresponding machine 

The generalized job-shop scheduling problem consists of finding an ordering of 
the operations to be performed on each machine in a job-shop subject to the job- 
shop process specifications (as well as any other constraints), and such that some 
measurable function of that ordering is optimized (viz , minimized or maximized) 
Typically, these constraining specifications include the following at a minimum 

(1) Each machine is continuously available, 1 e , there is no inherent provision 
for shutdown or breakdown time 

(2) Operation sequences are strictly ordered, l e , for a given operation andjob, 
there is at most one other operation that immediately precedes it, and at 
most one operation that immediately succeeds it 

(3) Each operation can be performed by only one type of machme in the job- 
shop 

(4) There is only one of each type of machine m the job-shop 

(5) Operation preemption is not allowed, i e , once an operation is started on 
a machme, it must be completed before a different operation can begin on 
that machme 

(6) A job can be in process on at most one machine at any given time 

(7) A machme can be processing at most one operation at any given time 

Each of the above assumptions is often violated in practice, consequently, much 
of the analytical results m schedulmg theory reflect idealized situations 

In addition to the above, the specification of the job-shop process includes 

• Any additional job/operation characteristics (e g , how many jobs, how the 
jobs amve to be processed) 

• Any additional machme characteristics (e g , how many machines) 

• Any additional restrictions on the ordering of operations on machines 

• The criterion by which the resultmg schedule will be evaluated 

In the next section, the scheduling problems and their solution techniques to be 
presented m this chapter will be classified according to these four specification 
areas In addition, it will be convenient to assume that the seven specific process 
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constraints (sometimes said to describe the “simple” job-shop process) delineated 
above are binding in all cases unless stated otherwise 
One final comment on the generality of the job-shop process itself is warranted 
Because of the nomenclature used (viz , “job,” “machine,” etc ), it is natural 
for one to associate the problem with activities such as production orders in a 
manufacturing facility or repair orders in a servicing center Clearly, however, 
the problem description does not necessarily restrict itself to such environments 
For example, without loss of continuity, the task of scheduling in a criminal 
justice system could be a form of the general job-shop scheduling problem In 
this case, the jobs could be criminal suspects, the operations could be incar- 
ceration, trial, bonding, probation, etc , and the machmes could be jails or 
prisons, courts or judges, bondsmen, probation boards, etc 


2 2 A Classification Scheme 

Given the simple job-shop process, the first major distinction that can be drawn 
between different scheduling problems is the fundamental concept of determin- 
istic versus probabilistic shop characteristics A deterministic scheduling problem 
will be one m which all job characteristics (number of jobs, their availability 
times, their processing times on machmes, routings, etc ) and all shop character- 
istics (number of machmes, their availability, etc ) are fixed and known in advance 
A probabilistic scheduling problem will be one in which any of those character- 
istics vary stochastically 

Within the deterministic and probabilistic problem groupmgs, the single machine 
case will be treated separately Subsequently, the multiple-machine case will be 
further divided into three categories 

(1) The cases in which all jobs require only one operation, which can be 
performed by any machine m the shop (essentially the single-stage paral- 
lel machine cases) 

(2) The cases in which all jobs mvolve the same operations, and the sequence 
of the operations is fixed for all jobs (commonly referred to as the multi- 
stage flow-shop ) 

(3) All other cases (these will be referred to as hybrid job-shops ) 

The final subdivision of scheduling problems is, of course, by the schedule 
evaluation criterion used Some of the more common criteria are discussed m 
the next section Others will be either self-explanatory or described as they are 
introduced 

In subsequent sections of the chapter, this entire classification scheme will 
serve as a framework for presentmg the various techniques available for solving 
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common scheduling and sequencmg problems A diagram of this scheme (in- 
cluding some sub-classifications) is given in Figure 1 


3 COMMON SCHEDULE EVALUATION CRITERIA 

The most critical factor m any scheduling problem— even more critical than the 
process constramts-is the schedule evaluation criterion In almost any scheduling 
environment, it is more likely that schedules are feasible with respect to process 
constraints than that they are efficient with respect to stated schedule catena 
Furthermore, the feasibility of a schedule is generally more exphcit than its 
efficiency 



Fig. 1. A classification scheme for scheduling problems 
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Schedule catena are normally expressed in terms of job-related or shop- 
related variables whose values are determined by a particular schedule or sched- 
uling discipline The job-related variables include 

• Completion-time— the time at which processing of the last operation of the 
job is completed 

• Flow-time— the total time that the job spends in the shop 

• Waiting-time— that portion of the flow-time that the job spends waiting 
for operations to be performed 

• Lateness— the difference between the completion-tune of a job and some 
pre-specified due date associated with that job 

• Tardiness— equivalent to lateness when lateness is positive, otherwise equal 
to zero 

Typically, shop-related variables that affect schedule evaluation are restncted 
to 

• Utilization— the ratio of time spent by a machine processing a job to the 
total time available (the latter is usually equated to maximum job flow- 
tune) 

• Work-in-process— generally, the amount of “work” that has not yet com- 
pleted processing, could be measured a variety of ways, including the num- 
ber of jobs in the shop and the total processing tune represented by the jobs 
m the shop 

Schedule evaluation catena invariably involve one or more of the above vari- 
ables, the specific objective being to minimize or maximize the mean, total, 
maximum, or minimum value achieved by the schedule The most common 
cnterion is minimization of the maximum flow -time, which is sometimes termed 
minimization of “makespan ” Another popular cnterion is minimization of 
total tardiness, since most real-world scheduling problems involve jobs that are 
characterized by due dates and tardiness penalties 

In some cases, the ovemdmg consideration is cost, 1 e , the objective is to mini- 
mize some cost incurred by the schedule Often these cntena are merely extrap- 
olated from the variables already mentioned, by assigning some fixed unit cost 
to the value of the variable, m other situations, the relationship may not be linear 
but still a function of one or more of these variables In any event, rarely is a 
cost minimization criterion effectively different from a minimization or maxi- 
mization of some function of said variables Common examples of this are mini- 
mization of work-in-process, maximization of utilization, and minimization of 
total tardiness cntena, all of which have direct proportional costs readily associ- 
ated with them 

One final point about schedule evaluation concerns equivalences of cntena 
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It is easy to show that 

• The mean flow-time is directly proportional to the mean work-in-process 
inventory (as measured by the number of jobs) 

• The mean flow-time differs from the mean lateness and the mean waiting- 
time by a constant 

• A scheduling procedure that is relatively good with respect to either the 
mean total processing time per job, mean availability time (due date less 
arrival date, the latter being zero m the static case), the number of machines 
m the shop, or the mean utilization of the machines m the shop is compa- 
rably good with respect to each of the others 

® A scheduling procedure that minimizes mean flow-time also minimizes 
mean lateness, mean waiting-time, and the mean work-in-process inventory 
(as measured by the number of jobs) 

Along these lines, Elmaghraby [1968] has well demonstrated the relation- 
ships between some common inventory considerations and other schedule 
cntena 

Despite these results and others, such conclusions are not always immediately 
obvious For example, a schedule that minimizes mean flow-tune also minimizes 
mean lateness, but one that minimizes maximum flow-tune does not necessarily 
minimize maximum lateness One is cautioned to mvestigate potential cntena 
equivalences carefully 

4. DETERMINISTIC SCHEDULING MODELS 

The key feature of deterministic scheduling problems that uniquely sets them 
apart from probabilistic scheduling problems is the fixed nature of the problem 
characteristics This fact alone renders most deterministic scheduling problems 
as pure sequencmg problems In other words, under the conditions of the 
deterministic problem, it is sufficient to know only the startmg tune of the first 
operation of the first job and the sequence m which operations are performed on 
each machine If one assumes that each operation is started as soon as possible, 
a schedule can be determined. For this reason, deterministic scheduling problems 
are almost exclusively referred to m the literature as deterministic sequencmg 
problems 

In the sections that follow, an attempt is made to document some of the more 
significant results of the research performed in the area of deterministic sched- 
uling In most cases, it is not practical to reproduce any formal results, hence, 
only appropriate references will be cited 

The presentation will be made in terms of the classification scheme presented 
earlier All the restrictions of the simple job-shop process are assumed to hold 
unless exphcitly stated otherwise 
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4.1 The Single Machine Case 

The single-machine sequencmg problem seems, on the surface, to be too elemen- 
tary for any worthwhile analysis Yet, its study is meaningful from at least two 
points of view First, there exist several operational systems that can be mod- 
eled as a single-machine system These include, for example, certain segments of 
the process industries, paint manufacturing, and data processing Second, there 
is always the possibility of and, mdeed, precedent for the fact that a study of the 
simplest case may lead to solutions of more general, complex scheduling problems 
One of the more prevalent assumptions found in sequencmg research in general 
is the immediate availability of all the jobs to be scheduled In fact, it is rare 
not to find this constraint expressly stated along with some of the fundamental 
job-shop process constraints listed earlier One reason for this situation is the 
relationship the constraint has to the even more common preemption constraint 
of the simple job-shop processes. Along these lines, Conway etal [1967] point 
out that, m the single-machine case, different job-availabihty tunes require con- 
sideration of preemption or inserted idleness They conclude that no interesting 
results have been found for this situation with the exception that, if jobs that 
are preempted can be started from the point of interruption, the problem is 
essentially the same as one with simultaneous arrivals For these reasons, it will 
be assumed that all jobs are simultaneously available unless stated otherwise 
As one may expect, the solutions to some single-machine deterministic sequenc- 
mg problems are relatively straightforward In fact, in these cases, an optimal 
sequence of jobs is found by simply ordermg the jobs according to some set of 
values of a job-related variable Three of the more fundamental results in this 
category are 

• If the jobs are sequenced accordmg to their respective processing times 

arranged in non-decreasing order, the following measures are minimized 

1) Mean job flow-time, 

2) Mean job completion-time, 

3) Mean job waiting-time; 

4) Mean job lateness, 

5) Minimum job flow-time, 

6) Minimum job completion-time, 

7) Minimum job waiting-time, 

8) Mean work-in-process 

This discipline of sequencing is usually called the “shortest processing 

time” rule, abbreviated SPT 

• If the jobs are sequenced accordmg to their respective due dates arranged 

m non-decreasing order, the following measures are minimized 

1) Maximum job lateness, 

2) Maximum job tardiness 
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(5) Total cost of tardiness, where the cost of tardiness for a job is any non- 
decreasing linear function of the tardiness of thejob,McNaughton [1959] , 
Schild and Fredman [1961] , Elmaghraby [1968] 

(6) Number of “changeovers,” where jobs are production lots whose sizes are 
determined by a demand schedule and where a changeover is incurred 
when a new lot is initiated, Glassey [1968] 

(7) Total job deferral cost, where the deferral cost is any continuous, bounded, 
monotone non-decreasing function of the job completion-time , Lawler 
[1964] 

(8) Maximum job deferral cost, as defined m (7), Moore [1968] 

(9) Total cost of production and inventory, where jobs are production lots 
whose sizes are determined by a demand schedule , Magee [1958] , Rogers 
[1958], Ellon [1962], Bomberger [1966], Brown [1967], Madigan 
[1968], Dooley and Bemholtz [1969], Baker [1970] , Elmaghraby and 
Mallik [1973] , and Doll and Whybark [1973] 

(10) Number of late jobs, Moore [1968] 

(11) Total tardmess, Emmons [1970] , Shwimer [1972] 

(12) Total weighted tardmess and total weighted flow time, Gelders and 
Klemdorfer [1974] 

One final pomt should be noted Many of the single-machine sequencing prob- 
lems that have been discussed in this section explicitly represent research into 
the single-machine sequencing problem only In addition to this class of prob- 
lems, however, there are also the single-machine (degenerate) versions of both 
the single-stage parallel machine case and the multi-stage flow-shop Hence, 
any additional solution techniques introduced in subsequent sections for these 
other classes of scheduling problems should be considered a supplement to the 
findings presented above for the single-machine problem 

42 The Single-Stage Parallel Machine Case 

The generalization of the single-machine case that will first be considered is the 
case in which there is still only one operation per job, but there are multiple 
machines on which each of the jobs can be processed This obviously represents 
the elimination of constramt (4) m the list of constraints presented earlier to 
define the simple j'ob-shop process, although all other constraints and assump- 
tions hold As with the single-machine case results, it is assumed that all jobs are 
immediately available 

One of the more elementary results in this class of sequencing problems is 
provided by McNaughton [1959] , for the case in which the parallel machines 
are identical It mvolves a version of the simplistic SPT discipline presented 
earlier for the single-machine case If the number of machines, say m , is greater 
than the number of jobs, say n, assign the n jobs to any n machines Otherwise, 
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first sequence the jobs m order of non-decreasing processing times Next, assign 
the first m jobs in the sequence to the first m machines (assume the machines 
are arbitrarily numbered) Successive jobs in the sequence are assigned to the 
first available machine This rule will minimize 

(1) Mean flow-time, 

(2) Mean waiting-time, 

(3) Mean lateness, 

(4) Mean completion-time 

It is interesting to note that the rule does not necessarily minimize either the 
maximum flow-time or the mean work-in-process, as does SPT in the single- 
machine case 

A major catalyst in the sophistication of parallel machine scheduling was the 
paper by McNaughton referenced above He first considered the situation in 
which jobs could be “split” on any of m identical processors (the opposite of 
constraint (6) of the simple job-shop process), and provided guidelines for sched- 
uling to minimize the maximum flow-time Returning to the problem of mini- 
mization of the total cost of tardmess, he showed that optimal solutions may 
involve splitting, but that, when all due dates are zero, no splitting is required 
for optimality Of course, with all due dates equal to zero, tardmess is equiva- 
lent to completion-time Accordingly, the objective translates mto minimizing 
the total of linear costs of job completion-time Note that these were referred to 
as “deferral” costs m some of the single-machine results 

Pursuant to the work of McNaughton, several complex algorithms have been 
developed for parallel machine scheduling problems However, the criterion 
addressed by each has been consistently unchanged Although some contrib- 
utors have included additional considerations such as setup time/cost ( not 
sequence-dependent), the algorithms usually address minimization of some total 
job-related “loss function,” e g , deferral costs, that are functions of either 
tardiness or completion-times 

Eastman et al [1964] investigated lower bounds on the minimum total de- 
ferral costs of parallel machine scheduling problems and produced the following 
useful corollary to their findings Given m > 1 identical processors, the mini 
mum total deferral cost of a schedule of n jobs is lower on a single-machine oper- 
ating at m times the speed of any one of the original processors than on the m 
original processors Because of the definition of deferral costs, this conclusion 
also holds for total or mean completion-time, flow-time, and waiting-time (as 
suming immediate availability of all jobs) This result possibly offers some in 
sight into the emphasis that has been placed on minimization of total deferral 
costs m parallel machine problems 

Other research mto this class of scheduling problems that has resulted in 
solution algorithms, is summarized below according to the measure minimized, 
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as in the previous section 

(1) Total of deferral costs (not necessarily linear) where processing times are 
equal, Lawler [1964] 

(2) Total tardiness when all due dates are equal, Root [1965] 

(3) Total of deferral costs (not necessarily linear), setup costs, and machine 
operating costs, when machines are not necessarily identical with respect 
to job processing-time, Rothkopf [1966] 

(4) Total of deferral costs, setup costs, and machine operating costs, Arthanan 
and Ramamurthy [1970] 

(5) Total weighted flow time, Baker and Merten [1973] 

(6) Total of tardiness penalty costs, Elmaghraby [1969] 

(7) Total of tardiness penalty costs when all jobs are immediately available, 
due dates are equal to processing times, and tardiness penalty costs are 
linear, Elmaghraby and Park [1974] 

(8) Total of (linear) processing and waiting costs, Gupta and Walvakar [1970] . 

(9) Makespan when processmg times are equal, Hu [1961] 

(10) Makespan when processmg times are equal and there are precedence rela- 
tionships between jobs, Coffman and Graham [1972] , Fujn, Kasami, and 
Ninomiya [1969] , and Graham [1969, 1972] . 

In addition to the above, Schrage [1970] and Garey and Johnson [1974] have 
researched the problem of finding feasible schedules for the assignment of m 
jobs to n identical processors, when the jobs are characterized by precedence 
constraints and resource requirements and the resources available are limited 
Bounds related to the minimum makespan schedule for this problem have also 
been developed by Graham [1966, 1969] and Garey and Graham [1974] 

An excellent survey of 30 papers related to the problem of scheduling jobs on 
parallel processors has been prepared by Elmaghraby and Elshafei [1975] The 
survey contains useful summaries of the findings and/or algorithmic procedures 
developed in each paper 

4 3 The Multi-Stage Flow-Shop 

The multi-stage flow-shop describes a situation in which processmg a job mvolves 
more than one operation but is restncted to a fixed number and sequence of 
operations for each job to be processed. The research mto this class of sched- 
uling problems has been extensive, although many of the solution techniques are 
heuristic and do not guarantee optimal solutions within reasonable limits of 
computational feasibility 

As with the previous cases, most of the research mto the deterministic se- 
quencing of the multi-stage flow-shop assumes that all jobs are immediately 
available Another charactenstic of this research is the preponderance of a mini- 
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The next logical step was, of course, to address the three-machine problem, 
which was appealing since it was known that the optimal sequence specified 
identical sequences on each machine Surprisingly, however, the results of the 
two-machine case could not be easily extended to the three-machine case. In 
fact, in his paper, Johnson showed that job ] precedes job ; + 1 m an optimal se- 
quence for the three-machine flow-shop if 

mm (Aj +Bj, C J+1 +B nl )<mm(A, +1 +B }+1 , C } +B,), 

and if mm A t > max B } or mm C, > max B, (C ; is the processmg time of job 
/ on the third machine.) The latter constraint is by no means tnvial, and the 
result prompted others to search for an alternative solution to the problem The 
more prominent results m this regard include the IP model of Giglio and Wagner 
[1964] and the B&B methods of Ignall and Schrage [1965] , Lommcki [1965] , 
and McMahon and Burton [1967] . Progressing to four or more machines, the 
flow-shop scheduling problem becomes, as stated earlier, particularly less sus- 
ceptible to an exact algonthmic solution. Three basic approaches have appeared 
m the literature (1) combmatonal analyses, (2) mathematical programming, and 
(3) B&B controlled enumeration Virtually all developments treat the minimiza- 
tion of makespan cntenon. Furthermore, with the exception of some of the 
mathematical programming methods, all assume that the job sequence on each 
machine is identical (sometimes called a “no passing” constraint). Clearly, this 
eliminates assurance of optimality since it only applies to optimal solutions of 
flow-shops with less than four machines. 

Dudek and Teuton [1964] were among the first to offer a combmatonal solu- 
tion to the problem. Aside from its explicit complexity, Karush [1965] found a 
counterexample to the optimality of the algonthm, which was later modified 
accordingly by Smith and Dudek [1967] . The new algonthm manifested con- 
siderably improved efficiency, but unfortunately no relief in complexity. 

The key ILP formulation appeared m an early paper by Wagner [1959] . As 
demonstrated by the results of a subsequent application of this formulation to 
the three-machine problem (as few as five jobs was sometimes a formidable prob- 
lem), the approach offered no hope for computational feasibility in large flow- 
shops 

The B&B solutions to the multi-stage flow-shop with no passing are unques- 
tionably the most diverse There have been no less than six different B&B solu- 
tion techniques offered, notably by Ignall and Schrage [1965], Brown and 
Lommcki [1966], McMahon and Burton [1967], Nabeshima [1967], Ashour 
[1970], and Gupta [1970] . Five of these methods were extensively compared 
by Ashour and Quraishi [1969] by applying them to various flow-shop struc- 
tures; the algorithms were executed on an IBM 360/50 computer. Their findings 
were that the “composite-based” bounding technique of McMahon and Burton 
consistently required fewer iterations than the others, but required more com- 
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Schedule time 

Fig 2. Makespan for randomly generated schedules for twenty jobs in a 
lO-machine flow-shop (Heller, 1970) 


4 4 Hybrid Job-Shops 

Beyond the single-machine, parallel-machine, and flow-shops, results of deter- 
ministic scheduling research for the remaining class of hybrid shops are diverse 
and of dubious computational value with respect to deriving optimal solutions. 
Although algorithms have been formulated to model even the most general 
deterministic job-shop scheduling problems, many are not unlike some of the 
attempts at solvmg large flow-shop problems in that they are not even amen- 
able to the computational potential of computers. Nevertheless, these solution 
attempts are certainly not entirely futile, not only do they possess some utility 
for small-scale hybrid problems, but also give some foundation as well as direc- 
tion for future research efforts 

One of the more interesting hybrid shops to consider is the straightforward 
generalization of the previous two cases, viz , a multi-stage flow shop with par- 
allel machines at each stage. All jobs have the same number and sequence of 



SCHEDULING AND SEQUENCING 285 


4 5 General Methods of Deterministic Scheduling 

In this section, Hie general methodology for solving deterministic scheduling 
problems is discussed, and some guidehnes for solving those problems for which 
no efficient solution is readily available are presented 

As demonstrated in most of the research documented thus far, deterministic 
scheduling is a sequencing problem Simply stated, schedules for deterministic 
problems are given by job sequence Furthermore, since deterministic sched- 
uling mvolves job and machine characteristics that are known a priori, the set of 
sequences from which a schedule is to be chosen is similarly known and fixed. 

Elmaghraby [1968] has pointed out that the methodology for selecting opti- 
mal or “near” optimal sequences has thus far mvolved four basic approaches - (1) 
combmatonal, (2) general mathematical programming, (3) reliable heuristics, 
and (4) Monte Carlo sampling 

Combmatonal approaches m tins context refer to techniques that involve 
“switching” pairs of jobs of a given sequence m a controlled fashion until the 
resulting sequence is optimal. The foundation of this approach was generalized 
m a theorem by Smith [1956], and appears m the sequencing research of John- 
son [1954, 1959] , Jackson [1956], McNaughton [1959] , Mitten [1959], Gil- 
more and Gomoiy [1964], Gapp, etal [1965] , and Root [1965] 

Mathematical programming solutions mclude linear, dynamic, quadratic, con- 
vex, and mteger programming, as well as some applications of network theory 
and Lagrangtan methods Many of these formulations are cumbersome, m that 
they do not lead to exact results without mordmate computational problems 
Their usefulness, however, lies m the mere existence of such mathematical models 
of sequencmg problems and the incentive they provide for finding computation- 
ally feasible methods of solution for these formulations. Examples of uses of 
these techniques are seemingly endless Those already mentioned in previous 
sections are representative. 

One of the more potentially useful tools for large-scale problems is the family 
of heuristic methods, particularly the controlled enumeration techniques such 
as B&B Such methods are usually just one step removed from the complete 
enumeration of all possible sequences, the latter being clearly the least efficient 
method for finding an optimal sequence. What renders them both sophisticated 
and significantly efficient in many cases, however, is a unique feature that allows 
for the elimination of certain sequences on the basis of bounding, feasibility, or 
dominance, before those sequences are ever evaluated m terms of the schedule 
criterion Several examples of this approach have already been mentioned, par- 
ticularly m the discussion of the multi-stage flow-shop 

A final alternative that has been senously explored is the random search for 
potentially optimal sequences via Monte Carlo sampling In a paper already 
cited, Heller [1960] spawned the technique by generating 3,000 random se- 
quences for a flow-shop of 10 machines. When processing times on each ma- 
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did devise such a procedure for the two- and three-machine flow-shop 
problems 

(3) When neither of the above tends to warrant complete enumeration— the 
number of feasible sequences is still excessive— it may be possible to emu- 
late the exercise m a controlled enumeration scheme such as the B&B 
technique or the general technique developed by Giffler and Thompson 
[1960] Sequences can be systematically evaluated so that several are 
implicitly eliminated by the investigation of others. Such schemes are 
sometimes readily available because of pecuhanties of the scheduling prob- 
lem at hand 

(4) When none of the above prove fruitful, another potentially useful approach 
is to investigate relaxation of some problem constraints which would elicit 
use of an acceptable solution technique to solve a modified problem The 
most striking example of this approach is found in multi-stage flow-shops 
with four or more machines. Although the optimal solution need not dic- 
tate identical job sequences on each machine, researchers such as Ignall 
and Schrage [1965], Lommcki [1965], Smith and Dudek [1967] and 
McMahon [1967] assumed this to be the case so as to make the problem 
more palpable 

In another example it was shown in an actual scheduling application by 
Salvador [1973] that imposing the constraint of no mter-stage inventory 
in a flow-shop not only rendered the problem solvable and resulted m im- 
proved schedules, but also reduced a large capital investment by eliminat- 
ing the need for mter-stage storage 

In general, the best way to uncover such benefits is to first identify 
which existing constraints need relaxation or which new constraints need 
imposition in order to make a problem more manageable Next, identify 
the conditions (e g , processing time inequalities) necessary to satisfy (or 
violate) the relaxation or imposition. Sometimes, those conditions are suf- 
ficiently common (or rare) m an actual settmg to warrant the change in 
the problem description. 

(5) If the problem is still unmanageable, another useful technique for finding 
near optimal schedules in an efficient way is problem segmentation For 
example, one can consider finding optimal schedules for each machine 
individually or possibly for some sub-group of machines 

(6) When no systematic enumeration or approximation technique is appropri- 
ate, always consider random schedule generation, l e , random sampling of 
the set of all possible sequences, or preferably only the set of feasible se- 
quences if it is discernible With the use of a computer, thousands of 
schedules may be easily evaluated and statistics of schedule measures may 
be compiled Reasonable schedules can then be generated by using Monte 
Carlo sampling, as discussed earlier 
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The following notation will be used throughout to represent random vanables 

P = pb processing-time, 

W = job waiting-time , 

F=job flow-time, 

N = the number of jobs in the system under steady-state conditions 

In addition, all results to be presented are based on the following universal as- 
sumptions about the random behavior of job arrivals and processmg times 

(1) The job arrival process is descnbed by a Poisson distribution with para- 
meter X, 1 e , during an arbitrary time interval of length t, the probability 
that the number of jobs arriving, denoted by A, is equal to n is given by 

P{A=n} = e~ Xt ^— 7 - , n=0, 1, * 

n' 

(Other arrival distributions have been studied by researchers Nevertheless, 
the Poissoman assumption above dominates the literature ) 

(2) The mean processmg rate, 1/£(P), where Pis the random variable describ- 
ing the processmg time of a job, is always greater than the mean arrival 
rate, X In other words, it is always assumed that X£(P)< 1, otherwise, 
the queue size would grow monotomcally and be unbounded, regardless of 
the selection discipline The quantity X£(P) will be denoted p 


5.1 The Single-Machine Case 


Investigations of the single-machine probabilistic scheduling problem, or, to use 
queuemg theory nomenclature, the single- channel queuemg problem, has been 
quite extensive. Comprehensive treatments of the problem from both the sched- 
uling and queuemg pomts of view can be found m Conway et al [1967] and 
Saaty [1961] , respectively 

The bulk of the scheduling research usually retains the simple job-shop process 
constraints mentioned earlier, with the single exception that allowance for vari- 
ous types of job preemption appears in numerous models. 

Below is an itemization of the more prominent selection disciplines for single- 
machine probabilistic scheduling,' along with any appropriate references In 
some cases, the moments of the distributions of waiting-time, flow-time, and the 
number of jobs in the system resulting from each are given. 


(1) FCFS— The job which has waited the longest is the next to be processed. 
Under this discipline 


£(B0 = 


X£(P 2 ) 

2Fp) V 
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£(W 2 ) = 


X£(P 3 4 5 6 7 ) , (X£(P 2 )) 2 


£(F) = £(P) + 


3(1 - p) 2(1 - p) 2 ’ 
X£(P 2 ) 


2(1 -P)’ 


£(F 2 ) = £(P 2 ) + 


pS(P 2 ) t X£(P 3 ) [ (X£(P 2 )) 2 
1 - p 3(1 - p) 2(1 - p) 2 ’ 


and 


S(A r ) = p + 


X 2 £(P 2 ) 
2(1 -P) 


Contnbutors of these results are numerous, see Avi-Itzhak et al [1965] 
(2) LCFS— The job which has waited the least is the next to be processed. 
Under this discipline, the mean waiting-time and flow-times are identical 
to those resulting from the FCFS discipline. However, 


£( 1 ^) = 


X &(P 3 ) 
3(1 -P) 2 


, (X£(P 2 )) 2 

2(1 -p) 3 ’ 


and 


£(F 2 ) = £(P 2 


) + 


P&(P 2 ) 

1 -p 


. x&(f 3 ) 

3(1 - P) 2 


+ (X£(P^ 
2(1 - p) 3 ' 


(3) Non-preemptive priority (NP)— When jobs arrive, they are assigned to one 
of a finite number of priority classes, the job which has waited the longest 
within the highest priority class is the next to be processed; Cobham 
[1954] . 

(4) SPT— When jobs arrive, they are assigned to priority classes that are con- 
structed according to the job processing-time distribution, the job with 
the highest priority (least expected processing time) is the next to be pro- 
cessed, Phipps [1956] 

(5) Preemptive repeat pnority (PRP)— Same as NP, except that when jobs with 
higher pnority than the one bemg processed amve, the one being pro- 
cessed is preempted and returned to the head of the queue of its class, 
there are several researchers, notably White and Chnstie [1958], Heath- 
cote [1960] , Gaver [1963] , and Avi-Itzhak [1963] . 

(6) Preemptive resume priority (PRS)— Same as PRP, except that when a pre- 
empted job is restarted, it commences from the pomt of preemption 
rather than from the start of processing; White and Christie [1958], 
Heathcote [1960] , and Miller [1960] . 

(7) Shortest remaining processing-time (SRPT)-Sunilar to the SPT discipline 
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for the non-preemptive cases, except that preemption is allowed and pro- 
cessing-time for preempted jobs is only the processing time needed to 
complete the job, Schrage [1965] , and Miller and Schrage [1965] . 

In a study by Conway et al [1967], most of the above were compared, via 
simulation, with respect to their effect on mean flow-time. The experiments 
were conducted assuming varying arrival rates and both exponential and uniform 
distributions of processing-time The more salient observations are paraphrased 
below 

• Compared with the SRPT discipline, which in all cases produced minimum 
mean flow-time, the other processing-time dependent rules seem to perform 
quite well in reducmg mean flow-time below the value achieved by the 
FCFS discipline. 

• There is no major advantage to preemptive rules which, incidentally, are 
generally difficult to implement in a real-world setting 

• In at least a two-class pnonty discipline, it is possible and likely for the case 
of exponential processing-times for a non-preemptive discipline to perform 
better than a preemptive-resume discipline The situation reverses as the 
number of classes increases 

• Mean flow-time is always greater under FCFS when processing-times are ex- 
potentially distributed, and always less under FCFS when they are uni- 
formly distributed, the reverse is true for SRPT. Results are mixed (depen d- 
mg on the arrival rate) for the other disciplines. 

Single-machine probabilistic scheduling research has not avoided the issues of 
setup-time or due dates, although the findings in either case are relatively limited. 

The principal contributor to the study of the cases involving setup-time has 
been Gaver [1963] One aspect of his work with the FCFS discipline under con- 
ditions of random setup-time has led to the following result 

Assume that there are r classes of setup, such that setup-time (a random vari- 
able S) is incurred only when a job immediately succeeds a job from a different 
class Assume also that the rate of arrival of jobs of class r is equal to \jr for all 
classes Then, the time required to process a job is P with probability 1/r and 
P + S with probability ( r - 1 )/r. When jobs are processed according to an FCFS 
discipline, without regard for classes, the mean waiting- and flow-times are 

S(H/)= 2(wo[ £(p2) + [ Z 7 i ] K 2& (W 5 ) + & (s 2 )] 

and 


&(F) = &(W) + UfX, 
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where 


U- p + 


1 


X£(S). 


Due date analysis, which leads to consideration of lateness and tardiness mea- 
sures, is considerably less straightforward than any of the results presented thus 
far. What little is known (and mostly conjectured) about this class of problems 
is mostly due to Jackson [1960, 1961, 1962] 


5.2 The Single-Stage Parallel Machine Case 


The parallel machine probabilistic scheduling problem has invoked neither exten- 
sive nor varied research. The same is generally true of the queueing theory 
equivalent, the multiple-channel single-stage queueing problem. Of the results 
that are available, most consider only a single common queue from which the 
next job is chosen to be processed on the next available machine. The more 
interesting cases of assigning jobs to one of several machine queues upon arrival, 
and allowing the job to change queues before it is processed, have not been 
generalized. 

The most frequently cited result for this type of problem assumes a common 
queue, FCFS selection discipline, identical machines, and processing-times on 
any single machine characterized by a negative exponential distribution with 
parameter p. Let m represent the number of parallel machines, and for nota- 
tional convenience, let r = X/p (note that p = X/mp in this case) Then, 


&(«/) = 


Pol™" 

X(m - 1)' (m - r) 2 ’ 


&(F) = &(W) + (1/m), 


&(JV) = \&((V) + r, 


where 



5.3 The Multi-Stage Flow-Shop 

The probabilistic multi-stage flow-shop has received very little attention in the 
literature. Nevertheless, this situation does not necessarily constitute any signifi- 
cant imbalance because of an important result involving the decomposition of 
the problem as stated. 
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The result, presented by Reich[1957] , considers the following assumptions 

• Jobs arrive at machines from either an external source (accordmg to a Pois- 
sion process) or a machine performing a previous operation 

• Jobs may exit the shop from any machine with a given probability. 

• Processing-times are distributed accordmg to a negative exponential distribu- 
tion 

• The selection discipline for any machine in the shop is independent of 
processing-time. 

When these general conditions are met, it is sufficient to analyze each machine in 
the shop as if it were mdependent The Poisson arrival rate for each machine can 
be determined as a composite of the exogenous arrival rates and exit probabili- 
ties (Incidentally, a similar result was developed for the general job-shop by 
Jackson [1963] , as will be discussed in the next section.) 

Since the conditions above are not uncommon in probabilistic flow-shops, the 
decomposition result makes much of the research on the single-machine case 
available for analysis of the multi-stage flow-shop Nevertheless, variations of 
the problem, such as those that limit queue sizes between stages or those that 
require each job to be processed on each machine, have been mdependently 
studied See Elmaghraby and Ginsberg [1964] , Avi-Itzhak [1965] , and Fned- 
man [1965] for examples of such research. 

5 4 Hybrid Job-Shops 

The same general comments about the status of research m the area of proba- 
bilistic flow-shop scheduling can be made about generalized probabihsticjob-shop 
scheduling The situation is due to the famous Jackson Decomposition Principle 
developed by Jackson [1963] The result applies to “queueing networks,” or 
hybrid probabilistic job-shops, which satisfy the following assumptions 

• Jobs arrive from outside the shop according to a Poisson distribution 

• The processmg times at each machine are distributed accordmg to a negative 
exponential distribution 

• The jobs are routed to machines or out of the shop accordmg to a given set 
of probabilities 

• The selection discipline for any machine in the shop is mdependent of 
processing-time 

Under these conditions, each machine m the shop can be considered to consitute 
an mdependent single-machine scheduling (queuemg) problem Accordingly, 
analysis of hybnd shops satisfying these conditions can fully utilize the results of 
the abundant single-machine models As with the probabilistic flow-shops, this 
decomposition result has rendered the analysis of composite hybnd job-shops 
not only scarce, but also of dubious practical value. 
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5 5 General Methods for Analysis of Probabilistic Job-Shops 

Becuase of the nature of probabilistic job-shops, the effects of various selection 
disciplines on certain schedule evaluation criteria are virtually impossible to 
ascertain analytically beyond the single machine case. The only alternative is 
direct measurement, a highly costly and impractical task in an actual setting, but 
one that has been made relatively efficient by the advent of the digital computer 

The singly most powerful and effective methodology for studymg probabilistic 
job-shops is the application of the family of simulation techniques, particularly 
Monte Carlo simulation, to the data storage, processing, and retrieval potential 
of the computer. The underlying procedure is relatively simple 

© All system status is maintained by the computer This includes, for ex- 
ample, where each job is located, the number of jobs m a machine queue 
and their identifying characteristics, the time when each machine has been 
idle, and the total time spent waiting by each job 

© The occurrence of random events such as job arnvals, the completion of 
processmg a job, and the routing of a job to the next machine is simulated 
by the random sampling of a probability distnbution function that descnbes 
the actual occurrence of these events. 

© The occurrence of deterministic events, such as the selecting of a job from a 
machine queue when the machine becomes available, is controlled by main- 
tenance of a chronological list of those events The list is continually up- 
dated by the occurrence of sampled random events and the system status 
data. The events are implemented by merely updating the system status 
according to the effect the event has on the system. For example, when a 
machine becomes available, a certain job is removed from the queue accord- 
ing to the selection discipline Then, the waiting-time of the job is updated, 
the time when the machine will be next available is updated, etc 

When such a process is terminated, the system status, depending on the extent 
to which it has been maintained, will contain the information of interest, eg, 
the mean job flow-time, the mean number of jobs waiting, the mean lateness of 
jobs with due dates, etc. 

The simulation of job-shops has attracted many researchers The problem as- 
sumptions generally concur with those of the simple job-shop process as well as 
the two common probabilistic job-shop assumptions; viz , Poisson arrivals and 
probability p < 1 for the selection of each machine in the shop as the “next” 
job processor Because of the generality of the approach, however, there has 
been no limit to either the job or shop characteristics that have been allowed to 
vary stochastically, the selection disciplines simulated, or the schedule evaluation 
measure monitored. Accordingly, it would be neither possible nor desirable to 
summarize here the variety of simulation analyses that have been undertaken 
An adequate treatment would require an inordinate expansion of the chapter 
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contents, including almost twice as many bibliographical references as mcluded 
thus far. For an exceptionally good, comprehensive synopsis of this area of 
research, refer to the survey of Day and Hottenstein [1970] . 


6 THE FUTURE OF APPLIED SCHEDULING AND 
SEQUENCING THEORY. A POSTSCRIPT 

Scheduling and sequencing research has resulted m models, algorithms, proce- 
dures, etc , ranging from the manual Gantt chart to the most sophisticated of 
optimization models Clearly, the range of theoretical problems which have 
prompted that research has been equally diversified. Unfortunately, however, a 
large number of these scheduhng and sequencmg problems are combinational m 
nature, and their respective solution methodologies, when apphed in a real-world 
environment, are naturally cumbersome, usually iterative, and almost always 
costly and time-consuming computational procedures Some of these “solu- 
tions” may literally never be useful in a practical setting 

Some very recent work in “complexity theory” (see Cook [1971], Karp 
[1972] , and Ullman [1973]), helps put this problem into perspective Accord- 
ing to this theory, specific combinational problems are classified as “P-time” or 
“NP-time” problems, indicating that their solution “time” is either bound by a 
polynomial function or it is not Applying the theory to scheduhng and se- 
quencmg problems (Brucker et al [1975] ), some problems have been proven to 
be of the NP-vanety (also called NP-complete problems), this suggests that only 
enumerative solutions, such as the generalized B&B technique, are justified m 
these cases 

It is hoped that such results will direct the future of scheduhng and sequencing 
theory research toward finding more efficient methods of determining “good 
schedules,” rather than more possibly inefficient ones that promise optimal 
schedules. Responding to this tradeoff will mean both a challenge to the re- 
searcher and hope for the practitioner 
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1. INTRODUCTION 

A project is a senes of interrelated jobs which must be completed within a given 
tune frame and with a given set of resources The effective management of 
projects has become of particular concern in R&D (research and development), 
where nearly all modem efforts are organized around the project entity. The 
stereotyped lone scientist m a laboratory has been replaced by interdisciplinary 
teams of engineers and scientists whose work must be coordinated with other 
teams, outside contractors, etc. 

In its broadest sense, a “project” often begins its life cycle with a nebulous 
idea for a product, design, etc , and ends with a transfer of developed technology 
to another party, such as marketing, the customer, etc This project life cycle 
concept is depicted m a general way in Figure 1 

The effective administration of a total project effort and its environment 
requires attention to many behavioral, economic, financial, organizational, and 
systems optimization aspects Some of these aspects are within the domain of 
OR while others are not For example, idea generation and the stimulation of 
potential project ideas (Figure 1) has been extensively studied, for example, 
by Rubenstein [1963, 1970]. The findings indicate that the organizational 
rewards system and the degree to which organizational goals and constraints are 
clearly delineated will have a major impact on the quality of the ideas generated 
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Nebulous concepts of potential 
products, designs, etc 


Assessment of the appropriateness 
of the ideas 


Determination of how much to 
spend when, on which 
appropriate projects 


Arrangement and scheduling of 
specific jobs within selected 
projects 


Monitoring of cost and achievement 
and correction of deviations, for 
ongoing projects 


Closeout of assignments and 
transfer of technology 


Fig 1 Project life cycle concept with areas of operations research concentration 
inside the dashed line 


“Optimum” conditions are not apparent however, and, at the time this is being 
written, there is no substantive OR hterature on this aspect 
Those aspects of the life cycle dealing with the evaluation of generated ideas 
(Figure 1) usually mvolve a rational assessment of ideas against delineated orga- 
nizational goals A variety of relevant analysis models have been developed to 
assist managers in this aspect, such as that by Cetron [1967] However, since 
the evaluation of generated ideas is usually highly heuristic and qualitative in 
nature, the determination of a classical OR optimum is usually impossible 
Project selection and resource allocation (Figure 1) mvolve a determination of 
which of the appropriate ideas to initiate as project efforts The selection process 
is normally closely related to project planning, which involves scheduling the 
jobs and tasks to be earned out As discussed later m this chapter, there are 
substantial OR contnbutions in these areas Project planning also involves the 
specification of systems organizational relationships (e g , Cleland and King 
[1970]) 

Control of ongomg efforts (Figure 1) consists of assessing the cost and achieve 
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ment status of the project relative to planned costs and achievements, and 
correcting for significant variances (e g , replanning or resclecting). Control is 
closely interrelated within planning, which provides the cost and achievement 
standards, and selection-allocation, which reallocates funds among projects m 
accordance with their relative aclucvcmcnt/cost status over time OR methods 
can be of value in dealing with control problems, as noted later in this chapter 

Termination of completed projects (Figure I) is also closely related to the 
project selection process, since termination renders previously committed re- 
sources available for reallocation However, technology transfer (the transfer 
of the project outputs to the marketing department, the customer, etc ) is 
largely organizational m nature and not readily amenable to rigorous OR analysis 
(e g , Douds [1971]) 

To date, the OR contributions to project administration are primarily in the 
areas of (1) project selection, (2) project planning, and (3) control The purpose 
of this chapter is to survey these contributions 

2. PROJECT SELECTION PROBLEMS 

Prior to World War II, many industrial firms did not view project selection as a 
particularly important function The need for firms to systematically plan risky 
investments such as R&D, large-scale engineering design (e g , commercial 
aircraft), and discovery efforts (e g , oil drilling) did not become significant until 
the 1950’s, when many of the post-war markets matured About 1955, system- 
atic planning techniques began to be developed for determining which R&D 
projects to work on and how much to spend on them. 

Since then, the term “project selection” has come to have many different 
connotations In its narrowest sense, “project selection” means determining 
which of several alternative projects, tasks, jobs, programs, etc to initiate now, 
start work on next, etc , given that more projects exist than can be initiated and 
concurrently pursued with the available resources In its broadest sense, “project 
selection” means more than simply selecting the next project to be initiated or 
prioritizing a given set of available alternatives The project selection process 
may also include the determination of the “optimum” (in some sense) alloca- 
tion of limited resources among the available projects Tlius, prioritizing projects 
may be looked upon as a zero-one subproblem (select or not select) of the over- 
all resource allocation problem, which is to determine how much to spend on 
which projects 

The overall selection-allocation process may be viewed as a sequential port- 
folio determination process: the decision maker wishes to know how much to 
spend on winch of several alternative projects over several time periods Port- 
folios are redetermined at the end of each time period, with a consideration of 
the projects available at that time The set of available projects includes both 
those that are currently ongoing and those in the backlog awaiting initiation 
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The determination of such optimum portfolios is highly important to the oiga 
mzation, since portfolio decisions entail large organizational commitments 
that can have significant opportunity costs. Thus, it is important to know that 
only the “best” projects have been selected and funded in the “best” overall 
fashion However, the optimization of project selection decisions in real situa 
tions is extremely difficult, because they are often characterized by splintered 
selection and allocation responsibilities and by a diffuseness of organizational 
responsibility for the selection of projects. 

In sphntered responsibilities, the projects are selected and pnontized at one 
level of the organization, while the resources are assigned to them at a different 
level of the organization. Smce the two organizational levels may have different 
viewpoints of the prevailing objectives and constraints sets, this confounds the 
possibilities for achieving an overall optimum. For example, it is not uncommon 
for the long range planning function of an organization to establish the acceptable 
programs, from which the operating departments may select particular projects 
However, a hierarchy of budgets comes into play m determining the fundings 
for these projects Divisions have total budgets Departments within these 
divisions have budgets Projects within divisions also have budgets The struc- 
ture is 

D~< £ x,<D + 

j<ZD 

d-<J^ Xj <d + 

/6 d 

P;<x,<Pn 

where D + and D~ are upper and lower division budgets, cT and d~ are upper 
and lower department budgets, pj and pj are upper and lower project budgets, 
and Xj is the amount spent on project / Thus, the amount of funds allocated to 
a project is heavily influenced by higher level budgetary constraints Further- 
more, divisional and departmental level budgets are often set largely on head- 
count or other bases for annual periods of time, without regard to new projects 
which may be selected during that year 
Diffuseness refers to the fact that project selection decisions may naturally 
occur at many different points m an organization. The decisions can be highly 
uncoordinated with each other. At the policy level, e g , the corporate planning 
level, there may be a selection among alternative disciplines, technologies, or 
product areas (Souder [1971] ) At the operational level, e g , the departmental 
level, a similar selection process may go on with respect to alternative method- 
ologies for carrying out the project (Souder [1970] ). At both levels, it is likely 
that many different persons will be mvolved m the project selection decision 
making Some of these persons will supply information to the process, e g , 
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the marketing department may supply information about the potential market 
' returns from the project Other persons will supply constraint-type information 
In an extensive study of project selection and budget procedures in a large 
organization, Shumway, et al. [1975] and Baker, et al [1976] provide an 
5 interesting illustration of both splinteredness and diffuseness The budgetary 
5 process within this organization, as diagramed in Figure 2, is sequential in nature 
• Budget guidance is issued from each superordinate level to its immediate sub- 
ordinate levels, based, m turn, on the guidance it has received and on its decision 
as to how the budget should be further apportioned Budget guidance is also 
: issued accordmg to technical areas For example, a laboratory will receive 

guidance regarding its total budget, programs, and activities The laboratory 
will issue guidance for its subordinate organizations and for its project sub- 
entities Once these guidances reach the lowest organizational level, the infor- 
mation flow is reversed - each subordinate proposes to its superordinate how it 


Organizational Entity 


Steps in the Process 


Agency office A 


Research organization’s 
subordinate units 


Divisions and branches 


Research review group 


Director of research 
organization 


Agency office A, 
department office A 


Fiscal guidance (annually) 

I 

Five-year program technical plans, 
funding requirements 

i 

Review, modify, defend 


Program defense modification 

i 

Review and additional 
modification 

l 

Further review and 
modification 


Agency Office A, 
Department Office A 


Bureau of the Budget 


Submission to and interaction 
with Bureau of the Budget 

I 

Presentation of presidential 
budget 


Fig 2 Diffuse budgetary process 
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would allocate the guidance budgets if they were, in fact, to be authonzed 
These proposed allocations are integrated at each level and are then communi 
cated to the next level This upward-downward cycling may recur many times 
until the highest organizational level receives a proposed budget allocation either 
consistent with the figures it originally issued as guidance or otherwise accep- 
table to it The final acceptable budget is then issued as a set of guidelines, m 
a fashion that is analogous to the original issuance of guidance figures Fre 
quently, these final budgets must be revised during the year to take into account 
new influences that have developed since the budget was specified Accordingly, 
several times during the year each organizational level is faced with a resource 
allocation decision which is characterized by a large number of budgetary 
constraints, defined both by organizational entity and activity type (Shumway, 
et al. [1975] p 10) An empirical examination of the process for one budget- 
ary cycle indicated that many, many small changes in the allocations were made 
by numerous persons throughout the organization. This resulted in a final budget 
which was not representative of the objectives of any one of the involved entities 
(divisions, branches, agencies, etc ) ! 

3 PROJECT SELECTION MODELS 

The purpose of a project selection model is to assist the administrator in pnon 
tizing and funding the available projects Three general categories of “models” 
have been developed- (1) checklists, (2) economic indexes, and (3) portfolio 
models Checklists and economic indexes have been developed and used largely 
by practicmg managers and their staffs. Portfolio models have largely been 
developed by academicians and OR specialists Checklists and indexes deal 
with the problem of prioritizing projects, portfolio models deal with the prob 
lem of determining optimum fundmg allocations 

3.1 Checklists 

Where the projects are highly exploratory, such as a basic R&D project, only 
qualitative information may exist and the decision variables may be highly 
uncertain. In this case, proposed projects are often selected or rejected on the 
basis of the viewpoints of a few scientists or others closely connected with the 
technologies involved (Gee [1971] ) A checklist of criteria or performance re 
quirements which acceptable projects must meet is often a helpful aid to judg- 
ment A hst of some often-used criteria is shown in Figure 3, along with an 
example of an evaluation for a hypothetical project Such evaluations provide 
systematic summaries, and are primarily of value at the “evaluation” stage of 
Figure 1 
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Evaluation 


Criteria 


High 

X 


Medium 


Low 


Patentability 

Market potential X 

Probability of success X 

Cost to produce X 

R & D costs X 

Fig 3 Proposed checklist for a hypothetical project 


Where more information is available with respect to the relative importance of 
the criteria and where the projects may be measured along a scale of at least 
ordinal level, it is a short step to go from checklists to scoring models In a 
scoring model, each of ; = 1 , . , n candidate projects are scored along a scale 

for each of / = 1 , . . , m criteria These criterion scores for each project are 
then combined with their respective criterion importance weights, W„ to achieve 
a total score, 7), for each project Projects may then be ranked according to 
their T t values For example, a simple additive scoring model would be 

r,- 

I 

where s t] is the score on the z th criterion for project / An example is shown 
in Figure 4. Examples of varieties of scoring model-checklists are given by 
Sullivan [1961], Harris [1961] and Moore [1968] 

Baker and Moore [1969] have rather extensively investigated the procedures 


Factor 

Weight X 

Score* for Project A = 

Criterion Score 

Probability of success 

3 

5 

15 

Profit 

2 

10 

20 

Cost 

1 

3 

3 

•Scoring scale excellent = 10 
poor = 1 


r = 38 


% T = 38/[{3 X 10) + (2 X 10) + (1 X 10)] 
= 38/60 = 63 3% 

Fig 4. Example of a scoring model. 
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allocation” stages of Figure 1. Many such models exist in the literature (e g , 
Kiefer [1964] ) Some examples of economic index models are given below. 
Ansoffs [1962] mdex is 


Figure of Merit = 


rdp (T + B) E* 
total mvestment 


where r = the probability of research success, d= the probability of development 
success, p = the probability of market success, T and B are indexes of technical 
and business merit, and E* is the present value of earnings from the project 
Olsen’s (see Kiefer [1964] ) mdex is 

,, , rdpSPn 

Value = , 

project cost 

where S = annual sales volume m units, P = unit profit, n = number of years of 
product life, and the other variables are the same as m Ansoffs index. Hart’s 
[1965] mdex is 


Capital Return = pG*/[(R*) + (D*) + (F’*) + W ] , 

where G* = present value gross profits, R* = discounted direct cost of the 
research, D* = discounted direct cost of the development, F* = discounted 
direct cost of fixed capital, W = the working capital, and p is defined above 
Viller’s [1964] mdex is. 

E*-R * 

Project mdex = rdp , 

cost 

where the above notations are used Disman’s [1962] index is. 

Maximum expenditure justified -rp(v* - X*), 

where v* = the present value dollar return from the project, X * = the present 
value dollar cost of production, marketing and engineering services, and r and p 
are as defined above Dean and Sengupta’s [1960] index is 

F=X[c l (l+r)-'], 

l 

where V= present value of the research opportunity, c, = net cash flow in the 
i th year, r= expected annual rate of return, i = time index by year, and n = total 
number of years that the mcome is expected The values of c, and r are subjec- 
tively estimated, and are based on past experience and future expectations of 
the company. This method can be extended to consider a variable rate of 
return, r, 
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Due to their simplicity of use and ease of understanding, indexes of this nature 
have been used by many administrators Although such indexes permit the user 
to evaluate candidate projects at more than one funding level, the hand evalua 
tion of several projects at several alternative fundmg levels becomes exhausting 
Thus, economic index models have been used only as a rapid way to pnontize 
candidate projects at a single fundmg level, thereby gaining only limited insight 
mto the “best” priority of projects Unless the user recognizes that the resulting 
priorities are relevant to only one of many possible fundmg levels, there is 
danger of accepting the priorities as representative of all project fundmg levels 

3 3 Portfolio Models 

In a portfolio model, candidate projects are implicitly prioritized by the amount 
of funds allocated to them. The general format of all such models is 

max £ v,(Xj ) (1) 

l 

subject to 23 x / ^ B, (2) 

/ 

where x t is a project expenditure, B is the total budget for / = 1, ,n candi 
dates (projects) for fundmg, and the value function, v } {x t ), can be nonlinear, 
linear, or single-valued In the single-valued case (one value of and one costx ; 
for each ; th project), the portfolio model is an index model with u y as the 
prioritizing mdex 

A variety of “values” may be used m equation (1) above Many portfolio 
models use expected values, so that equation (1) becomes 

max J^VjPjiXj), 

] 

where Pj(xj ) is the probability of achieving v { Other portfolio models use a 
total score; eg, a T f “value” from a scoring model In addition to equation 
(2), a typical constraint is 

b;<x,<b+ 

where b } and bj are lower and upper project expenditure bounds Also, port- 
folio models have been developed for multiple time periods, e g., 

max 23 v i } (x,j) 

'/ 

subject of 2>., <5, 
v 
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where i = 1 , . , m time periods Some examples of portfolio models are 

presented below 

Dean and Nishiy’s method [1965] is a mathematical programming approach 
using a scoring model framework. Their model finds that set of x f = 0 or 1 for 
each of the n projects which 

maximizes 

i 

subject to Z X )R] 

/ 

where R t is the amount of the total resources allocated to the ; th project, R is 
the total resource budget, and the value of x } (the selection variable) depends on 
whether project / is not selected (jc ; = 0) or is selected (x } = 1). Integer program- 
ming methods are used to solve the problem. 

Bell, et al [1967] have developed a LP model in which each project is allowed 
several project versions that correspond to different rates (e g., fast, medium, 
slow) of carrying out the project. The i th version of the / th project is defined 
by the zero-one variable x i; To ensure that each project appears no more than 
one time, the inequalities 


m i 

Z *^ 1 

i=i 

are included for; = 1, , n candidate projects available for selection and fund- 

ing m the portfolio, where m { is the number of versions of project / The model 
maximizes 

n rrij 

Z Z *»/*«/> 

1=1 i=i 

where b i; is the expected benefit from each project version 
Watters [1967] uses a zero-one integer programming approach to maximize 
the total expected portfolio utility u where 

E(u) = Z (R] - K°j)Xj, 7=1,. • , n projects, x, = 0, 1 

i 

Here, ju ; and of are the mean and variance of net returns from the / th project, 
and K is the coefficient of risk aversion The maximization is subject to a 
budgetary constraint in each period, expressed as the probability of exceeding 
a limit B q which is less than or equal to a stipulated amount To wit: 

Pr{t g >B q }<P q , q~ 1,2, . , Q planning periods, 
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where t q is a variable representing the total cost of all projects undertaken m 
periods 

The Rosen-Souder model [1965] uses a dynamic programming format to 
maximize the “netback” to R&D, where 

Maximum Netback = max X i G jPj (*/) ~ *.] , 

{*} / 

subject to £*,< 5 , 7=1,2,.. , n projects 

/ 

Here, G is the present value gross profit if the project succeeds, P } (x,) is the 
probability of success function, B is the total budget, andx ; is the allocation to 
project ; Additional constraints, S J max = maximum total project expenditure, 
^min = minimum total project expenditure, and x, = project expenditure in 
any time period, are incorporated into the dynamic programming algonthm 
The recurrence relation is 

fi'(y) = max [G,P,{x t ) - x, + p(l - P,(x,)fKx, +T))] , 

where fj(y) is the maximum expected profit from project 7 with two time 
penods to go, and p is a discount factor Hess [1962] has a dynamic program 
ming model which is similar and antecedent to the Rosen-Souder model Hess 
considers a complex probability function form, P n (x n , y n ) where x n is the 
project budget m the « th period, and y n is a weighted sum of research and de 
velopment expenditure on the project in penods pnor to the n th 
A large number of portfolio models have been proposed in the hterature In 
1964, Baker and Pound published their survey of the literature and reported an 
analysis of ten portfoho model types In 1967, Cetron, et al. reported their 
study of thirty such models cited in the hterature. In 1970, Souder [1970b] 
reported an analysis of forty-one such models in the open hterature These 
models differ from each other with respect to the variables which are maximized 
and the nature of the parameters and the mathematics which are used to repre- 
sent the real world system The models were classified into the following six 
categones linear, nonlinear, zero-one, scoring, profitability index, and utility 
types Linear and nonlinear models have linear and nonlinear objective func 
tions, respectively Zero-one models use mteger variables and integer mathe- 
matics, scoring models use interval scores in place of the financial vanables used 
m the other models, while profitability index models maximize a single point 
mdex of return The utility models maximize the subjective utility of the dollars 
mvested The hterature sources for the models are cited, by model type, in 
Table 1 
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TABLE 1. PORTFOLIO MODELS 


Linear models 

D T Asher, “A Linear Programming Model For the Allocation of R&D Efforts,” IRE 
Transactions on Engineering Management, EM-3, (December 1962), 154-157 
F T Hanssmann, Operations Research Techniques for Capital Investment , New York 
John Wiley (1968), 94-104 

A B Nutt, “An Approach to Research and Development Effectiveness,” IEEE Transac- 
tions on Engineering Management , EM-10 (September 1965), 103-112 
W H Pound, “Research Project Selection Testing A Model In the Field,” IEEE Trans- 
actions on Engineering Management , EM-9 (March 1964), 16-22 
D Sobin, Proposal Generation and Evaluation Methods in Research and Exploratory 
Development Research Analysis Corporation Report RAC-R-1 1, Roanoke, Virginia (1965) 
W E Souder, Operations Research in R&D The Monsanto Company, St Louis, Missouri, 
(March 1966) 

Nonlinear models 

Richard Burton, A Model For Project Selection in Developing Countries, The Boemg 
Company, Renton, Washington (1969) 

A H Bobis, et al , “A Funds Allocation Method to Improve the Odds of Research Suc- 
cess,” Research Management (March 1971), 34-49 
Leon Cooper, A Method for Selecting R&D Projects, The Monsanto Company (February 
1970) 

S C Daubin, “The Allocation of Development Funds,” Naval Research Logistics Quar- 
terly, 3 (September 1958), 263-276 

S W Hess, “A Dynamic Programming Approach to R&D Budgeting and Project Selec- 
tion,” IRE Transactions on Engineering Management, EM-9 (December 1962), 170-179 
Charles Matheny, A Budget Model for Procurement of Army Equipment Technical 
Report Processing Center Report ARO-13-D493-A, Radford, Virginia (1964) 

F M Scherer, “Research and Development Resource AHocation Under Rivalry,” The 
Quarterly Journal of Economics, 81 (August 1967), 359-394 
W E Souder and E M Rosen, “A Method For Allocating R&D Expenditures,” IEEE 
Transactions on Engineering Management , EM-11 (September 1965), 87-93 
A R Washburn, A Mathematical Approach to Program Planning, The Boeing Company, 
Renton, Washington (1969) 

Zero-one models 

A G Beged-Dov, “Optimal Assignment of R&D Projects m A Large Company Usmg An 
Integer Programming Model,” IEEE Transactions on Engineering Management, EM-12 
(December 1965), 138-142 

R J Freeman, “A Stochastic Model for Determmmg the Size and Allocation of the 
Research Budget,” IRE Transactions on Engineering Management, EM-7 (March 1960), 
2-7 

F T Hanssmann, Operations Research Techniques for Capital Investment, New York 
John Wiley (1968), 104-134 

A L Mmkes and J M Samuels, “Allocation of Research and Development Expenditures 
m the Firm,” Journal of Management Studies, 3 (February 1966), 62-72 
S S Sengupta and B V Dean, “On a Method for Determining Corporate Research and 
Development Budgets," Management Science Models and Techniques, ed C W Churchman 
andM Verhulst, New York Pergamon Press (1960), 210-225 
M Soewarso, “Long Range Planning m a National Telephone System,” Ph D Disserta- 
tion, Munich Technical University, Munich, Germany (1967) 
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TABLE 1. ( Continued ) _ 

Scoring models 

V Bakanas, An Analytical Method to Aid in The Choice of Long Range Study Task 
Ithaca, New York Cornell Aeronautic Laboratory (May 1964) 

B V Dean, Project Evaluation Methods and Procedures, American Management Assoaa 
tion Report No 39, New York (1970) 

G R Gargiulo, I Hannoch, D B Hertz, and J. Zang, “Developing Systematic Procedures 
for Directing Research Programs,” IRE Transactions on Engineering Management, EM-8 
(March 1961), 24-29 

D B Hertz, “Selection, Evaluation and Control of R&D Projects,” Operations Research 
in Research and Development, ed B V Dean, New York John Wiley (1963), 170-188 
J S Hams, “Evaluating New Project Proposals,” Chemical and Engineering News, 15 
(April 17, 1961), 14-18 

C M Mottley and R D Newton, “The Selection of Projects for Industrial Research,” 
Operations Research (November-December 1959), 740-751 
M J Nishry, “Evaluation, Selection and Assignment of Industrial Research Projects,” 
The Boeing Company, Renton, Washington (1964) 

Profitability index models 

H I Ansoff, “Evaluation of Applied R&D in A Firm,” Technological Planning on the 
Corporate Level, J R Bright, ed Cambridge Harvard University Press (1964), 12-19 
Saul Disman, “Selecting R&D Projects for Profit,” Chemical Engineering, 11 (December 

1962) , 87-90. 

Carl Gloskey, “Research on A Research Department An Analysis of Economic Decisions 
on Projects,” IRE Transactions on Engineering Management , 11 (December 1960), 166-172 
3 H Hirsch and E K Fisher, "The Alternative Service Concept In R&D Evaluation," 
Gulf Research and Development Company, Pittsburgh, Pennsylvania (1962) 

H V Nyland and G R Towle, “How We Evaluate Return From Research Expenence of 
An Oil Company,” National Association of Cost Accounts Bulletin, 37 (May 1956), 1092- 
1099 

J J Olsen, “Winds of Change in Industrial Chemical Research,” Chemical and Engineer 
ing News, 12 (March 23, 1964), 95-96 

G Pappas and D McLaren, “An Approach to Research Planning,” Chemical Engmeenng 
Progress, 57 (May 1961), 65-69 

D Sobelman, “A Model For R&D,” Naval Research Quarterly, 6 (September 1966), 
19-24 

Utility models 

R Cramer and B Smith, “Decision Models For the Selection of Research Projects,” 
The Engineering Economist, 9 (January-February 1964), 1-20 
P E Green, “Risk Attitudes and Chemical Investment Decisions,” Chemical Engmeenng 
Progress, 59 (January 1963), 35-40 
Harry Markowitz, Portfolio Selection, New York John Wiley, 1960 
W F Sharpe, “A Simplified Model For Portfolio Analysis,” Management Science (January 

1963) , 277-293 


3 4 Evaluation of Models 

In Tecent papers (Souder [1972a, 1972b]), these models were evaluated for their 
suitability , using a scoring model methodology. In this methodology, c tJ denotes 
the i characteristic within the 7 th criterion, as listed in Table 2 Also, Wg 15 
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TABLE 2 THE CRITERIA AND THEIR CHARACTERISTICS 


Realism Criterion 

Capability Criterion 

Multiple objectives 

Future times analyses 

Multiple constraints 

Optimization analyses 

Orthogonal variables 

Simulation analyses 

Market risk variable 

Selection analyses 

Technical risk variable 

Allocation analyses 

Manpower limits parameter 

Facility limits parameter 

Scheduling analyses 

Data uncertainty variable 

Ease of Use Criterion 

Premises uncertainty variable 

Low sensitivity 

Familiar variables 

Flexibility Criterion 

Discrete variables 

Applied projects 

Computer not needed 

Basic projects 

Special persons not needed 

Priority decisions 

Special interpretation not needed 

Initiation decisions 

Low amount of data 

Budget allocation applications 

Easily obtainable data 

Project funding applications 

Easy to estimate parameters 

Cost Criterion 

Low set-up costs 

Low use costs 

Low personnel costs 

Low computer time 

Low data costs 


the relative importance factor weighting of c tJ , where w i; = 1, 2, , X, and x t/ 

is a designation variable, which assumes a value of one where the model fulfills 
the i th characteristic within the ; th criterion, and a value of zero otherwise, 
in accordance with estabhshed definitions (see Souder [1972a] ) Then, 

I 

where 5' 1/ is the raw score for a model relative to the / th criterion Then, 

Si,lHw lJ =S 2j , 

where S 2 , is the relative score for a model relative to the ; th criterion Letting 
r / denote the relative value of the/ th performance criterion, then 


r j$2j ~ Sj > 

where Sj is the suitability score for a model relative to criterion / Thus, the 
total suitability, T, of a model is given by 


/ 


(jL WyxJ'Z.Wqj r , 
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The criteria and characteristics are shown in Table 2 The values assigned to 
the Tj s were realism = 4, flexibility = 3, capability = ease of use = 2, cost = 1 
Criterion, characteristics, and r, values were empirically determined 
Tables 3 and 4 show the results for one class of models Total suitability, T, 
scores were determined for each of the forty-one models, and for each class of 
models In general, the linear, nonlinear, and zero-one model types were found 
to have the highest realism, flexibility, and capability, while scoring and profit- 
ability mdex types had the best use and cost performance scores Aside from 
the utility models, nonlinear types had the lowest usability and worst cost 
performance 


3 5 Applications of Portfolio Models 

Portfolio models appear to be appropriate tools for a portfolio administrator 
who must decide how to allocate the scarce resources at his disposal among the 
many different available projects, so as to maximize the effectiveness of the 
total resources used His portfolio decision will normally result m some projects 
which are not funded and which are therefore added to the backlog list of 
projects available for possible funding m some future time period As tune 
passes, he may wish to reallocate resources among the available projects (both 
ongomg and backlog) many times in order to take changing conditions and new 
information into account Portfolio models can be used to prescribe portfolios 
in response to the questions “Of those projects available, how much of the total 
annual budget should be programmed for which project, with respect to the 
subsequent annual budgetary honzon 9 ,” and “Now that new information is 
available, how should the resources be reallocated among all the available 
projects with respect to the subsequent annual budgetary horizon 9 ” (Souder 
[1973a]) 

In a field study, Souder [1973a] examined the analytical effectiveness of four 
genenc types of project selection models Analytical effectiveness refers to the 
ability of a model to select higher valued portfohos than a manager actually 
selects In the study, it was shown that the choice of an analytically effective, 
project selection model type depended upon (1) the manager’s objectives and (2) 
the life cycle stage of the set of available projects Where the objective was the 
maximization of expected gross profits, either nonlinear or linear types of 
models were effective Where the objective was the maximization of expected 
gross profit tempered by a desire to control the expenditures on ultimate failure 
projects, the results indicated that either zero-one or profitability mdex type 
models may be effective aids Where the objective was the maximization of 
expected gross profit tempered by the maintenance of an ex-post optimal 
portfolio, eg, shift funds out of potential failure projects and into potential 
success projects as they are identified, the results indicated that either the linear, 
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rently developed during the 1956-1958 period for handling this problem 
CPM-Critical Path Method— was first used by the DuPont Company and further 
developed by Mauchly Associates (see Kelly [1961], Lerda-Olberg [1966]) 
PERT— Project Evaluation and Review Technique— was developed by the U S 
Navy on the Polaris submarine program (see Fazar [1962] , Bigelow [1962]) 
Both techniques are similar m that they represent a project as consisting of a 
network of interrelated jobs Since their original development, a large number 
of modifications and second generation network techniques have developed 
around CPM and PERT (see Lerda-Olberg [1966] ) 



4.1 Network Representation 

Network planning begins with a list of jobs (activities) and their estimated dura- 
tion times The network diagram is drawn using arrows to depict jobs, with 
the arrowheads indicating the direction of progress, as shown in Figure 6 
Events, the start and completion of j'obs, are points in time, and are represented 
by numbered nodes The basic rules for constructing networks are as follows 

(1) No two activities (jobs) can be identified by the same events This means 
that diagrams such as 

job 1 



job 2 


are “illegal ” Instead, a correct representation is 
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A dummy job takes no time or resources, it shows dependency only This 
convention becomes vital in circumstances such as the following, where 
jobs 3 and 4 must follow job 2, but job 1 does not necessarily precede 
job 4 


I 


job 3 


job 4 






The diagram 


job 1 


job 2 



job 3 


job 4 


implies that, while jobs 1 and 2 may have different finish times, they both 
must be completed before jobs 3 and 4 can start 
(2) Precedence-successor felationships must be consistent throughout the net- 
work. For example, suppose job 6 follows jobs 4 and 2, which also 



is correct only if job 4 must be completed before job 6 can begin If the 
requirement is only that jobs 4 and 6 both j'hrzs/z before the successor job 
may begin, then the correct representation is - 



These two rules are illustrated by the network in Figure 6. Job 1-3 (the usual 
convention is to reference a job by its event numbers) must finish before job 
6-7 begins, job 1-2 must finish before job 5-6 begins, etc Where the ending 
of a predecessor job and the start of a successor job are congruent, they are 
taken as the same event. 
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4 2 Critical Path 

Critical jobs are those whose delay will cause an equal delay in the completion of 
the project That path through the network which consists of all such jobs is 
the critical path 

For small networks, the critical path will automatically become visible when 
the network is time-scaled, with all jobs placed at their earhest start positions A 
time scaled version of the project A network from Figure 6 is shown for illustra- 
tion in Figure 7 In larger networks, it is easier to determine the critical path by 
computation as the path with zero float The dashed lines m Figure 7 are floats 
A float is the amount of time a job could extend (float out) without delaying 
the occurrence time for project completion (e g., the date correspondmg to 34 
time units m Figure 7) For example, job 1-2 has 8 time units of float, job 1-3 
has 14 time units of float, etc. Job 2-4 has 22 time units of float if job 1-2 
does not float out However, as the job 1 -2 float increases to its maximum of 
8 time units (set by event 5), then job 2-4 will have only 14 time units of float 
remaining 

To compute the floats, one must first make a forward pass computation 
through the network to obtain the earliest start (ES) times for each job, at each 
node Second, a backward pass computation is then made to obtain the latest 
finish ( LF) times for each job. The total amount of float (TF) m each job is 
then computed from the difference between the duration of the job and the 



0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 

Time units 

Fig 7 Time-scaled network for project A 
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time available Specifically, the forward pass computations are obtained from 

ESj = max {ES k + t ki }, / = 2, . , n nodes, ( 3 ) 

where t kl is the duration of job k - i, £’5, =0, and ES, denotes the early start 
time for all activities with predecessor node i For example, equation (3) directs 
one to take the maximum value of {(24 + 6 ), (24 + 2 + 0), (8 + 0)} to get £S 10 = 
30 (see Figure 7). That is, the maximum path length is either ES s +t 8 l0) 
ES s + t &i 9 + tg, jo, or ES 4 + f 4> 10 (note that the durations t 9>10 and t 410 are 
both zero) The backward pass computation is analogous 

LF, = min {LF k - t, k }, 7 = 1,2, 1 nodes, (4) 


where LFj denotes the latest (allowable) finish time for all activities with succes- 
sor node 7 , and LF n = ES n for the terminal network node The total float com 
putation is 

TF tJ - LFj - ES, - t,j. (5) 

By definition, 

LSy — LFj - tfj, 

EF lf -ES t + t,j. 


where LS tJ is the latest start and EF tJ is the earliest finish time for activity 1 - 7 
Then, alternatives to equation (5) are 

TF lJ =LS,j-ES i ( 6 ) 

and 

TF tl = LFj - EF l} . (7) 

The forward, backward, and float computational results are illustrated in 
Table 5 for the project A network The computational results in Table 5 are 
readily deduced from Figure 7. Note that total floats are assigned to jobs in 
the computations, but the floats do not cumulate over the activities in a partic- 
ular path of several jobs in senes For example, it may be seen from Figure 7 
that the entire path 1-2-4 cannot float out a total of the job 1-2 float plus the 
job 2-4 float (which is 30 time units) without delaying node 10 As pointed out 
above, when job 1-2 uses any of its 8 time units of float, then the float for job 
2-4 must decrease accordingly. Thus, job 2-4 only has 22 less 8 equals 14 
units of “free” float The total float data, TF U , is based on an independent 
consideration of each job. 
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TABLE 5. NETWORK COMPUTATIONS FOR PROJECT A 


Job + 

(/-/) 

Duration 

'«/ 

Start 

ES, 

Earliest 

Finish 

EF„ 

Start 

LS tJ 

Latest 

Finish 

LFj 

Total Float 
TF,j 

1-3 

2 

0 

2 

14 

16 

14 

1-5 

10 

0 

10 

0 

10 

0* 

1-2 

2 

0 

2 

8 

10 

8 

2-4 

6 

2 

8 

24 

30 

22 

5-6 

6 

10 

16 

10 

16 

0* 

6-7 

4 

16 

20 

16 

20 

0* 

7-8 

4 

20 

24 

20 

24 

0* 

8-9 

2 

24 

26 

28 

30 

4 

8-10 

6 

24 

30 

24 

30 

0* 

10-11 

4 

30 

34 

30 

34 

0* 


+ Dummyjobs not shown 

*By definition, this job is on the critical path 


4.3 Resource Leveling, Reallocation, and Time-Cost Tradeoff Procedures 

An important application of float is for “leveling” resources The resource 
leveling problem exists where it is desired to smooth out the profile of resource 
utilization within the given project duration, or to minimize project duration 
while meeting resource constraints This may occur where manpower availabili- 
ties are imposed, budgets are restricted, skill categories are constrained, etc For 
example, suppose jobs 1-3, 1-5, 5-6, 1-2, and 2-4 in Figure 7 each require one 
full-time person and only two persons are available The two-person resource 
constraint can be satisfied without delaying the project completion time if the 
start of job 1-3 is merely delayed until time period 8 (it can be delayed up to 
time period 14 without delaying the project). Another feasible alternative would 
be to staff both jobs 1-3 and 1-2 at a lower rate, e.g , a half-man rate, and let 
both jobs float out by taking twice as long to complete. Resource levehng algo- 
rithms are available for large networks, e g Wiest [1967] Although they are 
called optimization programs, only heuristic allocations are possible in most 
situations A survey of resource levehng methods is contained in Dewitte 
[1964] and Davis [1966, 1973] . 

Another important use of float is m reducing the duration of the critical 
path(s) Suppose we can reallocate men from jobs 1-3 and 1-2, to job 1-5, in 
Figure 7 The result may be that jobs 1-3 and 1-2 float out, while job 1-5 is 
compressed The “optimum” trade-off is reached when either no men can be 
reallocated, all slacks have been absorbed, or the critical path cannot be further 
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reduced through a reallocation of resources from a slack to a critical job Com 
puter programs similar to those used m leveling are available for this process (for 
a review see Davis [1973]) However, such reallocations may quickly runup 
against the resource constraints which create the need for resource leveling 

One way to reduce critical paths, after all slack to critical reallocations have 
been made, is to apply additional resources The performance of some cntical 
path jobs may be accelerated by increasing the total budget, 1 e , by the alloca 
tion of additional resources from outside the project For example, suppose a 
particular cntical job which normally costs C n and takes t„ time units can be 
completed in t, umts with C, cost, where t, < t n and C, > C„ Using cost mete 
ments, that is, usmg A C= C,~ C n , one can obtain a piecewise linear approxima 
tion to C = f(t), which will usually be downsloping to the nght (decreasing t 
with increasing C ) 

Suppose that such a time- cost function has been defined for each cntical job 
in the network A companson of these cntical job cost functions on the basis 
of the A t=(t n - t,) and AC data will indicate the order m which the cntical 
jobs should receive additional resources, so as to achieve the greatest reduction 
in total project duration per additional cost unit This was a major concern 
in the onginal development of CPM (Kelley [1961] , Fulkerson [1961]) In the 
onginal approach, a normal pomt (t n , C„) and a crash pomt (t c , C c ) were 
considered for cntical jobs The latter was the pomt beyond which the job 
could not be further compressed A “slope” ( C c - C n )l(t n - t c ) was then 
computed for all cntical activities in the network and these were anayed That 
is, the analysis was based on the average cost per one time unit reduction 
achieved The procedure calls for the compression of the activity(s) which will 
affect a unit reduction in project duration at minimum increase in total direct 
costs Smce a reduction m project duration reduces the indirect project costs, 
this compression process is usually continued until the sum of the opposing 
direct and mdirect costs reaches a minimum The latter defines an optimal 
project schedule m the total cost sense Real applications of this procedure are, 
however, rather limited because it requires the assumption of unlimited resource 
availability 

The above compression procedure becomes rather complex because multiple 
critical paths form as the compression progresses The (mathematically optimal) 
algorithms developed for this purpose by Kelley [1961] and Fulkerson [1961], 
are based on a network flow interpretation of the dual of the LP formulation of 
this problem 

Table 6 and Figures 8 and 9 show a simple but real example of manpower 
leveling which the author once experienced A brief description of the jobs in 
the project, the assigned manpower, and the variations permitted on the project 
are listed in Table 6 An unleveled network plan suitable to all parties was 
devised as shown in Figure 8. However, before the project began, other commit- 
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TABLE 6. PROJECT DATA 


Job 

Job 

Description 

Manpower now 

Normal 

Job Durations 

A Duration/man*** 

1 

Process 

2 men 

6 

4 

2 

Fixed 

2 men* 

7 

* 

3 

Process 

1 man 

5 

2 

4 

Analytical 

outside department** 

4 

— 

5 

Development 

2 men 

6 

1 

6 

Evaluation 

outside contractor** 

4 

— 

7 

Costing 

outside contractor** 

3 

— 

8 

Development 

2 men 

6 

1 

9 

Evaluation 

outside contractor** 

2 

— 


Design 

2 men 

2 

3 

11 

Design 

2 men 

5 

2 


♦Men not transferable 

♦♦These men are not within the control of the project manager 
♦♦♦Only whole men may be transferred, these data are the changes (increase or decrease) 
in job durations for adding or subtracting one man 


ments arose which made only four men per time period available The man- 
power requirements for the unleveled time schedule are shown m the tune 
scaled resource profile diagram m the lower portion of Figure 8 A suitable 
alternative plan was the one shown in Figure 9. The four-man constraint was 
met by simply delaymg the start of jobs 1,5,9, and 10, and dividing job 1 into 
two phases which were carried out four weeks apart Thus, no transfer of men 
between jobs, so as to compress some critical job durations, was required The 
“A Duration/man” data m Table 6 did not have to be used m this case (these 
data are used later, in Figure 10) 

A reduction m the total project time of twenty weeks m Figure 9 is available 
through the time-cost schedule shown in Table 7 As an example, the total 
project duration can be reduced to seventeen weeks by spending $2,000 on job 
11 plus $200 on job 8 This is a more cost-effective choice, for example, than 
the alternative of spending $3,000 on job 11 to achieve the same total project 
time reduction. The result, however, violates the four-man resource constramt 
Starting from Figure 9, we can use the data in Table 7 to devise a seventeen day 
schedule which does meet the constramt One such schedule involves spending 
the above $2,200 on jobs 11 and 8, plus $1,000 on job 6 and $500 on job 5 
Note that compressing jobs 1 1 and 8 in Figure 9 requires the compression of 
jobs 6 and 5, if the manpower and completion time constraints are to be main- 
tained This is a more cost-effective alternative ($3,700) than the alternative of 
spending $2,000 on job 6 plus $3,000 on job 11 There are other time reduc- 
tions and manpower trade-offs available in this example One of the manpower 
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Fig 8 Unleveled project schedule 


reallocations that can be made with the available resources is shown in Figure 10 
(see Table 6 for the “A Durations/man” data used) The four-man constraint is, 
of course, violated by this schedule It should by now be obvious to the reader 
that the problem of developing a cost -time “optimum” schedule, under resource 
constraints, may not be “easy” to solve 

4.4 Resource Allocation Algorithms 

Resource allocation problems, in general, can be categorized as the determina- 
tion of the schedule times for project activities which either (1) level the re- 
source requirements subject to a constraint on the project duration, (2) mini- 





PROJECT SELECTION, PLANNING AND CONTROL 327 



Fig 9 Leveled project schedule 


mize the project duration subject to constraints on the availabilities of resources, 
or (3) minimize the total cost of the resources and the penalties due to project 
delay A simulation approach to the last problem has been developed by Wiest 
[1967] Most attention, however, has been devoted to the first two problems 
Because of their combinatorial nature, optimal solutions, using mathematical 
programming, have very limited utility. The author’s experience with mteger 
and zero-one codes indicates that they are generally ineffective because they do 
not converge in reasonable computational times Some branch and bound 
methods appear to have favorable computation tunes, but only for networks 
with less than fifty nodes (Davis [1973] , Patterson and Huber [1974] ). 
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Transfers 


No /Men From Job To Job 


1 1 3 

1 5 8 

1 10 11 


Fig 10 A manpower reallocation 


Network 
Time Reduction 

2 

1 

_2 

5 weeks 


Because of this lack of success with optimization procedures, attention has 
primarily been devoted to heuristic procedures which produce feasible schedules, 
based on some rule of thumb (heuristic) for determining the priorities among 
those jobs that compete for the limited resources These procedures are classi- 
fied as serial or “parallel” approaches, respectively, depending on whether the 
priorities are determined only once before activity scheduling begins or sequen 
tially during scheduling While most published research has dealt with parallel 
approaches, the relative merits of each have not as yet been determined. Davis 
[1966, 1973, and 1975] has studied and reviewed this problem extensively, 
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TABLE 7. AVAILABLE TIME-COST TRADEOFFS 



Time Reduction (weeks) 

Additional Cost 

Job 6 

1 + 


Job 6 

2 + 


Job 11 

1* 

1,000* 

Job 11 

2* 

2,000* 

Job 11 

3* 

3,000* 

Job 5 

1* 

500* 

Job 8 

1* 

200* 


+ The reduction is achieved through the purchase of additional outside contractors’ services 
*The reduction is achieved by subcontracting portions of the work to an outside facility 
(manpower loadings same for remaining portions of the job) 


including an evaluation of a large number of heuristics for prioritizing the activi- 
ties during the scheduling process His primary conclusion is that, while no one 
heuristic will always give the best schedule, the rule of schedulmg the activities 
with least slack first (or the equivalent rule of minimum latest start time ) has 
the best average performance 

With respect to the heuristic methods, IBM, CEIR, McDonnell Automation 
and Control Data Corporation, to name a few, have computer software available 
for handling large (1000 jobs per project), multi-resource scheduling Many of 
these computer programs include features for job splitting, scheduhng activities 
within a permissable range of resource levels, job costing, various reportmg op- 
tions, several different sequencing heunstics, and resource leveling One of the 
few publications of the working details of such computer programs is given by 
Wiest [1967] 

In summary, the problem of formulating the optimal resource constrained case 
is made difficult because explicit general criteria are lacking with respect to the 
“optimal” use of a resource Furthermore, the way the restrictions on the 
sequencing of activities may interact with resource requirements and availabili- 
ties is difficult to predefine Heuristic scheduling rules, computer-programmed 
to give “good” schedules in mechanistic fashion, will undoubtedly contmue to 
be the basis for all practical systems for some time to come The increased 
availability of more powerful time-shared computer systems should, however, 
produce more emphasis on the development of man-machine interactive proce- 
dures of the sort developed, for example, by Paulson [1971] 

4.5 Probabilistic Considerations 

Frequently, it is desirable to estimate the likelihood that a job, a set of jobs, or 
an entire project will not be completed by a particular date Such considera- 
tions, which were paramount m the development of the original PERT method, 
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can be achieved by using three time estimates for each job in the network. 
The three are" t a - the optimistic time, t m = the most likely (modal) time, and 
t p = the pessimistic time A Beta distribution is assumed to descnbe the hypo- 
thetical distribution of the actual job performance time (see Clark [1962]) An 
approximation to the mean, t e , of the Beta distribution for these three estimates 
is given by t e = (t 0 + 4 t m + t p )/6 The distribution is assumed to have a van 
ance v t = [(t p ~ t a )f6] 2 The t e and v t values may be computed for each job in 
the network The expected total network completion time, T e , is then taken as 
the sum of the t e 's, treated like CPM job times, for the activities compnsingthe 
longest path through the network Confidence times, T CtS , may then be com 
puted for any set of critical jobs, S, by using the following relationship (whichis 
based on the Central Limit Theorem, dealing with the sum of independent 
random variables) 

7c,5=Z ('•)/** 

j€S 

Here, K is a constant for the level of confidence (K = 3 for 99.7 % confidence, 
K - 2 for 95% confidence, etc ) In the usual situation, an “optimum” project 
plan is one where T c s <DC S , where DC is a desired completion time for the 
set of jobs, S Network plans which do not meet this cntenon may undeigo 
slack to critical path resource reallocations, cost expediting, or more radical 
project replannmg until this cntenon is met 
It should be noted that all the above discussions are based on the assumption 
that the estimated completion time of the project is the target date For most 
instances, this will be true. However, there are cases where the project manager 
may find that he can easily meet the imposed target date, e g , the Tc t s 1S well 
below the DCs Then, there is, m addition to the usual (cntical-path induced) 
floats, an additional “free” float which results from the fact that T c s is less 
than DC's (Vdlers [1964] .Clark [1962]) 

4 6 Other Networking Procedures 

A number of forms of networking, other than the PERT/CPM logic defined m 
section 4 1, are growing in importance (see Moder and Phillips [1970]) Forex 
ample, it is sometimes easier to draw a network if the role of the arrows and 
nodes is reversed. In this case, the procedure is called activity-on-node network- 
ing An extension of this procedure, which expands the PERT/CPM logic, is 
called precedence diagramming (see IBM [1967]) This procedure handles 
networking situations where two activities must start together, or end together, 
or proceed concurrently with a fixed time lag (a situation which occurs guile 
frequently in construction work) For example, a typical actrvity-on-anow 
(conventional PERT/CPM) diagram is 
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_ Frame 1 Frame 2 Frame 3 / - N Apply Siding 3 

Q-; — V — V— ^ — O : O 


Apply Siding 1^ ^ Apply Sidmg 2 


The same network can be drawn as an activity- on-node diagram 



Frame 3 



lag of 

1 day 


1 

Apply Sidmg 3 

1 


Many R&D projects are often highly nondetermimstic, in that some jobs may 
conditionally lead to several others For example, a chemist who synthesizes 
and tests a new insecticide may be aware of several outcomes such as fail, pass, 
or unique result Each of these outcomes may lead to several possible jobs 
Thus, if the PERT/CPM logic is used, very large and cumbersome diagrams will 
result In fact, it may not be possible to draw one single diagram to completely 
depict the project These types of problems can be handled by decision point 
and tree diagrams in the network (see Eisner [1962]), as shown in Figure 11 
Note that the floats 4-6 and 5-6 are conditional the entire project shortens by 
these respective amounts, where the outcomes at node 3 are such that job 3 or 
job 5 are respectively elected. All other network computations follow the pre- 
viously described formats, except that the computations must be discounted for 
the outcome probabilities For example, in Figure 1 1, the expected tune at node 
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Fig 11. Decision network 


7 would be computed as f e job 6 + ( 6[t e job 3}+ 3[? e job 4] + \[t e job 5])+ 
t e job 2 + t e job 1 The GERT simulation language is specifically designed for 
these types of problems (e g , see Pntsker and Happ [1966] ) 

4 7 Multi-Project Considerations 

All the above networking concepts can be apphed to the scheduling of several 
projects jointly administered by a single organization. For example, consider a 
portfolio of three R&D projects such as shown m Figure 12 In this illustration, 
project A must be completed before project B can start (e.g , project A produces 
a raw material for project B) Project X and project Y may begin and be com 
pleted any time between time a and time e, respectively Thus, the dotted lines 
m Figure 12 are dummy dependencies only. They serve to indicate the time 
span available for all four projects Duration times could be placed on these 
dummies to achieve early start and late finish project dates, if they exist The 
project floats implied by these dummy jobs can be used in the same way that 
dummy jobs axe used m single-project networks. For example, suppose the same 
resources are used on projects B and X. Furthermore, suppose these resource 
requirements exceed the availabilities because of the simultaneous demands by 
projects B and X Figure 12 shows that the start of project X can be delayed 
until time d, while the resources are fully employed on project B After proj 
ect B is completed, the resources can be released for use on project X Alterna- 
tively, both projects can use the resources at a reduced rate, and both projects 
will then float out (as long as they do not float beyond time e) Whole projects 
may be “cost-expedited,” as descnbed above (section 4 3) Thus, multi-project 
networking techniques are completely analogous to single-project networking 
techniques (see Wiest [1964]) 

There is, however, one new aspect in multi-project scheduling, project pnon- 
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Project X 



Time 

Fig 12 A multiproject network 


ties Suppose, m Figure 12, that project X is deemed to be the most “impor- 
tant” project For example, there may be intrinsic reasons why management 
wishes to have it start before any other project One such reason would be a felt 
competitive threat In the RAMPS (Resource Allocation and Multi-Project 
Scheduling) computer algorithm developed by C-E-I-R, Inc (Moshman, Johnson 
and Larsen [1963]), the project priority is used as a weighting factor m sched- 
uling and allocating resources among competing alternative uses m multi-project 
networks. 

In general, the iterative use of multi-project level and project level network 
methods provides a medium through which project and department level man- 
agers may devise integrated total plans “Optimized” networks may be sub- 
mitted by each project manager These may then be merged into a multi-project 
network (Woodworth and Dane [1975]) Several multi-project network sched- 
ules may be developed, given various assumptions about priorities, resources, etc 
These alternative multi-project schedules may then be examined m staff meet- 
ings attended by each project manager and the multi-project manager, e g , the 
R&D director. The “best” multi-project schedule may then be selected, based 
on the discussions and criticisms from all parties Several iterations of schedule 
development may be required between the project and multi-project level before 
an acceptable total or “organizational” plan is developed 
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E t = the cumulative dollars forecasted to be expended by the end of time 
penod t, 

A F t = (E t - E t ) = the cost variance for t, (25) 

<j> t = the cumulative actual output at the end of time penod t, 

0, = the cumulative forecasted output at the end of time period t, 

A 0 f = (4> t - $ t ) = progress vanance for t, (26) 

C t = the total forecasted cost of the total actual output at the end of t, 

A C t = (C t - E t ) = the cost/progress vanance for t. (27) 

Output is measured as the per cent of the nodes completed m the network dia- 

A A aL 

gram. Then, let 0 = F(E, t) represent a forecast over the t plannmg penod 
That is, 0 is the cumulative forecasted or cumulative expected output, and 0 is a 
function of the expenditures forecasted over time, l e , the budget. Then, as t 
takes successive values from 1 to n, a tracking 0 = F(E, t) can be formed so that 
(F - F} represents a cost/progress information-control system. That is, the set 
of comparative differences between the actual and the forecasted expenditure- 
output functions, as measured by several parameters, is the information feed- 
back that tnggers control action by the manager. The particular parameters 
chosen here are defined m equations (25), (26) and (27) 

This model is illustrated m Figure 13 and Table 8. For example, at the end of 
five months the total actual output of the project has been determined to be .40 
(40% of the nodes have been achieved), and the total actual amount expended 
has been determined to be $100,000. Therefore, a mark X 5 was made at the 
E = 100, 0 = 0.4 coordinate (ignoring for the moment the time scale). The ap- 
propriate values of the parameters F s , E s , 0 5 , 0 5 , and C 5 were entered m the 
“Analysis of Budget Variance,” shown in Table 8, and the respective variances 
were computed by (25), (26) and (27). Likewise, the marks X 1 ,X 2 ,X 3 , • • , 
X„ were made m Figure 13 for months 1, 2, 3, • • , n, and the corresponding 
variances were similarly computed and entered in Table 8. Thus, Figure 13 is 


TABLE 8. ANALYSIS OF BUDGET VARIANCE 


t 

Expenditure 


Output 


Cost/ 

Progress 

Et 

A 

Et 


<t>t 

A 

<Pt 

A0 f 

/V 

c t 

A C t 

1 


20 

0 

0 10 

0 10 

0 

20 

0 

2 

IE 

40 

-10 

0 25 

0 15 

+0 10 

70 


3 


70 

+10 

0 35 

0 25 

+0 10 

85 

+25 

4 

75 

90 

+15 

0 40 

0 40 

0 

90 

+15 

5 

100 

120 

+20 

0 40 

0 65 

-0 25 

90 

-10 

6 


140 

+10 

0 70 

0 75 

-0 05 

130 

0 

7 


160 

-20 

0 70 

0 85 

-0 15 

130 

-50 

8 

230 

180 

-50 

0.70 

0 87 

-0.17 

130 

-100 
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Fig. 1 3 Control model example 


simply another way of depictmg the time-scaled (cost, time optimized) network 
plan, and recordmg actual cost and progress through it The time and expend) 
ture scales in Figure 13 are those from the network plan, e g , the expenditure 
scale is developed by adding up the costs for each time pomt (or at each node) 
The convention of which scale, expenditure or time, to plot as the linear scale is 
arbitrary However, since cost/progress is bemg emphasized, the expenditure 
was hneanzed here 

This model enables project management to (1) see variances as they occur, (2) 
categonze their causes, (3) determine the appropriate control action to be taken, 
e g , how and when to revise the plan For example, a disproportionately high 
rate of expenditure for the amount achieved should always be a sufficient reason 
for the project manager to hold a detailed project review The model will show 
all such disproportionate expenditures as negative cost/progress vanances (l e , 
negative numbers in the A C t column of Table 8) The model indicates that a 
substandard achievement, even where proportional to the expenditure, should 
always tngger a project review That is, in terms of Table 8, any and all negative 
A$ f entries should cause a review, even when accompanied by zero A Ct entnes 
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Under such circumstances, an explanation of why the rate of expenditure is 
below the planned level must be sought Assuming the original plan was opti- 
mal, such positive cost variances represent a dnft away from optimality, and 
may therefore eventually cause highly undesirable negative cost/progress vari- 
ances The data for months six through eight in Table 8 and Figure 13 can be 
used to illustrate this point The cost/progress vanance for month six (AC 6 ) is 
zero, because the substandard achievement (A <p 6 = -0 05) has been balanced by 
spending under budget (A E 6 = +10) In this hypothetical example, suppose that 
the spending under budget since month three was achieved by conserving re- 
sources on this project while utilizing them on a competing project Stnctly 
speaking, this change calls for a reoptimization, and the generation of a new 
“forecast” curve in Figure 13 to reflect the altered rate of resource application 
on this project However, assume that this replanning action was not taken be- 
cause management felt that “lost time” now could all be regained by “crash” 
costing the project at a later date Thus, suppose that m months seven and eight, 
crash overspending was used in an attempt to correct the substandard achieve- 
ment The results was that a proportional achievement did not occur and cost / 
progress vanance turned increasingly negative The point is that many projects 
may similarly have efficient expenditure /time schedules which may be extremely 
difficult to re-establish once perturbed Effective planning over the long term 
depends upon good control to indicate when and how to replan from time to 
time 

Thus, the conclusion is that all and any positive cost vanances, all and any 
negative progress vanances, and all and any negative cost/progress vanances 
should cause a detailed project review and project replanning 

What about overspending the budget 9 That is, what about negative cost van- 
ances (i e , negative items m the A E t column of Table 8) 9 Surpnsingly enough, 
the model indicates that such deviations do not necessanly demand control ac- 
tion For example, again considering Table 8 and Figure 13, the project manager 
should not be concerned about the overspending mdicated by the negative cost 
vanance at the end of the second month (A E 2 = -10) The cost/progress van- 
ance is positive (A C 2 = +20), indicating that the extra expenditure has “bought” 
more than a proportionate achievement Note the location of X 2 in Figure 1 3 
In other words, running over budget will not matter if the overexpenditure is 
“buying” proportionate achivements 

Now consider the data for the third, fourth, and fifth months m Table 8 The 
absolute level of achievement is shppmg at an increasing rate, as shown by the 
entnes in the A<p t column changing from +0 10, through 0, to -0 25. And the 
level of achievement per amount of expenditure is also shppmg, as shown by the 
entnes m the A C t column. Not only is the project achieving less with each pas- 
sing month, but is is also achieving less per dollar with each passing month But 
none of this “bad news” shows m the “budget” or cost vanance, the AE t col- 
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umn in Tabic 8 In fact, the project shows a favorable status in budgetary con 
trol (positive entires in the A E t column) over these three months' 

The conclusion is that controlling by “budget” overruns and underruns only 
can be seriously misleading Cost (or budget) variances and achievement van 
ances can balance out, as shown at the end of the sixth month in Table 8 and 
Figure 13. Or they may reinforce each other, as shown at the end of month, 
seven and eight. In any event, it is the interaction of both cost and achievement 
variances that determine the actual status of the project This simple fact is 
often obscured in project control situations As a result, an inordinate amount 
of significance is generally attached to project cost overruns, while some projects 
running under their budgeted costs often fail to attract badly needed attention 
For example, even under fixed manpower assignments, misalignments may occur 
because a manager may choose to underconsume his “fair share” of outside ser 
vices, e g , analytical services, in the interest of staying under budget Or he may 
underconsumc m the hope of reserving some funds for other “pet” projects 
The above model makes the effects of such misalignments apparent 
These concepts and the application of the control model have been illustrated 
in several studies (sec Soudcr (1968, 1969a, 1969b]) Standard PERT/CPM 
packages usually provide cost and achievement data in terms of updated esti 
mates of project completion dates and costs (for example, see Villers [1964]) 
However, integrated cost/progress status reporting is usually not part of the 
PERT/CPM package 

6. INTEGRATED PLANNING AND CONTROL SYSTEMS 

Planning premises and other informational inputs to the planning process are 
often highly tenuous and subject to rapid change The technical status of the 
ongoing project many change rapidly (eg, a technical breakthrough occurs), 
competition may introduce a similar product, the price of an essential raw mate 
rial may change, etc Changes in these planning premises can necessitate a reper 
formance of the planning and control functions in order to adapt to these 
changes The dynamic impacts of these changes on other existing programs, or 
the anticipated reactions of competitors, suppliers, etc may cause further 
changes which necessitate additional adaptive planning and control actions 
Thus, the situation is such that an iterative planning and control cycle is per 
formed over tune. This iterative cycle is illustrated in Figure 14 Inthisrepre 
sentation, the initial perceptions received by management form the basis for the 
initial plan (see box I in Figure 14) The characteristic scope and details of this 
initial plan will depend primarily on the existing technology, and the clantyof 
management s perceptions of how this technology may be applied. The plan will 
be implemented by manipulating some discretionary variable, such as a budget 
(see box II of Figure 14) The results of these manipulations on certain endog 
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Fig 14 Planning and control system 


enous variables (e g , technical accomplishments) will be perceived. Changes in 
certain exogenous variables (e g , the competitive situation) will also be per- 
ceived. These perceptions will then be compared with the preconceived notions 
and prior expectations of the perceptions (see box III of Figure 14) A decision 
is then needed. Is action required 6 * * 9 If the answer is ‘yes’, then replanning may 
occur This dynamic-adaptive planning-controlhng-replanmng cycle may be 
continuously performed over time (see Souder [1972c]) 

6 1 Dynamic-Adaptive Planning and Control 

Figure 15 depicts a dynamic-adaptive planning and control concept. A planning 

“model;” e.g., a project selection-resource allocation and network scheduling 

package, can iteratively be used to arnve at a satisfactory plan. After the plan is 
implemented, actual events may cause a change m the ongmal predictions and 
estimates sufficient to warrant a replanning and iterative repetition of the plan- 
ning model That is, things have changed to the degree that we look for a new set 
of projects, their funding allocation, and their time schedules This may result m 
the termination of some projects, a reallocation of funds among existing proj- 
ects, the selection of additional projects from the list of candidates, a reschedul- 
ing of expenditures over time, or some combination of these. The planning and 
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Fig. 15. Dynamic-adaptive planning and control 


control cycle thus repeats, with the planning and control models continuously 
re-used m these fashions as analytical aids to management. 

Briefly, the planning model defines a plan-line 

A A A 

(see section 5 1 for a definition of the symbols) for each of; = 1 , • , s selected 
and funded projects, of the set / = 1 , , n available for selection and funding 

The control model provides an analogous track-line, 

<P, 

for each of / = 1 , — , s projects Let ±Afj be a control limit Then, project/ is 
under control only when 

V A/ ; <F ; <F, + A/ ; . 

When proj'ect / is not under control, replanning is called for. Control actions, 
e g., reallocations of project resources from slack to critical paths, may be taken 
at anytime to keep the project under control As discussed in Section 5 1 above 
control actions will be also taken on the basis of the AC, and A E t vanances 
The determination of an appropnate ±A/ ; depends upon the nature of the proj 
ect and managerial desires However, deviations of from 10 per cent to 20pei 
cent in Fj are often found in many successful project efforts (see Souder [196! 
and 1969b]) 

This system combines centralized and decentralized decision making. Contro 
is decentralized in that it takes place at the lowest possible project level Thi 
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project manager keeps the project within the planned limits by making minor ad- 
justments that are within the given budget These are considered the proper 
sphere of project management, and the next level of supervision does not be- 
come involved However, changes m total project budgets, changes m the num- 
ber or types of personnel or the project, or any major replanning that affects 
other projects involves management at levels above project supervision Hence, 
centralized decision-making is required. Thus, the planning model is the device 
which interfaces planning and control at the project level with planning and con- 
trol at the multiproject or area level. 

7 SUMMARY 

Although many OR models have been developed for project and portfolio selec- 
tion, the development of suitable and effective portfolio models which will be 
adopted by managers remains a challenge. The task is compounded by the dif- 
fuse and splintered nature of the project selection-resource allocation decision 
processes which exists in most organizations These factors promote piecemeal 
suboptimization Thus, index models and checklists remam the mainstay in the 
area of project selection aids 

Although network planning procedures have been widely adopted, their natural 
extensions in the form of cost/progress control and reporting has not received 
equal appreciation. As the concept of integrated, adaptive planning and control 
systems becomes more widespread, cost/progress control may become more 
widely used 

Major challenges for OR remam in developing useful project selection models 
Considerable latitudes remain for OR developments in the area of combined 
heunstic-optimal resource allocation methods for project scheduling In the 
control area, important challenges remam in developmg project output and 
achievement measures that are more meaningful than a simple count of the net- 
work jobs completed. In many projects, the degree of project goal achievement 
does not appear to be proportionately related to the per cent of the total project 
jobs completed. Also, the problems of control in networks where the job dura- 
tions are random variables have not been fully resolved at the time this is being 
wntten 
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1. INTRODUCTION 

Reliability theory concerns itself with finding the probability that a stochas- 
tically failing item (component, module, system, etc ) will perform its function 
satisfactorily. The definition of satisfactory functioning may or may not involve 
a specified period of time 

It is convenient to define an indicator random variable, X, with X= 1 if the 
item is functioning and X = 0 otherwise The reliability of an item can then be 
defined as the expected value of X or, equivalently, as P(X =1) 

Example 1 An item has a probability p of being operable, and probability 1 - p 
of being nonoperable. Its reliability is 

1 p + 0 (l-p) = p (1) 

Example 2 * The lifetime, T, of an item has a cumulative distribution function F 
If “operable” means failure-free operation for a duration t, and if one defines an 
indicator function, X, by 


X(u) = 


' 0 

. 1 


for u < t 
for u>t. 
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where x = (xi , , x n ) is the component state vector. The function 0 (at) 

is called the structure function of the system 

Example 3 A senes system Cl C2 Cfi functions if and only if each of its 
components functions Its structure function is 

n 

<p(x) = n *« = mm (*i . ,x n ) (3) 

i 

Example 4 A parallel system functions if and only if at least one of its com- 
ponents functions Its structure function is 


0(x) = max (*! , ,*„) = 1 -flC 1 (4) 

i 


Example 5 A fc-out-of-H system functions if and only if at least k of its n com- 
ponents function (Thus a senes system is an n-out-of-n system, and a parallel 
system is a 1-out-of-n system ) Its structure function is 


or 




otherwise. 


(5) 


0(x) = Vjc, i x, k = max (*!,>*, 2 , ,x, k ) 

where the operation V, and the maximization is taken over all combinations 
, i k ) of k numbers selected from the first n integers The structure 
function of a 2-out-of-3 system can be written vanously as 


<P(x 1 ,x 2 ,x 3 ) = 


1 

0 


if JCi + x 2 + x 3 > 2 
otherwise, 


or 


<p(x 1 ,x 2 ,x 3 ) = x 1 x 2 VxiX 3 V x 2 x 3 

= 1 - (1 - Xi*a) (1 " *1*3) (1 ~ *2*3) 

= X X X 2 X 3 +X 1 X 2 (1 - JC 3 ) + AT! (1 -X 2 >C 3 + (1 ~ X x )x 2 X 3 


2 1 Coherent Systems 

Before we can introduce the concept of a coherent system , some notation must 
be established 

The symbols (1,, x) and (0,, x) refer to the vector x with its i-th position re- 
placed, if necessary, by a 1 or a 0, respectively That is, (1, , x) = (*! , , jc,_j , 
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l,x I+1 , ,x„) and (0,, x) - (*i , ,x t -i, 0, x 1+1 , ,x n ) This notation 
permits the statement of a theorem'on the pivotal decomposition of a structure 
function, a result which allows one to express a structure function of order n 
(i e , a structure function for a system having n components) in terms of structure 
functions of order n - 1 

◄ (Pivotal Decomposition Theorem) 1 For any structure function <j> or order/i 

4>(x)=x l 0(l,,x) + (l - X,)<p(0„x), (6) 

for all x and all / = 1,2, , n 

By repeatedly applying Equation (6), one obtains the representation 

m= z n x / ; (1 “ x l ) 1 ' y > <P (y) (7) 

y i=i 

where the sum is taken over all 2" vectors y of order n 
If the functioning of a system does not depend on the functioning of a paiti 
cular component, then that component is called irrelevant to the system Spe 
cifically, the i-th component is irrelevant to the system with structure function 0 
if 0(1,, x) = 0(O„ x) for all x If a component is not irrelevant, it is called 
relevant 

We are now in a position to define a coherent system as one having no irrele 
vant components and whose structure function is increasing 2 in each argument 
Two basic results obtam for coherent systems 

< For a coherent structure 0 of order n, 

n*,<0(x)< V (8) 

1 

This result states that a coherent system, with components Cj , . , c n , is at 

least as good as a system having these components arranged in series, and no 
better than a system having the components arranged in parallel 
For vectors of binary variables we introduce the notations 

xVy = (x I Vyj, ,x„Vy n ), 

x y = (x 1 y 1 , ,x„y n ) 

Recall that for binary variables x and y,xVy = max ( x,y ) and xy = min (xj) 

•4 For any coherent structure 0 

(a) 0(xVy)>0(x)V0(y), ( 9 ) 

(b) 0(x y) < 0 (x) 0 (y) ( 10 ) 

Expression (9) states that parallel replication is at least as effective at the com 
ponent level as at the system level Expression (10) states that series replication 
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is at least as effective at the system level as at the component level We give a 
simple illustration for each of these statements 
For the first statement, consider a two-component series system (Figure 1), 
' with state vector x = (xj , x 2 ) and another pair of components with state vector 
y = 0' 1 1 }’2 ) (These latter components will be designated l' and 2', respectively, 

‘ in sketches). Parallel replication at the component level yields the schematic./!, 
while parallel replication at the system level yields £ The structure of A will 
function for x = (1 , 0), y = (0, 1 ) and for x = (0, 1 ), y = (1 , 0), while that of B 
does not function for either of these pairs of state vectors For all other pairs 
s of state vectors x, y. the performance of A and B is identical 

The second statement can be illustrated by considering a two-component par- 
allel system (Figure 1 ) With the same notation as above, senes replication at 
the system level yields C, while replicating in senes at the component level yields 
D (Figure 1 ) We observe that C is the same as A , that D is the same as B, that 
A is always as good as B, and therefore, that C is always at least as good as D. 

In order to proceed, we need some additional terminology and notation. By 
y <x is meant thaty, <x, for each/, andy, <x t for some i,i = 1, , n. 

1 2 

— * — » — Two component series system 


1 2 



Fig 1 Vanous forms of replication in two component senes and parallel systems 
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Consider a coherent structure function 0, the associated set of component 
fa , . , c n }, and the corresponding state vector x = (x,, . , x „) Defo 

C 0 (x) = {c, \x, = 0} and C x (x) = fa \x t = 1}. x is called a path vector rf<}( x )= 

1, Ci (x) is the corresponding path set x is a minimal path vector if it is a ^ 
vector and if for any vector y, with y < x, <p (y) = 0 The corresponding C, (x) 
is a minimal path set Note that a minimal path set is a minimal set of com 
ponents whose functiomng guarantees that the system functions 
x is called a cut vector if 0(x) = 0, C 0 (x) is the corresponding ait set xisa 
minimal ait vector if it is a cut vector and, if for any vector y with y >x,0(y)= 

1 The corresponding C 0 (x) is a minimal cut set. Note that a minimal cut set is 
a minimal set of components whose failure causes the system to fail 
Denote the number of minimal path sets by p and the y-th minimal path set 
Pj Denote the number of minimal cut sets by k and the ;-th minimal cut set by K, 
Associated with P, we define the jth minimal path senes structure function, 
a,, by 

a,(x)= Yl x, (11) 

c, c p, 

We see that a, is the structure function of a senes arrangement of the com 
ponents m the /-th minimal path set That is, it takes the value 1 if all the com 
ponents in P } function and 0 otherwise 
Since the structure <p will function if and only if at least one if its minimal path 
structures functions, 0 can be represented as a parallel arrangement of the imm 
mal path structures, a,, and we can write 

0(x) = Vfa Qy (x) = 1 - f] [1 - a, (x)] (12) 

i=i 

In the same way, we associate with K, the jth minimal cut parallel structure, 
P ,, defined by 

p, (x) = V c t eKj X f ( 13) 

The function Pj, taking the value 0 if all the components in K { fail and 1 other 
wise, is the structure function of a parallel arrangement of the components of 
K , 

Since the structure 0 fails if and only if at least one of its minimal cut strut 
tures fails, we can represent 0 as a senes arrangement of the minimal cut strut 
tures, pj, and wnte 


0(x) = [I ( x ) 


7 = 1 


(14) 
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3 RELIABILITY OF COHERENT SYSTEMS 

We now proceed beyond the deterministic properties of coherent structures and 
discuss their probabilistic properties— specifically their reliability We give exact 
expressions for, and bounds on, system reliability, based on component reliabili- 
ties First, we consider the situation in which the components are statistically 
independent of one another. 

Denote the reliability of component c , by p„ and that of the system by h As 
noted at the outset of this Chapter, p, = P(X, = l) = E(X t ) and h =.P[0(x) = 1] = 
E [0 (x)] If the components are independent, system reliability is a function of 
the component reliabilities and we will write h - h (p) h{ p) is called the reliability 
function (of the structure 0). If the components are statistically dependent, then 
system reliability is not solely a function of p, and we will then not write h(p) 

It follows immediately from the pivotal decomposition theorem (Equation 6) 
that 


h (p) = P, h (1, , p) + (1 - p,) h (0, , p), (1 5) 


and it can be shown, from Equation 15, that /i(p) is a strictly increasing func- 
tion of each of its arguments p„ for 0 <p, < 1 
The minimal cut and minimal path (hereafter called mm cut and min path) rep- 
resentations of the structure function, as well as the pivotal decomposition, all 
provide a way to compute the reliability of a coherent system with independent 
components From Equations 12 and 1 1 we have 


/i(p) = £’[0(x)] 


-*[vr-i 



(16) 


from Equations 14 and 13 we have 


h(p) = E 


fl V c l eK,X l 


L/=i 


(17) 


and from Equation 7 we get 


mp)- x>wn p?‘v-p.y- y ’- < i8 > 

y i=i 


the sum being taken over all 2” vectors y with 0 and 1 coordinates In expand- 
ing the right hand sides of Equations 16 and 17, one uses the fact that Xf =X, 
and the independence of the components In view of the latter, the expectation 
of a product is the product of expectations 
We can see that the calculation of system reliability can be a considerable 
chore, even under the simplifying assumption of independence of components 
Thus, we need to consider bounds on system reliability 
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3 1 Associated Random Variables 

Before we can discuss bounds, we must mtroduce the notion of associated 
random variables, an extension of the idea of statistical dependence Random 
variables, T x , , T n , not necessarily binary, are defined to be associated if, f 0I 

all pairs of increasmg, binary-valued functions T and A, 

cov [r (T), A (T)] =E[ r (T) A (T)] - E [r (T)] E [A (T)] > 0 

Associated random variables satisfy these properties 

(1) Any subset of associated random variables is associated, 

(2) If two sets of associated random variables are mutually independent, then 
their umon is a set of associated random variables, 

(3) The set consisting of a single random vanable is associated, 

(4) Independent random vanables are associated, 

(5) Increasmg functions of associated random vanables are associated 

Property (5) states that monotonic systems, composed of associated (in pai 
ticular, mdependent) components, are themselves associated The min path (am 
mm cut) structure functions of a coherent system are increasing in the coir 
ponent performance mdicator vanables X t , , X n If these vanables ar 

associated, then the mm path (and mm cut) structure functions are associatei 
These facts are now used m connection with system reliability bounds 

3 2 Bounds on System Reliability 
< If X t , , X n are associated binary random vanables, then 

(a) = />(*, = !) (19) 

and 


(b) P ( V »x, = 1 ) < V? P(X t = 1 ) (20) 

Expression 19 states that a lower bound for the reliability of a senes system 
composed of associated components is furnished by treating the components as 
though they were mdependent Expression 20 states that an upper bound for 
the reliability of a parallel system composed of associated components is fur 
rushed by' treating the components as though they were mdependent 

The crude bounds of the next Theorem follow directly from Expression (8) 
and Expressions (19) and (20) 

For a coherent system <p of associated components having reliabilities p\, > Pn 

f[ Pl <P[4>(X)=l]<V n lP , (21) 
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Better bounds, using the min path and mm cut representations of the struc- 
ture, are given next 3 

◄ Let 0 be a coherent structure of associated components, (x), . ,a p (x ) 
be the min path structures of <p, and /?i (x), . , (x) be the min cut structures 

of <p. Then 


fim(X)=l] <P[0(X)=1] <V?P[a ; (X)=l] (22) 

i 

If the components of <p are independent, then 
k 

n v C/e */,<p[0(x)=i]<vf = , n Pl (23) 

/= l c t c p j 

The bounds given in Expression 23 are more explicit, but weaker, than those 
of Expression 22 

3 3 Modular Decomposition 

Finally, while by no means exhausting this subject, we mention that easier com- 
putation of exact system reliability, and improved lower bounds on system re- 
liability, can be obtained by decomposing a system into disjoint subsystems or 
modules (see Bodm [1970]) The overall system reliability is computed, or 
bounded, via the reliability of these modules 
The reliability analysis of a complex system can be made m the following way 
Decompose the system into separate functional subsystems, each subsystem into 
components, and each component into its individual parts Using Expression 
(22) or (23), a lower bound on component reliability can be calculated from the 
reliability of its parts, using these expressions agam, a lower bound on subsys- 
tem reliability can be calculated from the lower bounds on component reliabili- 
ties, finally, from the lower bounds on subsystem reliability, these expressions 
can be used to get a lower bound on system reliability. It can be shown that tins 
procedure yields a lower bound on system reliability at least as good as that fur- 
nished by the mm cut representation of the system itself 
Bodm [1970] also gives upper bounds on system reliability via a modular de- 
composition of the system A general reference for Sections 2 and 3 is Barlow 
and Proschan [1974, Chapters 1 and 2] , cf also the references cited therein 

4 THE TIME-TO-FAILURE AND RELATED RANDOM VARIABLES 

Denote by F the cumulative distribution function (CDF) of time-to-failure of 
some stochastically failing item, and 1 - F by F (F is the survival probability 
or reliability function of the item) As time-to-failure is a non-negative, random 
vanable, we shall assume F ( 0 -) = 0. 
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The (conditional) probability that an item of age t will survive an additional 
time x is 


= for F(t)>0 

(24) 

The (conditional) probability of failure between times t and t + x, given survival 
to age t, is 

—x x F(t + x)~F(t) 
F(x\t)-l-F(x\t)= K 

(25) 

The (conditional) failure rate function r is defined by 


r(t) = hm F(x\i)jx. 

x-+Q 

(26) 

If F has a density /, then 


At) =m/F(t) 

(27) 

Synonyms for the term failure rate are hazard rate, intensity rate, and force of 
mortality 

The fallowing relations are easily seen to hold 

r(t) = -~l°g[F(t)), 

(28) 

F (0 = exp jj- j' r(x) dxj , 

(29) 

AO = r(t) exp jj- j r(x) cfccj . 

(30) 


For small At, the quantity r(t)At can be interpreted as the conditional prob 
ability of failure in the interval (f , f + At), given survival to age t 


4 1 The Exponential Distribution 

An item which does not age stochastically is one whose conditional probability 
of surviving an additional time x is the same regardless of its age t. That is, for all 
x, t >Q,and 

F(x\t)=F (x). ( 31 ) 

This can also be written as 

F(t + x) = F(t)F(x). 


(32) 
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The only continuous survival probability function satisfying this equation is 

F (x) = exp (- Xx), X>0, x>0 (33) 

This is the exponential distribution. It, and only it, has a constant failure rate, 
X For X having the exponential distribution with failure rate X, E(X n ) = n l /X” 
In particular, the mean is 1/X and the variance is 1/X 2 The density function for 
the exponential distribution is 

Xexp(-Xx), x>0 

Ax)=- 

1 0, JC<0 (34) 

A senes system composed of n independent, exponentially distnbuted com- 
ponents, the i-th of which has failure rate X JS has itself an exponential distnbu- 
tion with failure rate Z ( > and mean l/^X, This can be seen as follows 
Let T be the system time-to-failure and 7] the time-to-failure of the z-th com- 
ponent Then 

P(T>t)=P [ mm (7) , ,T n )>t]= P[T , > t, . ,T n >t ] 

=n^ [Ti > t] = riexp (-X,f) = exp ^Zvj 

A parallel system composed of n independent, exponentially distnbuted com- 
ponents does not itself have an exponential distnbution The distnbution, and 
its mean, can be easily calculated. 

P(T< t ) = P[max ( T \ , ,T n )< t] = P[T t <t, ,T n <t] 

=1 \KT t < t) =f\ [1 - exp (-A ,t)] (35) 

i i 

m=t( v\) - z w(\ + \)] + z [i/cx* + ^ + w) - ± i/f> 

1 i </ i <j < k I 1 

(36) 

In the special case X! = • ■ = X„ = X (say), 

' + n) (37) 

4 2 The IFR and DFR Classes of Distributions 

An item which ages stochastically can be charactenzed as one whose conditional 
survival probability function decreases with age That is, 

F(x|f) decreases m t>0 for each x>0 (38) 

If F has a density, this is equivalent to the failure rate function r increasing We 
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say F belongs to the class of functions with increasing failure rate (or that F is 
IFR), if F satisfies (38) 

An item which improves stochastically with age can be charactenzed as one 
whose conditional survival probability function increases with age. That is, 


F(x|f) increases In t>0 for each x>0 


(39) 


If F has a density, this is equivalent to the failure rate function r decreasing We 
say F belongs to the class of functions with decreasing failure rate function (or 
that F is DFR) if F satisfies (39) 

Mixtures 4 of exponential distributions are DFR. Certain mechanical parts in- 
crease in strength as they age (“work-hardening”), and thus have a DFR distribu- 
tion The early hfe of some items (e g , many forms of animal hfe— including hu- 
mans and some electronic components) exhibit a decreasing failure rate 
The IFR class is closed under the formation of senes systems That is, a senes 
system is IFR if all its components are IFR The DFR class also has a similar 
property ,n a senes system is DFR if all its components are DFR 
A failure rate function which is initially decreasing, followed by a penod of 
time during which it is relatively constant, after which it increases, is sometimes 
seen in practice. The three phases are called, respectively “infant mortality,” 
“useful hfe,” and “wearout.” The form of the graph of such a function has 
been termed “bathtub-shaped ” 


4 3 Some Time-to-Failure Distributions with Monotone Failure Rate 

Three distributions, often used in reliability applications and having monotone 
failure rate function, are the Weibull, gamma, and truncated normal We define 
them and give a few of their properties 

The CDF of the Weibull distribution, with scale parameter A and shape para- 
meter a, can be wntten as 

F(t) = 1 - exp [- (Arf J , for t>0, and A,a>0 (40) 

Its failure rate function is 

r(r) = aA(Af) a_1 , for t> 0 (41) 

Thus, the Weibull distribution is IFR for a > 1 , DFR for 0 < a < 1 , and it coin- 
cides with the exponential distribution for a = 1 . 

The mean and variance of the Weibull distribution are 

r(i-n) and mr- [r(|+ 1) - , 

respectively 

The density of the gumma distribution, with scale parameter A and shape param- 



RELIABILITY 357 


eter a, is given by 

*< ,)= TW exp( ~ x<) - 


for t > 0 and with X, a > 0 


(42) 


For positive integral values of a, the CDF of the gamma distribution can be 
wntten as 


a-i AfV 

G(0=1-]T — ~exp (-Xf), for t> 0. (43) 

z= 0 1 

(Note that this gives the gamma CDF in terms of the CDF of the Poisson 
distnbution) 

Also, for 2a being a positive integer (say m = 2a), F(2Xf) is the CDF of the 
chi-square distnbution, with m degrees of freedom More generally, the gamma 
CDF has been tabulated by Pearson [1934] and by Harter [1964] The sum of 
n independent exponentially distnbuted random vanables, each with failure rate 
X, has the gamma distnbution with scale parameter X and shape parameter n. 
Die mean and variance of the gamma distnbution are a/ X and a/X 2 , respectively. 

The reciprocal of the failure rate function for the gamma distnbution can be 
wntten 


l/r(f)= I (1 +u/t) a ~ 1 exp (-Xn)cfa (43) 

do 

From this it follows that the gamma distribution is DFR for 0 < a < 1 , IFR for 
a > 1 , and comcides with the exponential distnbution for a - 1 
The density of the truncated normal distnbution is 

m=— ^-exp[-(t-ju) 2 /(2a 2 )], t> 0, a>0 (44) 

ao\J2a 

where 

a ~ f — 7==- exp [-(r - n) 2 l(2o 2 )] dt 
Jo °V 2x 

The constant a is a normalizing constant which makes I f[t) dt = 1 If p is 

do 

more than three times a, a is essentially equal to 1 , and may, for the most practi- 
cal purposes, be omitted, thereby making (44) the usual (untruncated) normal 
density with mean p and vanance a 2 . 

The truncated normal distribution is IFR The demonstration of this fact ordi- 
narily proceeds via properties of a class of functions called the Polya frequency 
functions of order 2 (PF 2 for short) We will not pursue this here, and the inter- 
ested reader may consult Barlow and Proschan [1965, 1974] , or Karlin [1968] . 
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4.4 Other Classes of Distribution Functions 

While one might think that a coherent structure composed of components with 
IFR lifetimes would, itself, have an IFR life distribution, this turns out not to be 
the case Bimbaum, Esary, and Marshall [1966] have shown that the smallest 
class of distribution functions F, containing the class of all exponential distri- 
butions and closed under the formulation of coherent structures, is the one for 
which -(1 It) log F(t) increases with t > 0 If F has a density, this is equivalent 

to - (1 It) I r(x) dx increasing with t > 0 and, for this reason, this class is called 
^ o 

the class of distribution functions with increasing failure rate average, or the 
IFRA class. Note, however, that adistnbution function F need not possess a fail- 
ure rate function m order to be in the IFRA class 
As an IFR distribution is also IFRA, and an exponential distribution is IFR, 
coherent structures composed of exponential or IFR components have an IFRA 
lifetime. 

By analogy, the DFRA class of distribution functions is that for which -(1 jt) 
log F(t) decreases mt> 0 While the DFRA class is not closed under the form- 
ulation of coherent structures, it is closed under the mixture operation 4 and 
under the formation of senes system The DFRA class of distnbution has, to 
date, not found significant application in the field of reliability 
We next discuss four additional classes of distribution functions the New 
Better Than Used (NBU), New Worse Than Used (NWU), New Better Than Used 
in Expectation (NBUE), and New Worse Than Used in Expectation (NWUE) 
classes These arise, m a natural way, m the consideration of replacement poli- 
cies. Definitions follow 
A distnbution F is NBU (NWU) if 

F(x+y)<(>)F(x)F(y), for x,y> 0 (45) 

This is equivalent to requiring that the conditional probability F(y)x) = F(x+y)l 
F(x), that an item of age x will survive an additional timey is less (greater) than 
the probability F(y) that a new item will survive a time y. Equality holds in (45) 
for, and only for, an exponential distnbution. 

A distnbution is NBUE (NWUE) if 

(a) Fhas finite (finite or infinite) mean p, and 

/•oo 

(b) J F(x) dx < (>) p. F (t) for t > 0. (46) 

This is equivalent to requiring that the mean residual lifetime of an item of age 

/■» oo 

J [F(x)/F(r)] dx, is less (greater) than the mean lifetime p of a new item 
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The following chain of strict inclusions holds for the various classes of dis- 
tnbuhons mentioned in this Chapter 

IFR C IFRA C NBU C NBUE, (47) 

and 

DFR C DFRA C NWU C NWUE (48) 


4 5 Renewal Processes 

Consider a continuing process in which an item is immediately replaced, 
upon failure, by a new item with the same hfe distribution as its predecessor, 
and in which all lifetimes are independent Let F(t) be the common lifetime 
CDF, and let F^ k \t) denote the fc-fold convolution of F(t) with itself For 
CDF’s of nonnegative random variables, 

F< 1 \t) = F(t), 

F (k \t) = f F (fc_1) (f - x) dF(x) (49) 

(0 is the distribution of + • + X k , where Xi , , X k are independent, 

andhave common CDF, Fit). Suppose S ly S 2 , . are the successive replacement 
times (so that the successive operating times are Si ,S 2 - Si ,S 3 - S 2 , . . )• 

N(t) denote the number of replacements made m [0, t ] , N(t) is a non-negative 
mteger valued random variable with 

P[N(t) = 0] = P[X x > t] = F{t\ (50) 

P[N(t) = k] =P[Xi +•• +Z fc <fandX 1 + +X k+1 >t] 

= - F (k+1 \t), k> 1 (51) 

The stochastic process {N(t) t > 0} is called a renewal counting process The 
expected value of N(t) is denoted by M(t) and is called the renewal function It 
is easy to see that 

M{t) = jr kP [Nit) = k] = £ F {k \t) (52) 

fc= 0 k=l 

The Poisson process with rate \ can be defined as the renewal counting process 
for exponential lifetimes having failure rate X If Fit) is the exponential distri- 
bution with failure rate X, then the fc-fold convolution F^ k \t) is the gamma dis- 
tnbution with shape parameter X and scale parameter k Using this fact and 
(43) , one sees that 


P[Nit) = k]= iXt) k exp i~Xt)/k >; 


(53) 
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i e , N(t) has a Poisson distribution with mean \t Thus, for the exponential 
distribution with failure rate X, 

M(t) = \t (54) 

Renewal analysis for the (untruncated) normal distribution does not yield such 
simple formulas as (53) and (54), but is numerically quite tractable, since the 
k-fold convolution of a normal distribution with mean n and variance a 2 is the 
normal distribution with mean k{x and variance ka' 1 The renewal function for 
the Weibull distribution has been discussed by Leadbetter and Smith [1963] and 
by Lomnicki [1966] 

If N(t) counts the number of renewals of a stochastically failing item with 
CDF F having mean /a and variance a 2 , then N(t) has asympototically (in t) the 
normal distribution, with mean tin and variance o 2 t/n 3 Other important as- 
ymptotic results concerning iV(t) and M(t) follow 

< lim N(t)jt -> lln (as) 5 (55) 

r-*oo 

< Blackwell’s Theorem If F is a nonlattice 6 distribution function with mean p, 

lim \M(t + h ) - M(t)) =hlfJL (5 6) 

f — voo 

< The Key Renewal Theorem If g is of bounded variation on [0 , °°] , and F is 
nonlattice with mean /r, 

bni f g(t - u) dM(u) = — f g(u)du. (57) 

f-+oo»/Q n Jo 

4 The Elementary Renewal Theorem • 

hm M(t)jt = l In (58) 

t—> ©o 

Additional matenal concerrung renewal theory can be found in Cox [1962] , 
Smith [1958] , and m the chapter by Smith on stochastic processes (Volume I, 
chapter 3-1) Applications of renewal theory to reliability and maintenance are 
to be found m Barlow and Proschan [1965, 1974] and in Gnedenko, et al. 
[1969] . We also mention a few in the sequel. 

5. SOME RELIABILITY BOUNDS 

We present some bounds on reliability, F(t), under various assumptions concern- 
ing the family to which F belongs, as well as bounds applicable in renewal analy- 
sis, and in the reliability of senes, parallel, and, more generally, coherent systems 
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5.1 Bounds on F (t) 

The first bound compares IFRA and DFRA survival probabilities having a pre- 
scnbed quantile with the survival probability of an exponential distnbution 
having the same quantile 

4 Let F be IFRA (DFRA), with p-th quantile % p (i e , F(£ p ) = p), and let 

a = - [log (1 -p)]/l P 

Then 

for 0<t<£ p , 

for t>\ p (59) 

Next, we give lower and upper bounds on IFRA survival probabilities 
◄ Let F be IFRA with mean Pi Then, for fixed f>0, 

s |X for t<n j 

F(t)<^ 

(exp(-wt), for t>Hi, (60) 

where w > 0 is a function of t which satisfies 

1 - wp t = exp (-wt) (61) 


_ \> (<) exp (-at) 

m i 

l < (>) exp (-at) 


< Let F be IFRA with r-th moment p r . 


p r = f t r dF(t) = r f t r ' 1 F(t)dt\ 


Then 


_ f min [exp (~b t t), exp (-cf)j , for t < 
F(t)>\ 

l 0, for t>nl lr , 


(62) 


where b t satisfies the equation 


t r [1 - exp ( ~b t t )] + b t x r exp (~b t x)dx - y. r (63) 

and 

c = (p r /r') 1/r 

The next bound compares IFR survival probabilities having a prescribed r-th 
moment with a corresponding exponential survival probability. 

* Let F be a contmuous IFR distribution with prescribed r-th moment p r , and 
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hfk r = p r /F,r> 1 Then 


F(t)> 


Jexp [-r/A) /r ], 

1 0 , 


for t<p)/ r 
for t > p^ r 


( 65 ) 


This is a sharp bound 

If one knew any of the moments of F, it seems most reasonable to suppose 
that pi , the mean, would be known This is the case r = 1 of (65) and yields the 
important result 

< Let F be IFR with mean p 2 Then 


for t<[i l 

for t > pj (66) 

This is a sharp bound Application of (66) will be made in the sequel 
Finally, we mention an upper bound on DFR survival probabilities 
< Let F be DFR with mean p t Then 


F{t)>\ 


f exp (-f/pi), 
0 , 


l 


for r<p i 

for t>p l (67) 

This bound is sharp 

Proofs of these bounds are given by Barlow and Proschan [1965 and 1970]. 
They also give other related results including bounds on moments, a tabulation 
of the IFRA lower bound of (62) for pi = 1 , and a graph comparing the IFRA 
lower bound of (62) with the IFR lower bound of (66) for t < p x = 1 (As 
might be expected, since the IFR assumption is more restrictive than the IFRA 
assumption, the IFR lower bound exceeds the IFRA lower bound) For other 
results, see Barlow and Marshall [1964, 1965, 1967] and Barlow [1965] 




[exp (-f/Pi), 


I 


5 2 Bounds in Renewal Analysis 

If an item has life distribution F, and if it is replaced instantly upon failure by an 
mdependent, new item having the same life distribution, how many replacement 
items should be stocked so as to insure, with probability 1 - a, that there will be 
no interruption of service during the interval [0, f] 9 (This has been termed “the 
spare parts” problem) The number of replacements that will be required was 
denoted N(t) m Section 4 5 

If F is the exponential distribution with mean p, then it follows from (53) that 
for 7i = 1,2, . . 


F[A(r)>n] = £ (r/p)'[exp (-t/p)]//' (68) 

]=n+l 
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These are Poisson probabilities which are widely tabulated; eg by Molina 
[1942] or General Electric Co [1962] . 

The probability of a shortage, given that n spare items are stocked, is given by 
(68) Thus, the solution to the spare parts problem is the smallest integer n*, 
satisfying P[N(t) >n*]<a 

If, instead of assuming that F is exponential, we assume merely that F is IFR 
with mean p, it follows from (66) that 


P[N(t) >n] < X [exp (-till)] // ' for 0 < f < /i (69) 

;=n+ 1 

This tells us that the Poisson distribution gives a conservative estimate for the 
probability of more than n failures in [0, f] , for t < [i when F is IFR with 
meanju 

Other bounds, valid for all t > 0 and for other classes of distribution, are given 
m the following result (Barlow and Proschan [1974] ): 

◄ Let F be continuous with F(0) = 0, and let R(t) = -log F(t). 

(a) If Fis NBU (NWU), then 


P[N(t) >n]<(>) £ [R(?W [exp (-R(O)l /]' for t > 0 , n = 1 , 2 , . . . 

j=n+l 

(70) 

(b) IfFis IFR (DFR), then 


P[N (t) >n]>(<) [nR(tln)y [exp (-nR(t/n ))] /; 

;=n+l 

for f >0,n = 1, 2, . . (71) 

An application of (70) can be made to the Weibull distribution (40) for a > 1 
For a>l , the Weibull is IFR and hence, also NBU As R(t) = (Xt) a , we have 
from (70) 


^[A r fy)>«]< £ [(X0 a F [exp(-(Af) a )]// for t>0,n = l,2,. . 
j=n + 1 

(72) 

The exact computation of P[N(t) > n] for the Weibull can only be done numer- 
ically, so this bound, in terms of the Poisson distnbution with rate (\t) a , may 
be quite useful 

Finally, we present a number of bounds on M(t)=E[N(t )\ , the renewal 
function. 
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« Let F be NBU (NWU) Then 

M(h) < (>) M(t + h) - M(t ) (73) 

< Let the underlying distnbution F of a renewal process have finite mean p. (a) 
Then 


M(t) > (t(n) - 1 for t> 0 (74) 

(b) If F has Fmite mean fi and is NBUE (NWUE), then 

M(t)<(>)tfn. (75) 

Thus, if F is NBUE (74) and (75) can be combined to yield 

(till)- 1 for t> 0 (76) 

ft follows that if F is NBUE with mean n, its renewal function can be approxi- 
mated by (tin) ~ (1/2) and the error of approximation will be at most 1/2 for all 
t>0 Since M(t) is, in general, hard to compute, the bounds of (76) can be 
quite useful 


5.3 Reliability Bounds for Coherent Systems 

Consider a coherent system with reliability function h, and consisting of/i inde- 
pendent components with IFR distributions F x , , F n , having known means 

Hi, , /i„ We seek a lower bound on the system reliability function at time 
t, i e , on h (F x (t), . ,F n (t)) Since h is an increasing function of each of its 
arguments, and using the lower bound (66), we conclude 

h(Fi(t),~..,F n (t))>h(exp(-t/ni), . , exp (~t/n„)) 

for t<mm(ni,.. ,Hn) (77) 

We do not actually need to know the system’s reliability function, and we 
need only assume association, not independence, of the components in order to 
get a conservative lower bound on a system’s reliability. Using (19) and (66), 
and denotmg the system’s structure function by <p, we obtain 

h (F x (t), . . , F n (t)) =P[4>(X l (t), ...,*„(/))= 1] 

>f\P[X l (t) = l]>flexp(-tln t ) 

i i 

= exp (-tjTQ/u,)} for t<mm(n 1 ,...,n„) (78) 


The lower bound exp 



is one which also arises in the reliability esti- 
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mation procedure called the “parts count” method If a system consists of K 
different component types, with k , of type i which has mean lifetime fi„ the sys- 
tem reliability at time t is estimated as exp This estimate would 

be exactly correct if all the components were independent, connected in senes, 
and had exponential lifetimes with components of type i having given mean life- 
time p,, i = 1, - , K. As we have just seen, the parts count method yields a 

conservative lower bound on system reliability for t < mm (/ii , . , /i/c) if the 
system is coherent and the components are associated with IFR life distnbutions 
with components of type i having given means 1 , . ,K 


5 4 Mean Life of Series and Parallel Systems 

The results of this section are excerpted from Marshall and Proschan [1970] and 
Barlow and Proschan [1974] We will state two general results and then give 
applications of them to the subject of this section Distributions F t and G, that 
are mentioned satisfy F t (0) = G,(0) = 0 
< Let 




F t (x)dx > 1 G, (x) dx for all t> 0, and i= 1, . ,n (79) 


C* n n 

I Y\F l {x)dx> I pjG,(x)c&c for all t> 0 

'V 1 *^oi 


/ fiw 
J 0 1 


dx is the mean life of a senes system of mdependent com- 


ponents in which the i-th component has life distribution F,, and similarly for 

i|G,(x) dx, the above result tells us that if (79) is satisfied, the mean life of 
o 1 

a senes system of mdependent components is larger when the components have 
distnbutions F 1 , . . ,F n than when they have distnbutions Gj , , G„ 

The next result applies to parallel systems 
* Let 

jf G,(x)dx for all t> 0 and i = 1, . ,n (81) 
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Then 


r>r « i rr « 

l-f]F,(x) dx< I 1-{]G,(X) dx for all t>0 (82) 

•Jf L 1 L l 


Since 



dx is the mean life of a parallel system of independent 


components in which the i-th component has distribution F„ and similarly foi 



dx, the above result tells us that if (81) is satisfied, the mean 


life of a parallel system of independent components is smaller when the com- 
ponents have distributions Fj , . ,F n than when they have distributions C, , 

. . ,G n 

We next list four conditions under any one of which (79) and (81) hold, and 
therefore, also the conclusions stated after (80) and (81). 


(1) F, is IFRA, G,(t) = exp (-X,f), 

(2) F,(t ) = exp (~A,r), G, is DFRA, 

(3) F, is a gamma distribution with shape parameter a,, 

G, is a gamma distribution with shape paramter (3, < a,; 

(4) F, is a Weibull distribution with shape parameter a,; 

F, is a Weibull distribution with shape parameter (3, a, 


In all of (l)-(4), the distributions F, and G { must have the same mean. 

Using the results stated just past expression (34), m (36) and (37), and condi- 
tions (1) or (2) above, we can state a number of interesting conclusions We use 
M s (Mp) to denote the mean life of a senes (parallel) system 
"4 Let n independent IFRA components have means 1/X ls . , 1 /A„ , respec- 
tively Then 



and 


fi p < (nght hand side of (36)) 
IfXi = . - A„ = A(say), then 



< Let n independent DFRA components have means 1/Xj , . 


(83) 

(84) 

(85) 

, 1/X„, respec- 
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tively Then 



(86) 

and 


p p > (right hand side of (36)) 

(87) 

IfXl - 

= A (say), then 



+ iy 

(88) 


The results (83) through (88) are actually valid under the more general assump- 
tion that the components are associated and with the i-th component having a 
marginal distnbution with mean 1/A,. Independence is a stronger assumption 
than is really needed. 


6 INTERVAL RELIABILITY AND AVAILABILITY 


6 1 Interval Reliability 

Consider an item with hfe distribution F having mean p When the item fails, it 
is replaced instantly by another item having the same hfe distribution, all lives 
are independent We seek the probability p t (u) that the item is working at time 
t and contmues to work without failure for an additional interval of duration u 
It can be shown (cf., e g , Gnedenko, et al [1969] or Barlow and Proschan 
[1974]) that 

p t (u) = F{t + u) + f F(t - x + u)dM (x), (89) 

where M{x) is the renewal function corresponding to F 
Barlow and Proschan [1974] show that, if F is NBU (NWU), then 

p t (u)<(>)F(u). (90) 

Using the Key Renewal Theorem (57), it can be shown that as t increases, the 
probability p t (u) no longer depends on t The result is 


p{u) = lim p t (u) = — f F(x)dx (91) 

t-*oo P J u 

It follows immediately from the definition of the classes that, if F is NBUE 
(NWUE), then 


p(u)<(»F(u) 


(92) 
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availability at time t and limiting availability for the system (for the z-th com- 
ponent), respectively Suppose that, while repair or replacement of any failed 
component is going on, all other components remain m operation Then 

A (i t ) = h . . , A n (t)), ( 97 ) 


and 

A — h (A x , . . , A^ 


= h 


a i 

Mi + *»i’ 


M„ 

Mn + V n 


) 


(98) 


In the second model, a senes system is considered. Thus, the system fails 
when a component fails Additionally, when a failed component is undergoing 
repair or replacement, all other components are in “suspended animation ” 
They resume operation when the failed component is restored and, at that in- 
stant, are as good as they were when the system failed— not “as good as new.” 
The further assumption is made that two or more components cannot fail at the 
same time This is the case if all failure distributions are contmuous. 

Let 17(0 (D(t)) denote system operating time (downtime) accumulated by 
tune t Note that U(t) +D(t) = t The following results obtain 


lim =(l +Z*'/W) ( as ) 

E[U(t)] / ” V 

A au = hm "U +2>//{ / / 

t-*°° 1 \ i / 


denotes average availability 

* The average of system operating times converges a s to 


«= (i I*,) 


-1 


(99) 

( 100 ) 


4 The average of system downtimes converges almost surely to 


n 

^mIWm, 

i 


FOOTNOTES 

1 Results in this Chapter are stated without proof It has been convenient to 
indicate a number of important results (i e , those that might elsewhere be 
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labeled “theorem”) by the symbol ■<. However, the absence of this symbol 
preceding the statement of a result should not suggest its unimportance Ref- 
ferences are frequently cited, but where none are, or where additional infor- 
mation is sought, the reader should first consult Barlow and Proschan’s 
monograph [1965] or their textbook [1974] I want to express my appreci- 
ation to Professors Barlow' and Proschan for making the manuscript of their 
2974 book available to me pnor to its publication My preparation of this 
Chapter depended crucially upon this material as even a quick comparison 
w ill indicate 

2 Throughout this Chapter, the terms increasing and decreasing are used in their 
nonstnct sense, Le , to mean nondecreasmg and nonincreasing, respectively. 

3 While one would think that the lower bound in expressions (22) or (23) 
(based as they are on the min path representation of the structure 6) would 
always be better than the trivial lower bound in expression (21) (which 
uses no information at all about 6), this is not true For example, for a three- 
out-of-four s}' stem composed of independent components each with relia- 
bility p, the trivial bound is actually better than the mm cut lower bound. 
There is a crossover, however, and it is conjectured that, generally, the min 
cut lower bound is alwa 3 's better for p “not too small ” 

4 A mixture of a finite of countable number of distributions Fj ,F 2 , is a life 
distribution F(r) = /Z P t F t (t), where the p, are all nonnegative and 2ZPi = 1- 
More generally, let {F q } denote a family of distribution functions indexed by 
a parameter a, which itself has a distribution function G (a) Then the result- 
ing mixture of the family of distribution {F a } is given by 

F{t)= f F a (t)dG(a) 

cc 

5 “a.s ” stands for almost surely, ne , with probability 1 

6 A random variable X has a lattice distribution if there exists h > 0, such that 
P[X = nh,n = 0, 1,2, .. J = 1 

7 Consider two exponential components in parallel, one having failure rate 1, 
the other having failure rate 1/2 One can calculate that the failure rate of 
this system is not increasing However, it is increasing on the average. 

8 See footnote 4 
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MAINTENANCE AND 
REPLACEMENT 
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University of Windsor 


1. INTRODUCTION 

Problem situations, concerned with controlling the condition of “equipment,” 
can be termed problems of maintenance and replacement Figure 1 gives a 
classification of such problems, where it is seen that one deals with either 
deterministic or stochastic models for problems which fall into the areas of 
replacement, inspection, overhaul and repair or organizational structure 

Deterministic problems are ones where there is no uncertainty when the con- 
trol action (be it toppmg up a gearbox with oil or replacing a component) takes 
place, or what the consequences will be of the action. Stochastic problems, on 
the other hand, are ones where uncertainty can be associated with the timing 
and/or consequence of the action 

Before proceedmg to discuss some specific problems within the four areas 
identified in Figure 1, it should be realized that, when one attempts to obtain 
a best solution to the problem, the objective to be met should be clear For 
example, it is futile to determine a maintenance policy which enables system 
availability to be maximized if the organization would rather have profitability 
maximized In some circumstances, the optimal maintenance policy may be 
identical to meet each objective, but this certainly is not always the case. A sur- 
vey of models applicable to maintenance and replacement problems is provided 
by Pierskalla and Voelker [1976] . 


372 
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Deterministic 


Stochastic 


Replacement Inspection Overhaul Organizational 

and repair structure 


Fig 1 Maintenance and replacement problem classification 


2. REPLACEMENT 

Replacement of an item, be it a component or complex equipment, means that 
the ‘as new’ condition is achieved on completion of the action Thus, stnctly, 
the term renewal ought to be used, although replacement is common usage 
Deterministic replacement problems refer to the replacement of items whose 
performance detenorates deterministically over time For example, with certain 
parts of a boiler plant, such as an air-heater, the cost of operating the plant 
increases, in part, due to soot deposits building up on the heat transfer surfaces 
of the heater This increase in operating cost may follow a modified exponential 
curve of the form A-Be~ kt , and no uncertainty is then associated with the 
operating cost at time t after replacement 
If the problem is of a short-term nature, l e , replacements are made frequently, 
and the time horizon for optimization is long, then the optimizing criteria will 
be m terms of total costs (or benefits or other appropriate criterion) per unit 
time If these assumptions are not realistic, then optimization over a finite 
time horizon is necessary, and dynamic programming may be a useful tool for 
purposes of analysis 


2 1 Replacement of Equipment Whose Performance Deteriorates 
Deterministically 

The Short-Term Deterministic Replacement Problem— Infinite Planning Horizon 

The general case is one where the cost of operating the equipment increases 
with tune To reduce this cost, a replacement can be made This replacement 
costs money, and the objective is to determine the optimal interval between 
replacements, such that total costs/unit time are minimized Defining C(t r ) as 
this total cost/unit time when 'replacement occurs with equipment of age t r , 
then 



dt + C r 


tr 


C(t r ) = 
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where c(t) is the instantaneous operating cost/unit time at time t since replace- 
ment (assumed monotone increasing), and C r is the net cost of replacement 
The optimal value of t r is obtained by setting C'(t r ) = 0, and solving for t r 
As Dean [1961] (pp. 337-338) pomts out, the optimal value of t r occurs when 
C(t r ) - c(t r ), i.e , when the average total cost to date equals the current instan- 
taneous operating cost 

The Long-Term Deterministic Replacement Problem-infinite Planning Horizon 
In long-term replacement problems it is assumed that the interval between re- 
placements will be measured m terms of years rather than weeks or months, as is 
the case for short-term problems, and thus, account has to be taken of the time- 
value of money The usual problem is to determine a replacement policy, such 
that total discounted net benefits denved from operating and replacing equip- 
ment are maximized, or that total discounted costs are minimized A benefit 
maximization model is given m Jardme ([1973] pp 63-68) The following 
cost minimization model was presented by Churchman, Ackoff, and Arnoff 
[1957] (pp 484-488) 

Referring to Figure 2 and defining the following parameters A is the net 
acquisition cost of the new equipment, C, is the operating cost in the ith 
period from new assumed monotone increasing, and is payable at the start of 
the penod, r is the present worth factor equal to [1/(1 +<7)] where d is the 
period mterest (discount) rate, n is the age in periods when the equipment is 
replaced and C(n) is the total discounted cost of operating and replacing equip- 
ment (with identical equipment) over an infinite penod, with replacements 
occurring at intervals of n penods 

Specifying the objective as determination of the optimal value of n to mini- 
mize C(n) we obtain 

C(n) = C,(») + C 2 (n)r n + C 3 (n)r 2 " + . , 

where C t (n) is the total discounted cost of the first cycle of operation, and 
C 2 («), C 3 (n) axe similarly defined for the second, third, . cycles (all dis- 
counted to the start of the respective cycles) 

Smce Ci(n) = C 2 (n) = C 3 (n) - • - = c(n), say, we have the sum to infinity of 


Replace Replace Replace 



Fig 2 Long-term deterministic replacement problem 
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a geometric progression Smce r < 1 , we obtain 


C(n) = 


c(n) 
1 - r n 


with 


c(n)=A J c'£, C t r l ~ x 

i=i 

Obtaining the optimal value of n through differential calculus results in the 
following pohcy being identified Replace with identical equipment if the next 
penod’s operating cost is greater than the weighted average of previous costs, 
otherwise, continue opera ting present equipment 
The weighted average cost up to and including period n, is obtained from the 
formula 

Thus, if C„ +1 is greater than the above weighted average, then replacement after 
penod n would be in order 


Technological Improvement. If an alternative equipment becomes available to 
do the work of an equipment currently being operated, the problem, then, is 
to determine whether or not to continue using the current equipment or change 
over to the new equipment Churchman, Ackoff, and Arnoff [1957] (pp 
489-491) show that the optimal decision is to change over when the cost of 
the next penod of operation of the current equipment exceeds the weighted 
average cost of the new equipment at its optimal replacement age 

Some Limitations of the Long-Term Deterministic Replacement Models Al- 
though the models outlined above will give an indication of the optimal pohcy, 
account usually has to be taken of tax allowance or grants which may be avail- 
able for the purchase of capital equipment A paper extending the model dis- 
dussed above (the long-term deterministic replacement problem) to take mto 
account tax and grant considerations is that of Ellon, et al [1966] Essentially, 
modifications to cash flows due to tax allowances and grants are incorporated 
into the model by identifying where they occur within the operating cycle 
As far as technological improvement is concerned, the major problem is not 
construction or solution of a model, but determmation of the trends in costs 
resulting from such improvement. A dynamic programming model for the 
technological improvement case, catering for exponential trends in income. 
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operating cost, and replacement cost, is presented by Bellman and Dreyfus 
[1962] (pp 117-123) 

2 2 Replacement of Equipment that Fails Stochastically 

Replacement of an item on failure usually incurs a greater immediate cost than 
would be the case if the item had been replaced before failure, ie., on a pre- 
ventive basis For this reason it seems sensible to decide whether or not a policy 
of preventive replacement is worthwhile and, if so, when the preventive replace- 
ments should be made The intervals between replacements (either failure or 
preventive) tend to be ‘short’ and so no account needs to be taken of the time 
value of money The optimizing criterion will be the expected total cost per 
umt time (provided cost is the appropriate measure) 

Statistical Preliminaries The purpose of this sub-section is to bnefly introduce 
some statistical notation which is used m replacement studies of stochastically 
failing equipment 

f{t) = probability density function of the tune to failure of the equipment 

r 

F(t) - I f(x) dx F{t) is termed the cumulative distribution function, and 

* 4 ) 

gives the probability of failure occurring before time t 
R(t)~ 1 - F(t) R (t) is termed the reliability function (sometimes survival 

function), and gives the probability of failure occurring after time t 
r(t) = f(t) I [l - F(t)} r(t) is termed the hazard function or instantaneous 
failure rate r(t) dt gives the conditional probability of failure occur- 
ring in interval (t, t + dt), given that the equipment has survived to time 
t Further comments about r(t) are given in this Handbook (Chapter 
1 * 11 ) 

Details of the algebraic form of these functions for all common hfe distributions 
are given by Hastings and Peacock [1974] . 

Constant Interval Policy. The constant interval policy is illustrated on Figure 3 
Thus, it is seen that preventive replacements occur at constant intervals of length 
Ip, with failure replacements occurring as necessary We define the parameters 
as follows 

C p total cost of a preventive replacement 
C f total cost of a failure replacement 

C(t p ) the expected total cost per unit time if preventive replacements occur 
at intervals of length t p 
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Fig 3 Constant interval preventive replacement policy 


Then, 


C(t p ) = 


Expected total cost/cycle H(t p ) Cf + C p 


Cycle length 


where, H{t p ) is the expected number of failures in interval (0, t p ) It is termed 
the renewal function in renewal theory. 

Hie optimizing value of t p is obtained by setting C'(t p ) = 0 This gives (see 
Barlow and Prochan [1965] p 95) 

t p h(t p )-H(t p ) = ^, 

where, h(t p ) is the derivative of H(t p ), and termed the renewal density. 

Procedures for deriving //(;) and h(t) are given by Cox [1962] (See also in 
this Handbook the Chapter 1-1 1 ) The renewal theory approach to determina- 
tion of H{t) may require the use of Laplace transforms Owing to the difficulties 
associated with inverting the transforms for some failure distributions, a discrete 
approximation procedure may be used. One such approach is to solve the fol- 
lowing recurrence relation (for fuller details see Jardine [1973] pp 82-85) 


r-i ri + i 

HiT) = £ [l +H(T- i - 1)] f(t) dt, T> 1, 

1=0 z 

with//(0) = 0, and where H(T) is the expected number of failures in T penods 
As Churchman, et al [1957] (pp 506-507) point out, the optimal solution of 
the discrete approach to the constant interval policy is to make a preventive 
replacement at the end of the Tth period if the cost of failure replacements 
in the Tth penod is greater than the expected total cost per period up to 
the end of the Tth period 


Group Replacement (or Block Replacement). It is sometimes worthwhile to 
replace identical items in groups, rather than singly, because of economies of 
scale An obvious example is the replacement of street lamps In this case, 
the pokey to be adopted is to perform group replacements at constant intervals 
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of length t p , with failure replacement being made as necessary. The model is 
almost identical to that for the constant interval policy. The difference is that 
N items are considered rather than one Thus we obtain 

NC g +NH(t p )C f 

t 9 

l P 

where C(r p ), H(t p ), C f and N are as defined previously C g is the cost of replac- 
mg one item under group replacement conditions 

Age-Based Policy. An obvious limitation of the easily implementable constant 
interval policy is the risk that a preventive replacement is made shortly after a 
failure replacement To remove this deficiency the age-based policy may be 
adopted This is one where preventive replacement of an item only occurs when 
it has reached a specified age, say t p In this case, there are two possible cycles 
of operation, as illustrated m Figure 4 t p is the age at which preventive replace- 
ment is made, M(t p ) is the mean time to failure of the item if preventive replace- 
ments occur at age t p and equals 

r f p 

_0 

l-flOA ’ 

C p , Cf is the total cost of preventive and failure replacement, respectively, and 
C{tp) is the expected total cost/umt time if preventive replacement occurs when 
equipment is of age t p Then, 

C(t ) C p R(tp) + C f (l-R(tp)) 
p t p R(t P )+M(t p )(l-R(tp)) 

Note The ratio of two expectations is being taken here This is acceptable 
since Smith [1955] has shown that 

^(0 Expected cost/cycle 
t Expected cycle length ’ 


Preventive 

replacement 


Failure 

replacement 


[* Good cycle *-j 


0 M{t p ) 

H Failed cycle *{ 


Fig 4 Possible operating cycles for an age-based policy 
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where K (t) is the cumulative expected cost due to a senes of cycles m an interval 
(0, /), and is the expected cost per unit time The optimal value of t p 

is obtained from setting C'(t p ) = 0 and obtaming 

r(t p ) [ P R{t)dt-F(t p ) = -^— 

j 0 - t-p 


A necessary and sufficient condition for an age-based policy to be preferable 
to simple replacement on failure was obtained by Woodman [1969] It is that 


^£<i _ Mr 

C f " M r ( 0) 


for some a>0, 


where C p and Cf are the total costs associated with preventive and failure re- 
placements, respectively M R (t) is defined as the mean residual life, and is the 
expectation of the time to failure of components which have already been in 
use for a time t 

xf(t + x) dx 


m 



This necessary and sufficient condition implies that (a) the total cost of a 
failure replacement must be greater than the total cost associated with preven- 
tive replacement, and (b) the instantaneous failure rate, /•(?), must be increasing 
As Woodman pomts out, if one restricts attention to items having an increasing 
mstantaneous failure rate, the necessary and sufficient condition becomes 


Cf M r (0) 


Glasser's Graphs. Glasser [1969] produced two most useful graphs, shown m 
Figures 5 and 6 Given that the failure distribution of an item can be adequately 
described by a Weibull distribution, and the cost ratio k = (Cf/C p ) and the 
average service life in standard deviation units ( v ) are known, the optimal pre- 
ventive replacement interval or age can be obtamed from the appropriate graph 
This is done as follows given k and v, the chart shows the optimal value of t p 
in standard deviation units away from the mean, denoted as z Once z is ob- 
tained from the graph, t p is obtamed from 

t p = E(t) + zo(t), 

where E(t ) is the mean time-to-failure, and o(t) is the standard deviation of the 
failure tunes Jorgenson, et al [1967] also give graphs similar to Figure 6, from 
which the optimal preventive replacement age can be obtamed, given that the 
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Average service life in standard deviation units (v) 


Fig 5 Optimal policies under block replacement Weibull distribution 

failure distribution can be described by the Weibull, normal, lognormal, or 
gamma distribution 

Note 1 Also given in Figures 5 and 6 are curves of a standardized cost ratio, 
p, referred to by Glasser in his paper The value of p at the intersection of the 
appropriate k and v values gives the cost of the optimal policy as a decimal frac- 
tion of the cost of a ‘replace only on failure’ policy 
Note 2 The Weibull distnbution has found wide applicability in maintenance 
and replacement studies, since it is easy to fit to raw data through Weibull 
probability paper (see King [1971]) The Weibull distnbution is a family of 
curves, dependent upon its shaping parameter, 0 
The probability density function of the Weibull distribution is 



for t>t a . 
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Average service life in standard deviation units (v) 

Fig 6 Optimal policies under age replacement Weibull distribution 


where ?7 > 0 is a scale parameter (sometimes termed characteristic life), j3 > 0 is 
a shape parameter, and t 0 is a location parameter (often equal to 0, and assumed 
so in the graphs provided by Glasser) 

Figure 7 illustrates the form of the Weibull distribution for vanous (3 values 
(when /3 = 3 4 the Weibull approximates the normal, when j3 = 1 it is equal to 
the negative exponential) 

Idle Time Policy. If it is possible that, when an item fails it can be left in the 
failed state (i e , idle) until the next planned replacement time, but that a cost 
is incurred due to the failed item remaining idle, then Woodman [1967a] 
constructs a model to determine the optimal time, t,, below which idle time 
should be incurred This optimal time is obtamed by solving the following 
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equation for t , 


pR(t)dt, 

* 0 

where Cy is the total cost of a failure replacement, and C, is the total cost/umt 
tune associated with a failed item remaining m position The optimal policy 
is (a) replace the items when a planned replacement opportunity occurs and, 
(b) replace failed items unless there is less than a time f, to go to the next re- 
placement opportunity, otherwise do nothing This policy is optimal provided 
Cf < C, M r (0) 

Optional Replacement Policy. In certain work situations equipment may cease 
to operate, not because of its own failure, but because some other part of the 
production process has stopped, say due to failure or lack of raw materials 
When such an incident anses there may be the opportunity to make a preventive 
replacement Should this be done or not? Woodman [1967b] discusses this 
problem and develops a model which can be used to determine control limits 
which enables a decision to be taken on whether or not to take advantage of 
the opportunity to make a preventive replacement The policy is illustrated in 
Figure 8 An approximation to the optimal control limit is given m Woodman 
[1969], 

An extension of Woodman’s work to incorporate the possibility of preventive 
replacement occurring at fixed intervals, rather than only at downtime oppor- 
tunities, is covered by Duncan and Scholmck [1973] . 

3. INSPECTION 

The basic purpose behind an inspection is to determine the condition of equip- 
ment The major decisions required are (a) the depth, or thoroughness, of 
inspection, (b) the indicators to be used to describe equipment condition (such 
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0 Opportunity for preventive reolacemem 

Fig 8. The optional replacement policy problem. 

as bearing wear, gauge readings, product quality), and (c) the tuning of the 
inspection In practice, most problems in the area of inspection fall into one of 
three categories dependent upon equipment usage 


3.1 Inspection Frequencies for Equipment which Is in Continuous Operation 
and Subject to Breakdown 


Equipment that breaks down from time to time requires materials and trades- 
men to repair it Also, while the equipment is being repaired, there is a loss in 
production output In order to reduce the number of breakdowns we can, 
from time to time, inspect the equipment and rectify any minor defects which 
may eventually cause complete breakdown These inspections cost money in 
terms of materials, wages, and loss of production due to scheduled downtime 
The optimal inspection policy is one where the total costs associated with the 
inspection are balanced against the benefits The specific objective may be 
maximization of profit, minimization of costs, or minimization of downtime 
White, et al. [1969] deal with a profit maximization situation where the model is 


P(n) = V 



Mn) 

P 


n \ R X(n) In 
i ) m / 


where P(n) is the profit per unit time, derived from operating the equipment 
"■hen the numbers of inspections (and minor maintenance) per unit time is /;, V 
is the profit value of machine output per unit time (if no stoppages occur), \(») 
is the mean number of breakdowns per unit time if the inspection frequency is 
h, I/p is the mean tune to effect a repair (distribution assumed negative expo- 
nential), 1 h js the mean time needed to effect an inspection (distribution of 
inspection times assumed negative exponential and independent of the fre- 
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quency); R is the repair cost per unit time, and / is the inspection cost per 
unit time The optimal inspection frequency is then obtained from 

d\(n) _ »(V + I\ 
dn = “ i \V + RJ 

3 2 Inspection Intervals for Equipment Used Only in Emergency Conditions 

Equipment such as fire extinguishers and many military weapons are stored for 
use in an emergency If the equipment can deteriorate while in storage there is 
the risk that when it is called mto use it will not function. To reduce the prob- 
ability that equipment will be inoperable when required, inspections can be 
made, and, if equipment is found to be m a failed state, it can be repaired or 
replaced, thus returning it to the ‘as new’ condition Inspection and repair or 
replacement takes tune, and the problem m this situation is to determine the 
best interval between inspections to maximize the proportion of time that the 
equipment is in the available state 

Under the assumption that at the end of an inspection, or repair if it has been 
found to be faded at an inspection, the equipment is in the as new condition 
Jardrne [1973] (pp 110-112) shows that availability per unit time A (f,) is 
given by 

f tf(t)dt 

v) 

A{t,) ~ f, + T, + T r {\ - ’ 

where t, is the interval between inspections, and T t and T r are the mean times 
required to effect inspection and repair, respectively A useful review of work 
done m this class of inspection problem (termed preparedness models) is given 
by McCall [1965] , and expanded in Jorgenson, et al. [1967] 

3.3 Inspection Intervals for Equipment Subject to Important Degradation 
in Performance 

The third category of inspection problem relates to equipment for which the 
‘faded’ (l e , unacceptable) state is likely to be in terms of degraded performance, 
rather than complete breakdown. This fadure might result in the production of 
goods outside tolerance limits, and the state of the equipment, good or failed, 
can only be determined by an inspection, for example by checking the quality 
of the machine output When fadure is detected, then the equipment is returned 
to the ‘as new’ condition by “repair ” The problem is to determine an optimal 
inspection schedule to minimize the total costs per unit time associated with 
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inspection, repair, and undetection of a failed equipment Barlow and Prochan 
[1965] (pp 107-117), deal with such a problem, and White [1967] effectively 
extends that work to mclude the possibility of one of a vanety of maintenance 
actions being taken at the mspection, dependmg on the condition of the equip- 
ment A solution procedure which is rapid and gives a good solution to the 
problem dealt with by Barlow and Prochan (obtaining the optimal solution to 
their model can lead to computational difficulties) is obtained by Munford and 
Shaham [1972] . 

4 OVERHAUL AND REPAIR 

In this section, an overhaul is taken to be a restorative maintenance action which 
is taken before equipment has reached a defined failed state, while a repair is 
made after the failed state has occurred Neither action necessarily returns the 
equipment to the as new condition (Note that the failed state does not neces- 
sarily mean that equipment has ‘broken-down’, in the usual sense that it ceases 
completely to function, but it may be in a failed state because items, say, are 
being produced outside specific tolerance limits, or there may be certain risks 
associated with continued use of certain equipment, such as some aircraft 
components) 

The main decisions associated with overhaul and repair are determination of 

(a) The interval between overhauls Note that this could be infinity, which 
means that no overhauls (l e , a form of preventive maintenance) are 
earned out, but only repairs are made (l e., breakdown maintenance), and 

(b) The degree to which equipment should be overhauled or repaired, l e , 
just how close to the ‘as new’ condition does the equipment get as a result 
of the maintenance action. (Note that m the limit both overhaul and re- 
pair could be equivalent to replacement.) 

Figure 9 illustrates the ‘usual’ consequences of overhauls and repairs Thus, it 
is seen that they both improve the condition of the equipment, although there is 
a gradual detenoration over time until replacement of the complete equipment 
occurs 

Several models of overhaul and repair problems are formulated m Jardine 
[1973] (pp 1 17-129), using dynamic programming 

The concept of repair limits for equipment subject to failure is developed by 
Hastmgs [1969] Figure 10 illustrates the problem A repair limit is a limit on 
the amount of money which can be spent on the repair of an equipment at a 
single repair When an equipment fails, the necessary repair work is costed If 
the cost exceeds the repair limit, the equipment is replaced, otherwise it is 
repaired 

The model takes account of the cost of repair (if it is undertaken) and the 
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resulting expected life of the equipment, and compares this with the cost and 
failure characteristics of the equipment (if it is replaced) From the analysis, 
repair limits for equipment of different ages are determined Thus, if equip- 
ment requires a repair, the decision on whether or not to repair can be deter- 
mined from the repair limit, i e , the maximum amount of money which should 
be spent repairing equipment of a given age. An application of the use of such 
limits to assist m replacement decisions for Army vehicles is reported by 
Hastings [1970], 



Fig 10. Repair limit problem. 
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5 ORGANIZATIONAL STRUCTURE 

There are two interrelated problem areas fundamental to the structure of the 
maintenance organization 

(1) determination of what facilities (e g., manpower and equipment) there 
should be within the organization, and 

(2) determination of how these facilities should be used, taking into account 
the possible use of contractors (i e., outside resources) 

Within an organization, there are generally some maintenance facilities avail- 
able such as workshops, stores, and manpower In addition, there is usually 
some form of contact between the organization and contractors who are capable 
of performing some or all of the maintenance work required by the organization 

Maintenance work can be performed either by company personnel or contrac- 
tors, on company premises, or m contractors’ workshops Just which of these 
four alternatives is chosen at any particular time will depend upon: the nature 
of the maintenance work required, the maintenance facilities available within 
the company, the maintenance resources available outside the company, the 
maintenance workload and its variation with time, and the costs associated with 
each alternative 

In determining the best composition of maintenance facilities within the com- 
pany, the nature, amount, and variation of the demand for maintenance work, 
and the availability of outside resources, must be considered Increases m the 
range of maintenance equipment, such as lathes, increases the capital tied up in 
plant and buildings and requires an increase m manpower If the workload 
vanes, it may be difficult to stake a balance between overload of the facilities 
and idle capacity 

Increases m the in-plant facilities, however, will reduce the necessity to depend 
on outside resources such as general engineering workshops In this case, a 
balance is required between the cost associated with using m-plant facilities and 
costs of using outside resources A difficult costing problem arises, since not 
only the cost charged by the outside resource has to be considered There may 
also be some sort of cost associated with the control of the work earned out. 
For example, by using outside resources, there is the possibility of greater down- 
time occurring on production equipment So, the problem emerges of associat- 
ing a cost with this downtime 

Also, within this area, there is the problem of determining the size of the 
maintenance crew The major conflicts arising here are that 

(1) as crew size increases, so does its cost 

(2) as crew size increases, the tune which machines are idle awaiting a crew- 
man decreases 

(3) downtime may be reduced, since larger crews can be used to repair equip- 
ment (If they can all work at the same tune.) 
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Problems within the area of organizational structure are frequently analyzed 
through queueing theory or simulation Morse [1963] looks at the problem of 
determining the optimal size of a repair crew through queueing theory, and an 
interesting case study in this area is reported by Carruthers, et al. [1970], 
relating to crew size optimization in an open-cast coal mine 
If there is the possibility of a repair crew being responsible for the repair of 
a number of machines, the problem exists of determining what this number 
should be Machine interference is the term used to describe the problem, 
since incoming machine breakdowns may have to remain in a queue until the 
repair crew is free from attending to earlier breakdowns Cox and Smith [1961] 
deal in detail with a variety of problems associated with machine interference 
Little work seems to be reported into the problem of determining the optimal 
level of maintenance resources (in terms of manpower and equipment), taking 
into account the possible use of contractors Jardme [1973] (pp 163-166) pre- 
sents a model, from which this optimal balance can be obtained, to minimize 
the total cost per unit tune associated with fixed and vanable costs, provided it 
can be assumed that all incoming work within a unit of time is completed by 
the end of the time period The possibility of carrying over work from one 
week to another is discussed by White [1973] 

6. THE FUTURE 

For too long maintenance, and the associated problem of replacement, have 
been regarded as a necessary evil, and although this philosophy has not been 
completely eliminated, there is, today, a growing awareness that scientifically 
controlled maintenance can become a positive profit contributing activity 
within an organization. The increasing complexity of equipment, and with it a 
parallel increase in the problems involved m the maintenance function not 
solvable by conventional subjective methods, is mainly responsible for this new 
philosophy. 

In 1970, the government of the United Kingdom was responsible for coining 
a new word— terotechnology (based on the Greek root tereo— to take care of)~ 
and setting up a Committee for Terotechnology to focus attention on the impor- 
tance of the maintenance function Terotechnology is defined as 

. . a combination of management, financial, engineering and other 
practices applied to physical assets in pursuit of economic life-cycle costs, 
it is concerned with the specification and design for reliability and main- 
tainability of plant, machinery, equipment, buildings and structures, with 
their installation, commissioning, maintenance, modification and replace- 
ment, and with feedback of information on design, performance and costs 

It must surely be clear that OR concepts and techniques will play an increas- 
ingly significant role in arriving at decisions relating to the maintenance and 
replacement of equipment. 
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1. INTRODUCTION 

Governments in the United States spend one-third of the gross national product 
and employ one out of every six civilian workers Eighty per cent of govern- 
ment employees work for state and local governments, their numbers doubled 
between 1955 and 1970. 

Despite this massive investment, the public mood is one of dissatisfaction with 
government services Expectations do not match performance. Despite increas- 
ing expenditures for education, police, welfare, job training, housing, transporta- 
tion, sanitation, and health services, for example, citizens in urban areas complain 
about low reading scores, crime, poverty, unemployment, slums, pollution, con- 
gestion, dirty streets, and astronomical medical bills Citizens feel that govern- 
ment, particularly local government— which is in the unenviable position of being 
observable at close hand— is inefficient and ineffective The disparity between 
inputs to and outputs from government looms large m the public eye. Political 
pressure is being applied to improve the performance of government agencies, 
and productivity has become an issue at the local level, as candidates promise im- 
proved delivery of services 

Faced with this pressure, local governments are responding Traditional meth- 
ods for increasing productivity— capital investment in technology— have been re- 
discovered and applied, however belatedly, not surprisingly, improvements have 
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vious incident to their home locations At these times, moreover, the system 
operation is not very sensitive to the distribution of initial locations 

Emergency services also differ m their ability to determine the urgency of the 
incoming requests for service The percentage of non-urgent calls to an emer- 
gency service vanes from about thirty percent for ambulances, to forty percent 
for fire alarms (in New York), to seventy-five percent for police departments 
This ability to establish pnonties of calls determines the options available to a 
dispatcher during periods of high demand. If pnonties can be established, the 
dispatcher may decide to send no umts, or hold the call in queue and await the 
availability of a umt near the scene, or place the call in queue (even when a umt 
is available) if he expects to receive a call of higher prionty. However, if prior- 
ities cannot be established, the dispatcher must send at least one umt to each in- 
cident so that its pnonty can be determined. 

Some emergency services are also required to perform certain non-emergency 
activities For example, police cars carry on routine patrol which is beheved to 
deter particular types of crime (although even this plausible contention is sub- 
ject to verification) Thus, a police dispatcher may place some calls in queue in 
order to preserve the deterrent patrol 

Emergency service systems operate m a complex environment which mcludes 
often conflicting mixtures of objectives, and sometimes harsh administrative, 
legal, and political constraints Typically, each system seeks to provide minimal 
service delays, while trying to establish a reasonable workload for its personnel 
and still stay within its budget. 

In general terms, the basic operational problems are to determine an optimal 
allocation of the existing resources of men and equipment, and to determine the 
number of men and units required to satisfy some ill-defined objectives As one 
might expect, it is almost impossible to find globally optimal solutions to the 
operational problems of these services. In recent years, however, OR techniques 
have been applied to these problems with some success. This section will focus 
on the techniques that are available, the types of solutions which have been gen- 
erated, and, most importantly, on the improvement of service that can be achieved 
by quantitative, analytical study. 

The cost of providing for emergency services is considerable. In 1971, for ex- 
ample, New York City budgeted approximately one billion dollars for the pohce 
and fire departments alone. As an industry, emergency services may be one of 
the most labor-m tensive, undercapitalized in the country, with employee salaries 
and fringe benefits consuming a large percentage of the budget for each service 
(as high as 90 to 98 percent in some cases) At present salary levels, for instance, 
the cost of manning a two-man pohce patrol car around the clock ranges from 
$100,000 to $200,000 annually and the comparable cost for one fully staffed 
fire engine is about $500,000 annually. Thus, any solution to operational prob- 
lems which requires increased manpower must be examined very carefully. 
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highly nonlinear, stochastic relationships between system vanables Further- 
more, because there is no theoretical basis for such workload formulas, it is dif- 
ficult to determine how to improve the formulas 


2 1 Use of Queueing Models 

In recent years, OR models have been used to determine the number of units on 
duty From a mathematical modeling viewpoint, urban emergency service sys- 
tems have two distmct features (1) probabilistic demands and service require- 
ments over time, and (2) probabilistic distribution of mcidents and response 
umts over the space of the city The First feature, corresponding to the systems’ 
congestion problems, is naturally analyzed by queueing models and the second 
feature, corresponding to the systems’ spatial charactenstics, gives rise to travel 
tune models In addition, more sophisticated modeling tools, such as simulation 
and dynamic programming, can be used to analyze both features simultaneously 
and then produce a general allocation algorithm 

The primary objective of the queueing analysis is to determine the minimum 
number of umts required so that the probability of an important call encounter- 
ing a queue, or the expected waiting time in queue, is below some specified 
threshold Due to the stochastic nature of the arrival and service times, no re- 
sponse system with a finite number of umts can guarantee that every call will 
result m an immediate dispatch As a simple application of the single-server 
queueing model, imagine a response area with exactly one emergency unit (server) 
assigned to it, and where no other umt may respond. Using the standard formu- 
las for the single-server queue, a maximum value for the probability of a queue 
or the average waiting time in queue for any sector is selected, and then the sec- 
tors would be selected small enough to assure that the threshold is not exceeded 
The total number of sectors designed in this way then determines the number of 
umts needed No emergency service system, however, actually operates in this 
fashion smce, at fixed manpower levels, other arrangements lead to fewer delays 
and, at fixed performance levels, other arrangements require fewer total response 
umts 

Typically, applications to real emergency services require a multi-server queue- 
ing model For example, Larson [1972a] describes the use of the queueing 
model (M/M/S) to determine the number of operators to have on duty each hour 
to answer N Y City’s 911 emergency telephone number The service level spec- 
ification requires that sufficiently many operators be assigned, so that the frac- 
tion of calls delayed T or more time umts will be P or less. Time is measured in 
service time umts so that, for instance, if the average service time per call is 80 
seconds, then 160 seconds would be two service-time units Also required as 
mput is a prediction of the average number of calls to be received each hour, in 
fact, successful application of the queueing model is limited by the accuracy of 
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this prediction. As an illustration of the use of this model (applying the stan 
dard formulas for the multi-server queue), suppose that 7=0.25,?= 05, the 
average service time is 80 seconds, and that for a given hour of operation the es- 
timate is that 840 calls will be received. The minimum number of operators, S 
required for this case is 24, if 7 is lowered to 0., then the required S is 26 The 
M/M/S queueing model assumes that calls arrive in a Poisson manner, that the 
service time is exponentially distributed, that the S servers have identical charac- 
teristics, and that the service discipline is first-corae, first-served (FCFS). Larson 
points out that even though the second and third assumptions are not met, a de- 
tailed simulation model was not necessary to achieve large improvements in the 
system operating characteristics, the multi-server queueing model was unple- 
mented and it performed satisfactorily, in spite of the fact that not all the as 
sumptions were met 

Queueing models have been used to analyze each of the emergency services 
For police service, McEwen [1966] discusses the use of the multi-server model 
for the allocation of police patrol cars m St. Louis, and Larson ([1972b] p 153) 
uses priority queueing models to reduce delays associated with important incom- 
ing calls for service For fire service, Chaiken [1971] developes a queueing 
model for determining the number of units on duty when more than one unit 
may be dispatched m response to a call. For ambulance service, Stevenson [1972] 
uses a steady -state version of the M/M/S model to determine the required num- 
ber of ambulances m a region. Bell and Allen [1969] develop queueing theory 
models for determining the number of ambulances required to respond imme- 
diately to 95 (or 99) percent of service requests. Hall [1972] models the Detroit 
ambulance as a multifunction stochastic service system with semi-Markov amvals 
and state-dependent service times 

2.2 T ravel T ime Models 

Although queueing delays dominate the response time during the periods of sys- 
tem saturation, travel times usually comprise the greatest fraction of total re- 
sponse time during normal operating penods. Models are, therefore, required 
which relate travel time to the number of units on duty, geographical character- 
istics, arrival rates of calls, and service times at incidents. In penods of light or 
moderate demand, the travel time models can replace traditional geographical 
factors in determining the number of units to have on duty, provided that the 
units are spatially dispersed throughout the region. If the units are located at 
only one facility', such as the “base case” for ambulance service described by 
Sava s [1969b] , then travel time from facility to incident does not depend on the 
number of units on duty but only' on the geographical factors describing the region 
Under certain assumptions, particular geometrical models (sometimes called 
inverse square-root laws”) can be used for determining the relationship between 
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travel distance (or time) and the spatial distribution pattern of the units Larson 
and Stevenson [1972] show that if units are positioned in such a way as to mini- 
mize average travel distance, the mean travel distance is 0 47 'lyfr, where r is 
the average number of umts per square mile. For police service, Larson [1972b] 
discusses a similar model for travel distance, when the umts are randomly lo- 
cated For fire service, Kolesar and Blum [1973] derive the results for the travel 
distance of the n th-arnving umt, when more than one are dispatched and, even 
more importantly, show that m certain cases it may be possible to find an empir- 
ical relationship directly between mean travel time and the average density of 
available umts (in which case the travel distance models are not needed) The 
travel distance models, using empirical data relating travel time to travel distance 
and the given spatial distribution of umts, provide an estimate of the travel time 
distnbution which, in turn, allows one to estimate the probability that travel 
time exceeds a specified limit (Kolesar [1975] , Kolesar, et al [1975] ) 

The travel time models can be used in conjunction with the queueing models, 
m order to determine the number of umts to have on duty. Given N total umts 
on duty, the queueing model is used to obtain the probability that n umts will 
be available for dispatch, and the geometrical model gives the travel time distri- 
bution for this circumstance Two constraints are employed the first specifies 
a limit on some measure of queueing (probability of a queue forming, expected 
waiting tune, etc ) and the second sets a limit on an appropriate measure of travel 
tune (e g average travel tune). It is then possible to determine the smallest num- 
ber of umts, N, meeting both constraints 
The queueing and travel tune models discussed above are usually not sufficient, 
by themselves, to determine the number of umts needed This is due to the fact 
that easily quantifiable measures, such as probability of encountering a queue 
and average travel time, do not necessarily have a clear relationship to the true 
performance of an emergency service system. For example, the actual benefits 
which result from decreasing response time may be difficult to quantify Never- 
theless, a careful and realistic use of such measures can often provide reliable 
substitutes for more fundamental measures (such as number of lives saved, prop- 
erty damage averted, etc.). Such a situation is discussed by Carter and Ignall 
[1970], where a simulation-queueing model, using the measures of travel time 
and response workload, is employed to determine the extent to which an added 
fire umt provides relief to overworked umts in a particular area. Typically, an 
administrator will want to employ several of the performance measures simulta- 
neously in order to arrive at reasonable allocations In order to incorporate such 
factors as workload and preventive patrol into the queueing and travel time 
models, more sophisticated modeling tools, such as simulation and dynamic pro- 
gramming, are needed to produce a general allocation algorithm. Carter and 
Ignall [1970] used simulation models for fire service, and Larson [1972b] devel- 
oped a dynamic programming algorithm for the allocation of pohce patrol cars 
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to commands, incorporating a wide variety of measures. In one of the earliest 
modeling studies of emergency services, a simulation model was used m a com- 
prehensive analysis of ambulance service in a large city Sava s [1969b] . Simula- 
tion experiments provided the insights and the impetus for a senes of major 
changes that resulted in substantial service improvements. The changes included 
organizational centralization of the service, geographical decentralization of am 
bulances among new, dispersed satellite stations; screening of calls to reduce de 
mand, transfer of dispatching responsibility, and technological innovations m dis- 
patching and control 

2 3 Response Areas 

The design of response areas is another important factor m determining the per- 
formance of an emergency service system A response area indicates where a 
particular patrol unit, fire engine, or ambulance is to have primary responsibility 
In designing such an area, there are several (often conflicting) objectives such as 
minimization of response time, equalization of workload, demographic homoge- 
neity of each area, and administrative convemence. Obviously, no single mathe- 
matical technique can take mto account all of the relevant factors, but models 
have been developed, in recent years, which provide useful insights into the de- 
sign problem 

Traditionally, response areas have been designed as squares or circles, with the 
objective to keep at a minimum the time required for an emergency umt to travel 
to the scene of a reported mcident. Travel speeds, however, may depend on the 
direction of travel, so, quantitative techniques have recently been used to predict 
the travel time charactenstics of any proposed response area design. Formstance, 
under the assumption that each police patrol umt responds only within its area, 
Larson [1972b] has shown that average mtrasector travel time is minimized 
when the average time required to travel east-west equals the average north-south 
travel time In Manhattan, where the north-south speed is about 4 times as great 
as the east-west speed, this implies that the response areas should be 4 times as 
long m their north-south direction Such an area design can be expected to re- 
duce average travel time by approximately 20% over that obtained by the usual 
square or circular design For another example, fire departments have tradition- 
ally designed response areas (districts) so that the dispatched umts are the ones 
closest to the fire, thus, all points on the dividing line between two distncts are 
equally close to some pair of companies Carter, Chaiken, and Ignall [1972] 
have shown, however, that even interpreting “closest” to mean “shortest travel 
time” does not produce optimal dividing lines, and that overall average travel 
time is minimized by following a policy that often requires sending a umt other 
than the closest one. That is, it may be preferable to mcur an immediate travel 
tune penalty so that the overall system is left in a state which best anticipates 



URBAN SERVICE SYSTEMS 401 


future demands These authors have also shown that the boundaries which mini- 
mize overall average response times will frequently also reduce workload imbal- 
ance (1 e , the difference m the fraction of time worked by the busiest unit and 
by the least busy unit) On a much simpler scale, Keeney [1972] presented a 
simple and intuitive procedure for determining the boundanes of service distncts, 
using the criterion that each facility serves all points to which it is closest in 
either distance or travel time. 


2 4 Facility Location 

The location of units and facilities is the final important factor in determining 
the performance of an emergency service system The problems of location in- 
clude which site to select for an additional facility, where to place a new facility 
when consolidating two or more existing facilities, “pre-positionmg” (i e , where 
to locate units at the start of a tour), and “repositioning” (i e ,how, and under 
what circumstances, to change the location of umts during a tour to correct for 
unavailabilities as they develop). Traditionally, the facility location problem has 
been treated in economic terms wluch ignore the probabilistic aspects of the op- 
erations Recently, Toregas, et al [1971] viewed the location of emergency fa- 
cilities as a set covering problem, with each set being composed of the potential 
facility sites within a specified time or distance of each demand point If costs 
are the same for all facility locations, a linear programming (LP) model is devel- 
oped to minimize the total number of service facilities required to meet the 
(maximum) response time or distance standards 
To the extent that probabilistic analytical methods have been used for locating 
emergency service umts, the application has been limited to a small number of 
umts or to a small number of potential sites for the units. Typically, these 
methods determine the travel time properties of all possible combinations of lo- 
cations, or utilize simple algorithms which assist in searching for the optimal lo- 
cations Savas [1969b] explored the implications of dispatching ambulances 
from two fixed locations (as an alternative to the previous single site) by consid- 
ering every possible division of n umts between the two locations, and by using 
a simulation model to estimate average response times Larson and Stevenson 
[1972] also considered only two sites, but the location of one of them was per- 
mitted to be arbitrary A steepest-descent search routine enabled them to find 
the location of the second site which minimized average travel time. More im- 
portantly, however, the results suggest that the optimal location of a new site is 
rather insensitive to the precise locations of existing units In locating ambu- 
lances so as to minimize mean response time, Swoveland, et al [1973] , used a 
digital simulation to gather information on system characteristics under various 
ambulance assignments and dispatch rules, and then utilized the simulation out- 
put to construct an analytical approximation to the mean response time. The re- 
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suiting combinatorial optimization problem was then solved, using a probabilistic 
branch and bound algorithm 

More extensive analytical work has been completed concerning the reposition 
mg of units during the course of a tour Larson [1972b] has shown that any 
local repositioning (among nearby sectors) of police patrol units is advantageous 
in terms of travel distance only if patrol is concentrated near the boundaries of 
the appropriate sectors For repositioning of fire units, Kolesar and Walker [1974] 
utilize the idea of “coverage ” A pomt is said to be covered if at least one avail- 
able engine company (or ladder company) is within T minutes of the location 
If one or more neighborhoods are expected to be uncovered for an undesirable 
amount of time, a heunstic algorithm (for a mathematical programming formula 
tion of the problem) determines wluch vacant firehouses to fill and then, which 
available units to relocate to them The results of testing indicate that the pro- 
posed algorithm, while not “optimal,” is a significant improvement over exist- 
ing methods, and appears to compute very reasonable relocations usmg little 
computer time and memory This computer-based method will become part of a 
real-time, command-and -control system 

2 5 Computer Simulation Models 

Increasing use has recently been made of computer simulation models for eval- 
uating proposed changes in allocation procedures Typically, an agency admin- 
istrator is faced with a number of proposed changes in his allocation policy si- 
multaneously (e g , adopt priority queueing schemes, add units at certain times 
of day, select new locations for some umts, change response areas or patrol pat- 
terns, and modify the procedures for relocating units ) In addition, certain tech- 
nological innovations (e g automatic car locator systems) may have been pro- 
posed to accomplish some of the same objectives Thus, an administrator will 
require a realistic cost-benefit analysis for each proposal before making a choice 
among the alternatives. 

Such a cost-benefit analysis usually requires a computer simulation model 
which can provide information about the effect of a proposed policy change on 
a wide range of variables response times to particular types of calls, workload 
of umts, queueing delays, availability of umts, etc. The simulation studies by 
Savas [1969b] and Carter and Ignall [1970] have been discussed previously 
Fitzsimmons [1973] develops a computer model for predicting the entire re- 
sponse time distribution for an actual operating system This is coupled with a 
pattern search routine to find the deployment of ambulances that minimizes 
mean response time In applying this methodology' in Los Angeles, Fitzsimmons 
found that an additional benefit was a substantial smoothing of workload among 
the ambulance crews. Larson [1972b] developed a simulation model to study 
the best' use of automatic vehicle locator systems in police departments His 
analysis showed that superimposing an automatic vehicle locator system on a 
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patrol force assigned to non- overlapping sectors causes an average travel time re- 
duction of about 10 to 20 percent. 

Current use of OR models in evaluating the performance of emergency service 
systems has shown which aspects of performance are likely to improve or be de- 
graded as a result of a specific policy change Recent studies by Larson [1973, 
19751, Jarvis [1973], and Hoey [1973], indicate quite clearly that sophisti- 
cated quantitative models can play an important role in the analysis of emer- 
gency service systems In the future, it is expected that models will improve m 
their utility and sophistication and, more importantly, that agency administrators 
will make increasing use of them 

3 environmental protection 

Environmental protection problems are usually divided into those of solid waste 
collection and disposal, water resources, and air quality The intimate relation- 
ships between these problems, however, is well recognized For example, the in- 
cineration of solid waste is a major contributor to air pollution and the dumping 
of solid waste in water degrades our water resources It should be noted, how- 
ever, that the discharge of wastes does not necessarily result in “pollution”, pol- 
lution occurs only when discharges are of such duration and concentration that 
they have deleterious consequences for the users of land, water, or air Tradi- 
tionally, environmental problems were thought to be primarily m the domain of 
the sanitary engineer. Only recently have the tools of OR and systems analysis 
been brought to bear on these problems. 

One of the earliest comprehensive quantitative analyses of urban waste man- 
agement was that of the Regional Plan Association (Anderson [1968]) Tlus 
study focused on the following aspects of the problem projecting waste genera- 
tion, calculating the costs and uncertainties of alternative management policies, 
and outlining the information needed for a systematic approach to waste man- 
agement More recently, Coulter [1970] and Clough [1973] discuss the role of 
OR in the waste problem In particular, Coulter [1970] criticizes certain studies 
which conclude that much can be done to control pollution, but as a prerequisite 
for effective action, the government must be reorgamzed, he advocates an ap- 
proach which adapts to the constraints imposed by the present government sys- 
tems Clough [1973] describes the increasingly involved role of the OR analyst 
in environmental problems He sees the major areas of involvement as 1) lden- 
tifying pollution conditions, developing better methods of monitoring and mea- 
sunng, and estimating pollution costs, 2) devising methods for pollution control, 
such as incentives to assure self-regulation and standards of performance to be 
pursued, 3) participating in cost-benefit analyses of large-scale environmental 
control schemes, and 4) developing fundamental theories and complex models of 
tire social and economic processes of environmental control. 

There are essentially two types of quantitative approaches (models) fot con- 
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trolling the discharge of wastes One approach is to legislate the manner and the 
maximum amount of waste that a polluter can discharge. This typically leads to 
optimization models which attempt to find the least-cost solution satisfying a 
given goal (see Parvm and Grammas [1976a]) Another approach is to impose 
charges (taxes) on the amount of discharge, in order to change the waste produc- 
tion pattern of the polluter. This typically leads to mathematical models for de- 
termining the (social) costs of removing these discharges Such an “economic” 
approach is advocated by Freeman and Haveman [1972] and by Freeman, etal 
[1973], 

OR models have also been used to model the physical system of an environ- 
mental problem (e g , diffusion models for air quality control) and to find least 
cost solutions for providing some minimum level of service (e.g , network models 
for refuse collection) 

3 1 Solid Waste 

Solid waste collection and disposal problems are among the most diffuse of 
environmental problems Essentially, solid waste is composed of all matenals 
which are unwanted and cannot be readily disposed of into the liquid or gaseous 
waste systems The management decisions are concerned with planning and 
operating facilities and equipment within an existing institutional (and policy) 
framework. Typically, the generation of solid waste, in its current or projected 
varieties and quantities, is taken as a given mput to the system, and attention is 
focused on collecting, transporting, storing, treating, and disposing of this 
waste In addition, methods for reclaiming useful matenals and burning garbage 
for fuel are considered part of the solid waste management system 

The decision-making process is theoretically composed of two stages The 
first stage is to specify the land of service desired, and the second stage is to 
determine methods for obtaining that service at least cost Typically, however, 
the decision-maker finds himself in the position of exploring the costs of obtain- 
ing vanous levels of service and then selecting the “desired” level subjectively 
Service quality decisions include frequency of pick-up, lands of waste which will 
be picked up, and any required separation by the user Vanous descnptive and 
predictive models can be used to estimate the costs involved m changing service 
quality Cost minimization models attempt to determine 1) the number and 
type of facilities (landfills, incinerators, transfer stations) and their location, and 
2) the size and type of collection vehicles and the routing of these vehicles, as 
well as the number of men in the crew 

From a modeling point of view, a solid waste system has four components 1) 
the generation of waste, 2) the fixed facilities used for transfer, treatment, and 
disposal, 3) the vehicles used for transporting the waste, and 4) the men who 
operate the system Most mathematical models of the system are optimization 



URBAN SERVICE SYSTEMS 405 


models with minimum cost as the objective, the main exception is the predictive 
type of model for waste generation Liebman [1972] presents a recent survey 
of optimization models for solid waste problems 
Waste generation projections are required for many waste management decisions 
Green [1969] uses the techniques of linear regression analysis to produce an 
equation relating the overall density of waste material to the proportion, by 
weight, of paper in the refuse A typical refuse-treatment plant requires a refuse 
density estimate for its orderly operation In an interesting statistical study, 
Quon, et al [1968] examined household generation rates before and after a shift 
from once-per-week to twice-per-week collection The result was a very significant 
increase in the generation rate after the change, and this increased rate persisted 
even after a year Such a phenomenon is still not well understood 
Facility and site selection problems are readily analyzed by optimization 
models Typically, these are mixed integer programming models of the form 
(see Liebman [1972] , and also chapter 1-8 Facility Location and Layout) 

Minimize £ £ <T./ + D,)X t , + Z F , Y , 
i 1 ) 

Subject to = a, for each source i 

l 

bjYj - X %i/ > 0 for each site j 
Y } is an integer, either 0 or 1 , 

where Y t is equal to 1 if a facility is built at site j and zero otherwise, F ; is the 
fixed cost of constructing such a facility, D { is the cost of each ton of waste 
which passes through an incinerator at site ;, T lf is the cost of shipping a ton of 
waste from source (collection area) / to site /, a, is the amount of waste generated 
at collection area i, b, is the capacity at site /, and X tJ is the amount of waste to 
be shipped from collection area i to site / The objective function is the total 
cost, the first set of constraints require that the total amount of waste generated 
m each collection area be collected, and the second set of constraints require 
that if a facility is built, the amount flowing into it may not exceed its capacity 
This type of model has been extended by ReVelle, et al [1970b] and by Marks 
and Liebman [1971] to determine, in addition, the appropriate locations for 
transfer facilities For an economic analysis of transfer stations (and vehicle 
relays) the reader is referred to Green and Nice [1969] 

The problem of collection vehicle routing requires dividing the collection 
region into individual areas, and then routing a vehicle from a depot to its 
area, through its area, and back to the depot The objective in routing is to 
provide the required level of service (frequency of collection) with minimum 
cost Early attempts at modeling the routing problem took the form of the 
classic “traveling salesman” and “Chinese postman” problem (see Liebman 
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[1972]) Recently, other OR techniques have been applied to the routing 
problem Coyle and Martin [1969] discuss a model for collection which is a 
function of varied housing layouts, collection times, team sizes, and the distance 
of the collection points from the disposal point They develop a computational 
method which allocates collection operatives to vehicles and designs routes 
which together minimize the total collection cost Bodner, et al [1970] use 
simulation methods to obtain a best route, the computer model examines a 
large number of possible routes and then selects the least-cost alternative 
Beltrami and Bodm [1973] use network and graph theory to design routes 
which minimize total travel time, and to determine the minimum number of 
vehicles required for a specified level of service It is important to note that 
vehicle routes are clearly dependent upon facility locations Ideally, a location 
routing model is required, m practice, however, routing is a short-term decision, 
while location of facilities is a long-term one 
The problem of manpower scheduling requires that the workload be equitably 
distnbuted, and that the appropriate number of workers be employed Altman, 
et al [1971] use a nonlinear programming model to determine the manpower 
requirements for household refuse collection Work shifts are matched to 
curbside refuse demands so as to minimize weekly missed collections, subject 
to union regulations and to manpower and vehicle constraints Bodm, et al 
[1971] use heuristic algorithms to solve the same type of problem In a similar 
vein, Ignall, et al [1972] use an LP model for assigning crews to shifts so as to 
achieve a balance between payroll cost and missed refuse collections while 
satisfying the constraints due to available equipment and policies for granting 
days off However, Savas [1974, 1977] shows that, within a single metropolitan 
area, the organizational form of refuse collection can affect costs by a factor of 
three, which dwarfs the kinds of improvements that can be expected from rout- 
ing and scheduling efforts. 

Economic analyses typically provide the tools for investigating the feasibility 
of recycling solid waste, either for resource (materials) recovery or fuel (energy) 
recovery In a recent study, the Management and Behavioral Science Center 
[1971] discusses a system of incentives (taxes) to 1) minimize the amount of 
solid waste generated, 2) minimize the cost and maximize the effectiveness of 
collection, treatment, and disposal of solid waste, 3) maximize the percentage of 
solid waste that can be economically separated and reused, and 4) minimize the 
negative impact of solid waste disposal on all ecological systems Abert, et al 
[1974] show that recycling offers the potential for an environmentally and 
economically superior alternative to many current municipal disposal practices 
Resource recovery is not yet a self-supporting enterprise, but, given a market for 
recovered materials, it can compete with the present alternatives available to 
urban communities Presently, studies are underway to make Denver’s garbage 
the mam source of fuel at the Coors Brewery in Golden, Colorado and to con- 
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struct a 225-acre island (Recap Island) in lower New York Bay for recycling 
garbage into fuel and converting solid waste into usable products 

3.2 Water Resources 

OR techniques have been used m analyzing water resources systems (See, 
e g , review articles by Marks [1972, 1975] and by Haimes [1972] ) In general, 
the main problem of a water resources system is the allocation of a scarce 
resource, in sufficient quality and quantity, among often conflicting alternative 
uses The problem of water quality is directly related to a conflict between 
developmental and environmental objectives In order to establish policies for 
limiting the detenoration of water quality, a thorough consideration of the 
complex technical, economic, and social implications of waste management 
is of critical importance The problem of water quantity involves achieving 
a reasonable distribution of water among its various users In some cases, the 
concern is that there is too much m a particular place, as in flooded agncultural 
lands, or too little at a particular location for a particular use 

There are essentially three mam issues m water quality management 1) deter- 
mining an appropnate level of water quality, 2) determining how this level of 
quality is to be achieved at least cost, and 3) establishing a plan for implementa- 
tion An analysis of the first problem requires that preferences for water use be 
defined explicitly in terms of physical parameters that can be determined or, 
at least, estimated. It is in the analysis of the second and third problems that 
OR has had its greatest unpact. In recent years, mathematical models have been 
developed which evaluate the alternative means for improving water quality 
Such alternatives include waste treatment at a source, “piping” to points on the 
water body which are less sensitive, flow augmentation and stream aeration, and 
imposing economic penalties such as taxation to reduce resource consumption 
by those sources which create excessive wastes 

Mathematical modeling of water resources systems typically leads to complex 
multivanate models. This is due to the fact that water quality cannot be mea- 
sured by a single variable, such as the amount of dissolved oxygen Water 
characteristics are defined by a number of factors such as amount and type of 
suspended and organic material, temperature, biological oxygen demand, and 
the amount of chlorides, phosphates, nitrates, algae, etc For example, Haimes 
[1972] describes a general (non-linear) multivanate mathematical model for 
determining the optimal policy (economic penalties) for achieving the desired 
water quality, while minimizing the total cost to an environmental protection 
agency 

There are essentially two classes of mathematical models for the analysis of 
water quality. The first type of model is a physical model that descnbes the 
cause and effect relationship between waste discharge and water quality in a 
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objectives such as power generation, flood protection, water supply, and recrea- 
tion, all of which require different modes of operation The central problem 
of how much water should be stored and released in the system when the 
inputs are stochastic has been addressed by ReVelle, et al. [1969, 1970a], 
where chance-constrained LP and a linear decision rule are used to design the 
operating policy for a reservoir 

33 Air Quality 

As with water, air is a natural resource whose degradation in recent years has 
been the subject of much scientific analysis Man pollutes his atmosphere 
primarily by the burning of fuels to produce energy, by the incineration of 
wastes, and by the emission of gaseous by-products from industrial processes 
Although the problem of atmospheric pollution is world-wide, it is primarily a 
problem of urban centers where pollutants are concentrated m relatively small 
geographical areas with high population density For example, the reader is 
referred to Eisenbud [1970] for a survey of air pollution problems and current 
air pollution control programs m New York City and to Parvin and Grammas 
[1976b] for a discussion of the trade-offs existing between technological abate- 
ment and locational adjustment. It is clear that systematic analysis and planning 
are required to manage the air resources of a metropolitan region 
The ultimate goals of an air pollution control program relate to the medical, 
aesthetic, and economic effects of air pollution Practically speaking, however, 
there is insufficient knowledge at present to permit a firm, quantitative link 
between these ultimate factors and the level of air pollution, control standards 
are difficult to express in such terms. Nevertheless, recent work in this direction 
is encouraging For example, Rabow [1973] outlines a systematic approach for 
determining the costs of loss in health or well-being due to air pollution, and 
illustrates this approach by describing a scheme for determining the cost of 
excess mortality due to air pollution In time, it is reasonable to expect that 
goals will be stated in terms of maximum permissible annual dosages of par- 
ticular pollutants. Meanwhile, however, the goals must be expressed in terms 
of a secondary factor, namely air quality, which lends itself to relatively un- 
ambiguous and quantitative specification and measurement (eg, air quality 
standards for the concentration of sulfur dioxide can be expressed as follows 
the annual arithmetic mean should not exceed .03 ppm and the maximum 
24-hour average should not exceed 0 14 ppm) 

The planning of suitable policies for abatement of air pollution, in both the 
near term and the long term, is a complex technical problem The technical 
problem, however, is embedded within a larger legal and sociopolitical context, 
as is to be expected of any matter of such serious public import Typically, 
abatement plans can be formulated with respect to types of permissible fuels, 
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combustion equipment, exhaust controls, type of emission source, location of 
emission sources, and scheduling of emissions 
A quantitative analytic approach can be applied to air pollution abatement 
planning involving the following classical senes of steps' 1) define the desued 
goals in quantitative terms, 2) propose a comprehensive spectrum of altematne 
abatement policies, 3) establish the cntena by which the altematne policies 
(or combmations of policies) are to be evaluated, and 4) evaluate the altematne 
strategies in ngorous, quantitative terms from a cost/benefit viewpoint One of 
the earliest comprehensive scientific studies of air pollution (Amencan Associa- 
tion for the Advancement of Science [1965]) examined the economic implica- 
tions of air pollution, the vanety of public policies for abatement, and the 
formation of public attitudes which in tum affect the formation of these public 
policies Savas [1967] presented a conceptual outline of a suitable simulation 
system to facilitate planning by urban air pollution control agencies and identified 
the elements of such a system This simulation system can be used for both 
long- and short-term planning, and has the potential to be used for real-time 
prediction of air quality as well When viewed from the point of view of feed- 
back control systems, the identifiable inputs, outputs, means of measurement, 
and means of control can be assembled mto a set of strategies for controlling 
urban air pollution The control actions taken against the emitting sources 
(which are monitored by the system) are determined by the extent to which an 
quality deviates from the estabhshed code standards Moreover, if the effects 
of future weather conditions can be predicted, control action can be taken m an 
anticipatory mode rather than a corrective one 

In another approach to the problems of air pollution, Ellis and Keeney \\ 912 ] , 
described how the tools of decision analysis can aid a public official in choosing 
an air pollution control program They discuss a set of objectives and measures 
of effectiveness which are used to describe the consequences of each of the 
alternative courses of action Of great importance here, is the notion of obtaining 
a politically viable solution 

There are fundamentally two types of mathematical models for the analysis of 
air quality The first type of model descnbes the physical environment for air 
pollution For example, Larsen [1969] indicated that the log-normal family of 
probability distributions (a two-parameter family) provides an excellent fit to 
empirically observed cumulative frequency distributions for daily concentra- 
tions of sulfur dioxide, and Naden, et al [1973] descnbed the use of set theory 
and diffusion models for the remote surveillance of air pollution sources The 
second type of model is the mathematical programming model for use in choos- 
ing between alternative abatement strategies. Kohn [1971] presented a IP 
model whose basic assumption is that there is a maximum allowable annual 
emission flow for each pollutant m an airshed The solution of the model for 
the St Louis airshed was examined m order to evaluate claims that it was 
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economicaUy infeasible to impose restrictions on the sulfur content of coal 
for the purposes of air pollution control Kohn found that such a regulation 
was justified for certain types of stokers but not others and, moreover, that 
furnaces with a heating efficiency of 75% or less should be converted to natural 
gas In general, however, the use of mathematical programming models in air 
pollution control appears to be limited Most analysts involved with mathe- 
matical models for an pollution have focused either on data analysis and data 
management, or diffusion and meterological modeling 

An alternative approach to air quality control is, of course, the imposition of 
charges (taxes) at the source of emission to discourage pollution Such an 
approach is taken by Cesano [1973] , for example, who considered the problem 
of establishing the appropnate (social) charges or tolls to be levied against each 
highway user commensurate with the social costs he inflicts on others. 

4. STREET SERVICES 

Although not as critical as the emergency services and environmental protection, 
the “street services” that an urban community performs contnbute greatly to 
the quality of life of the citizens Moreover, if these street services are perceived 
to be madequate, severe political repercussions can result (Savas [1973]) The 
major street services are snow removal, parking, street cleaning, street mainte- 
nance, and traffic control All of these services are designed to keep streets 
clean and convenient to use 

On February 9, 1969 a major snowstorm produced a senous snow emergency 
and a political crisis uiNewYorkCity An analysis of the problem (Savas [1973]) 
focused on four basic questions 1) How much snow falls on New York City 7 
2) How much work has to be done to clean it up 7 3) What is the capacity for 
performing this work 7 4) What improvements are needed to correct any im- 
balance between work load and work capacity 7 A low-cost snow emergency 
plan was prepared, calling for some additional equipment, better deployment, 
and a strategy for more rapid mobilization Cook and Alpnn [1976] indicate 
that cities can significantly improve their snow and ice removal operations by 
also improvmg the routing of salt spreader trucks 

The availability and quality of parking plays an important role in the service 
provided by an urban transportation system Moreover, the design of the 
parking system can significantly influence the quality of the environment, 
particularly the ambient air quality and the noise levels m high-density areas 
The mam problems concern location of parking facilities, capacity and type of 
facilities, policies of operation (e g , pricing policies, hours of operation), and 
staging of construction Bennett, Ellis, and Rassam [1972] discuss a simula- 
tion model for evaluating any particular parking program A mam component 
of this model is a linear program which minimizes the joint disutility for all 
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parkers (arriving parkers are allocated among alternative facilities), subject to 
capacity constraints for each facility and subject to the satisfaction of slide 
mands The outputs from the model are 1) the number of parkers with a gnen 
final destination who use each parking facility, 2) the number of available 
parking spaces in each facility, and 3) the resulting revenues 
The presence of parked cats along the curb m urban areas m violation of exist 
mg parking regulations adversely affects traffic flow and the delivery of essential 
services such as fire protection, waste collection, and street cleaning A systems 
analysis of parking regulations, violations, and enforcement activities was con- 
ducted in New York City (Savas and Berenyi [1971]) DeStefano and Lens 
[1972] present a simple analytical model to evaluate the degradation of the 
street cleaning operation by mechanical brooms, as a result of illegally parked 
cars on both metered and non-metered streets Compliance with parking regula- 
tions is defined by C = (A^ - I)IN, where N is the total number of parking spaces 
on a block-side and / is the number of illegally parked cars It is shown that 
high compliance levels (85 percent) are necessary to sweep 70 to 75 percent of 
a curb (a minimal definition of “clean”). Tartarone and Levis [1973] develops 
finite-state Markov chain model that relates parking regulation enforcement 
policies to expected levels of compliance. They descnbe the effects of determinis- 
tic and random policies and analyze a class of implementable policies that yield 
satisfactory results These results are used to determine schedules and routes 
for enforcement officers that increase their effectiveness 
Adequate maintenance of city streets is required for safety, ease of traffic 
flow, and aesthetics The three mam categories of work are total construction, 
resurfacing of existing pavement, and emergency repairs (pothole repairs and 
patching) Two recent cost-benefit analyses by Parker and Renold [1971] and 
by Naphtali [1971] examine the tradeoffs between these categones The 
optimum allocation of maintenance funds takes into account capital and ex- 
pense budget constraints, and limitations on the capacity of contractors and 
m-house forces 

With respect to their primary purpose, transportation, city streets are used for 
parking and movement of vehicles The problem of congestion is senous and 
has been addressed by OR methods and on-line traffic-control computers 
Macrocontrol is used for implementing a control strategy over a relatively large 
area on a time scale of minutes or hours Microcontrol is applied on a second-by- 
second basis to a limned number of intersections 
The problem can be viewed as one of allocation assigning green-light phases 
so as to maximize some measures of vehicular movement Mixed-integer LP 
has been used to design progression systems, but such systems are predicated 
on the assumption that the streets are relatively empty Therefore, clever 
operation of traffic lights alone decreases delays by no more than ten percent 
or so Route control, in which a set of roads is viewed as a traffic store-and- 
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forward network, approaches the problem more realistically and offers the 
opportunity for additional improvements Gazis [1972] presents a detailed 
review of traffic control theory and applications 

5 OTHER LOCAL SERVICES 

Local governments are responsible for more than emergency services, environ- 
mental protection, and street services, of course Education is the costliest 
local service, and much OR work has been focussed on school system planning, 
enrollment projections, site selection, scheduling, pupil assignment, school 
lunchroom operations, school-bus routmg, and desegregation OR applications 
m education are discussed m Chapter II-3 of this Handbook 

Criminal justice systems are not uniquely urban, nor even resticted to local 
government Indeed, many of the problems of the criminal justice system m 
the United States derive from the fragmented nature of the system Federal, 
state, and local law enforcement agencies interact with various prosecutors, 
a vanety of court jurisdictions, miscellaneous facilities ostensibly intended for 
correction and rehabilitation, and agencies responsible for parole and probation 
Blumstem and Larson [1969] constructed a system flow model of the entire 
cnmmal justice process, while others have simulated court subsystems (Taylor, 
et al [1968] , Jennings [1971a, 1971b] ) 

The field of social services, with value-laden, hard-to-quantify performance 
cntena, poses a challenge to OR analysts Spindler [1970] discusses the vanous 
issues that arise with respect to child welfare services He states program goals 
and identifies the variables that must be included in models of the system 
if they are to be useful He emphasizes the curse of the urban analyst— the 
unavailability of data 

Fisher and Purnell [1973] studied the geographic migration of the welfare 
population in metropolitan Chicago Their findings fail to support the widely 
accepted “calculative migration” hypothesis, which asserts that low-income 
families move to Chicago in order to obtain more generous welfare benefits 
They found that most migrants who receive the aid in question resided m the 
state at least five years before obtaining such assistance Greenberg [1971] 
examined the potential impact of income maintenance programs m New York 
and predicted that male heads of households would reduce their working hours 
if the proposed family assistance plan were implemented 

Hess, et al [1965] pioneered in the computer-assisted creation of political 
district boundaries. Mills [1967] applied LP, together with a heuristic com- 
ponent, to the problem of establishing electoral boundaries for Bristol County 
Borough However, there is no evidence that the results were actually used 
In New York City, a heuristic algorithm was used to show the savings in election 
costs that could be achieved by creating more efficient election distncts (Savas 
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[1971a]), a simple manual approach based on the computer algorithm w& 
implemented at a saving of more than one million dollars annually [Sa\as, et al 
1972] 

Municipal budgeting has also been subjected to modelling efforts (Crecme 
[1967], Governmental problem solving ..., [1967), however, another im 
portant function of local government has been quite neglected recreation 
Cesario [1969] reviewed the work of predictmg recreation travel flows and 
estimating economic benefits of outdoor recreation, while Fisher and Krutilla 
[1972] studied the optimal capacity of recreation facilities, but those works 
did not address issues pertinent to planning or operating urban parks Despite 
Cicchetti’s article [1971], little has been done to determine the demand for 
urban recreation by different segments of the population, to establish the 
desired mix and location of different recreation facilities, or to relate usage to 
operating costs and maintenance needs, and thereby to program and schedule 
recreational events and activities by time and place within urban areas 

Municipal zoning decisions usually elicit intense political forces, and would 
not appear to be susceptible to OR methods. However, a model was developed 
to simulate the process by which zonmg ordinances are changed in Pittsburgh 
(Davis and Reuter [1972] ) It was tested by allowing a computer to decide all 
125 zonmg changes that were proposed during a two-year period The com 
puter arrived at the same conclusions as the decision-making bodies in about 90 
per cent of the cases 

A word is in order about urban development models Wide there has been 
considerable effort expended on the construction of models wluch show the 
mteraction of factors involved in urban growth and development (Lowry [1964] , 
Harris [1965], Kdbndge, et al [1969]) and notably the work of Forrester 
[1968] on urban dynamics, these efforts seem to have had little practical 
impact to date, outside of Forrester’s stimulation of much academic debate 
reminiscent of the angel-pinhead discussions earlier in this millemum (Chan 
[1972]) 

6. CITIZEN FEEDBACK 

One can look beyond individual public services to examine their attributes m 
a more aggregate context For example, Savas [1969a, 1970] found it fruitful 
to view municipal service delivery as a feedback control process in which goal- 
setting, administrative actuation, disturbances, system dynamics, and information 
feedback take on appropnate new interpretations m the context of city govern- 
ment He pointed out that social indicators can be estimated from citizen com- 
plaints and from objective measurements, and used to generate error signals in a 
municipal control system Krendel [1971] analyzed this system from a control 
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engineering viewpoint, and examined complaint -processing procedures in a city 
government in order to estimate the parameters which describe the dynamic 
characteristics of the system (Krendel [1970]) 

The subject of citizen feedback is attracting mcreased attention as its important 
role m societal decision-making and in goal achievement is recognized (Stevens 
[1970] , Kneger [1971] ) A pilot system of citizen feedback was developed for 
the governor of Puerto Rico in order to improve government functioning (Little, 
et al [1971a, 1971b]) It distinguished between various lands of information 
flow Citizen feedforward is the projection of information by government to the 
citizens for the purpose of eliciting involvement feedback, that is, opinions, 
suggestions, and participation Involvement feedback augments service feedback, 
which is comprised of complaints, requests, and inquiries Citizen feedback com- 
ponents and systems were studied in the context of live problems m Massachusetts 
(Little, et al [1972]) “Participatory technology,” based on computers and 
telecommunications, was used to facilitate citizen feedback on an experimental 
basis m vanous settings (Etziom [1972] , Johnson and Ward [1972] , Lucas and 
Yin [1973]) The application of systematic citizen surveys to measure the per- 
formance of local government (Webb and Hatry [1973]) is increasing, and has 
been used to evaluate individual services (Blair and Schwartz [1972] , Hatry 
[1974]) In addition, Yin, et al. [1973] have exammed alternative forms of 
citizen participation in the delivery of social services, looking at such involvement 
as a means of reforming and improving the administration of social programs-not 
as a social reform 

7 PROBLEMS IN APPLYING URBAN OR 

The precedmg sections have catalogued the use of OR in problems of urban 
service delivery A variety of operational problems have been addressed suc- 
cessfully However, the use of OR at the strategic level to solve urban problems 
has been less successful— a shortcoming that OR shares with all other disciplines 
The results have been particularly disappointing when measured against the early 
expectations of some uncritical enthusiasts, that “the urban problem” would be 
conquered by the modern management armamentarium of OR, the systems ap- 
proach, planning-programming-budgeting systems, and the like 
In order to understand the reasons for the modesty of the impact of OR at the 
strategic level, it is necessary to examine the barriers to implementation and the 
nature of the larger systems within which urban service systems are nested 
(Halbrecht, et al [1972], Hoos [1972] , Savas [1975]) Only then can one 
properly perceive the new challenges and new opportunities which confront 
“urban OR” Some of the implementation difficulties encountered by the 
urban analyst are similar to those found in other application areas, but are 
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propnate for urban problem solving Whereas the analyst sees himself as present- 
ing to the decision-maker the consequences of alternative decisions, in reality, 
governmental decision-making rarely consists of a neat, crisp, binary selection. 
Rather, it is usually a vague, prolonged, diffuse, and pluralistic process. Therefore, 
if a “decision” is ever to ensue from an analytic study, the technician must be- 
come an active force pushing for resolution along an unmarked front— an unac- 
customed and uncomfortable role for many analysts Kash [1968] eloquently 
descnbes public-sector decision making 

[I] t is important to recall that decision-making is a process Phrases like 
the “decision-making process” and the “process of pohcy formulation” are 
not mere incantation they refer to the contmuous flow of decisions, large 
and small, that make up the seamless web of pohcy formation and admin- 
istrative action in government The dynamic flux of the policy process 
makes the job of the advisor particularly difficult It means that there is 
no orderly procedure whereby the advisor can state his views or explain 
his research and then retire from the scene confident that his advice will 
receive systematic consideration There are numerous distractions and com- 
peting demands on the decisionmaker’s time and span of attention Deci- 
sions once made can become unmade a week later. The advisor may face 
a difficult task to secure a full hearing for his views in the first place, and 
then must struggle to keep attention focused on his recommendations for 
a long enough period to assure action of some kmd Contmuity is thus an 
essential attnbute of effective communication of pohcy onented research 
A corollary of this is that the advice cannot simply be given to the top 
levels if favorable decision and effective implementation of advice is desired 
Consider the case of a high level decisionmaker accepting the recommenda- 
tion of an advisory group and making a “pohcy” decision designed to imple- 
ment the advice Unless the subordinates carry out the decision effectively 
the whole intent can be defeated Comprehension of the basis for the de- 
cision reached at the higher level can be a vital factor in winning the con- 
sent and enthusiasm of those who must execute the decision and, m doing 
so, make a mynad of other decisions which can determine the success or 
failure of the original decision 

8 The irrelevance of technical elegance is obvious to political leaders and 
government executives, but not to the legions of analysts, who, armed with 
mathematical tools or computer programs, earnestly seek urban problems upon 
which to use them As Russell Ackoff once said, “I’d rather be operated upon 
by a skilled surgeon with a rusty penknife than by a salesman of fine surgical 
instruments using his latest wares ” 
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9 Optimization, a classic concept in OR, takes on a very different meaning m 
urban problem solving, where, exasperatingly, it often appears that there is no 
feasible solution Optimization in this setting usually consists of trying to 
determine which constraint can be forced back, at minimal political cost, suffi- 
ciently so as to create one feasible, and hence, optimal point. 

10 Problems not perceived by the public are problems not acted upon p et . 
ception of a problem by an intellectual elite, such as OR analysts, is not sufficient 
to induce action The public does not yet reward long-range political decisions 
which prevent problems from arising, nor does it punish its representatives for 
failure to act when the price of maction is a deficit to be paid in the future 

1 1 Predictive models for urban phenomena are poor It is difficult to forecast 
the effect of a disturbance on a system, and it is difficult to calculate the kind 
and quality of anticipatory corrective action that should be taken to counteract 
that effect 

12 The urban complex exhibits counterproductive behavior, that is,theulti 
mate result of an action often turns out to be quite the opposite of that which is 
mtended For example, consider the elaborate bureaucratic system of checks 
and balances designed to assure fair value in a city’s purchases The procedures 
were constructed to protect against graft and corruption when contracting for 
supplies, equipment, and services. However, the consequence for some cities is 
an inordinately long delay in securing bids and paying bills, with the result that 
many potential vendors refuse to do business with the city, and those who do 
have to charge higher prices in order to make up for the additional expense of 
dealing with the city Thus, a strategy designed to increase competition and 
reduce the cost of goods has the perverse effect of reducing competition and 
increasing the cost of goods (Savas [1970] ) 

13 Too many operations researchers come to work late and leave early This 
refers not to their daily work habits but to the narrow view of their role They 
should be involved much earlier m problem definition and in learnmg about the 
subtleties of the constraints and the objectives, and they should remain involved 
much later throughout the implementation process In urban problems, the 
analytical phase occupies only a small portion of the total effort; the dominant 
phases are problem definition, data collection, and implementation 

14 The OR analyst concerned with implementation of his findings— as of course 
he has to be— should be aware of five classic defenses used by bureaucrats to 
resist a recommendation for change. 

(a) “But we’ve always done it this way'” 

(b) “It can’t be done that way ” 

(c) “We tried that m 1948 and it didn’t work ” 

(d) “Well, we’re really doing that already, sort of.” 

(e) “Yes, I guess you can do it, but even if you did, it wouldn’t do any good.” 
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8. NEW DIRECTIONS FOR URBAN OR 

Urban OR has focussed primarily on problems and programs, but improvement 
of the quality of urban life and the management of urban services requires struc- 
tural or institutional reforms (Gordon [1973] ,Rosenbloom and Russell [1971] , 
Brewer [1973]) Designing optimal patrol routes for city police forces seems 
somehow inconsequential m the face of the startling finding that of 31,000 po- 
licemen in the New York City Pohce Department, only 1,000 are on patrol at any 
given time (Burnham [1974] ) How much effort should be expended to improve 
the productivity of municipal refuse collection by optimal scheduling, routmg, 
and disposal-site selection, when it has been demonstrated that private firms 
collect refuse at only one-third the cost of the municipal agency (Savas [1974]) 
(and do so without benefit of OR) 7 The monopoly nature of some municipal 
services goes far to explain their poor performance (Savas [1971b]) and suggests 
the obvious-but politically explosive— remedy of introducing competition into 
the delivery of local services (Savas [1974, 1977]) 

While admirable OR work has been done to model and to operate family 
planning systems (for example, the work of Urban [1974] and others), OR 
helps undo such work in other ways modem marketing methods are being used 
to promote the fad of bottle feeding instead of breast feeding, even in under- 
developed nations which have high birth rates Because lactation inhibits ovula- 
tion, a natural contraceptive process is thus being undermined , it is estimated 
that prolonged lactation in a highly fertile community could prevent up to 20 
percent of births (Wade [1974] ) 

OR has solved large classes of problems involving job scheduling and work 
assignment, but when employee motivation is vitiated by a rigid civil service 
system (Savas and Ginsburg [1973]), it is of little avail to update the parameters 
m a model in order to reflect dwindling productivity 

The very notion of effectiveness in urban services has only recently begun to 
receive analytical attention (Hatry [1974] ) This is a necessary starting point, to 
evaluate pohce services one must go beyond simple measures such as response 
times, for example, and look at victimization rates as well Similiarly, while 
city agencies proudly report how many tons of refuse they collect, they usually 
fail to report how many tons are left behind Only recently has the novel but 
sensible question been asked How clean is our city 7 (Blair and Schwartz [1972] ) 

Public agencies typically point to the demand for service and seek resources to 
satisfy that demand Increasingly, it is to be hoped, they will employ OR to 
utilize those resources efficiently But there is little motivation to reduce the 
demand. A fertile area for exploration is the use of pricing and market mecha- 
nisms to change the pattern and reduce the level of demand (Mushkm [1972] ) — 
whether for rush-hour traffic or for peak-period demand for water. The sugges- 
tion by Savas [1969a] , to use registered nurses to screen unnecessary requests 
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for ambulances, resulted in a 10% reduction of ambulance tnps, two nurses 
caused the same reduction in average response tune as could be achieved by ten 
ambulances, at much lower cost (Lee [1971]). 

One of the most fundamental issues affecting urban services has to do with the 
structure of local government In most metropolitan areas there is a gross incon- 
gruity between the natural geographic boundaries of a service function and the 
legal boundaries of the jurisdiction nominally charged with attending to that 
function It is necessary to sort out these functions Which level of government 
should provide which services to whom, and how should they be paid for’ 
Issues of revenue sharing, regionalism, and neighborhood government, among 
others, are involved Poverty and welfare are best handled nationally, while 
transportation, pollution, water supply, and waste disposal are clearly regional in 
character However, street cleaning, street repair, and refuse collection have 
primarily a local impact and can be handled at the neighborhood level New 
tiers of government-regional and neighborhood— are needed to supplement or 
replace the obsolete units of government extant since colonial tunes in some of 
our urban areas. 

In all these challenges involving institutional change, OR has an important role 
to play Above all, it is needed to help design adaptive systems that will enable 
our urban society to survive with its deeply held human goals mtact To do so, 
OR will have to ally itself with other disciplines in “the science of the systems 
age” (Ackoff [1973]) 
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INTRODUCTION 

Applications of operations research (OR) in health care may be viewed as having 
occurred at two levels Most of the initial work m the field concentrated on 
micro-analytic studies, usually within hospitals Thus, work can be found, for 
example, dealing with scheduling in outpatient clinics, determination of appro- 
pnate inventory control methods for linens, drugs, and other consumables, the 
development of operating policies for blood banking, analysis of the utilization 
of inpatient facilities, and studies of the relative effectiveness of alternative meth- 
ods for delivery of specific services 

More recently, OR has come to be applied-usually as “systems analysis”-to 
macro-analytic studies In this context, one finds work concerned with the de- 
sign and operation of hospitals, regional planning of facilities for delivery of 
health care, manpower planning studies, both national and international, infor- 
mation systems, and quality control in health care 

The material that follows will discuss the past, present, and future of work in 
these two broad areas as OR in health care, even though the labeling of the work 
by its authors may alternatively be management science or systems analysis. Ma- 
terial which will not be discussed falls mainly in two categories First, the gen- 
eral area of biomedical engineering, including patient monitoring, laboratory sys- 
tems, radiological analysis, equipment design, and the like which, while often 
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concerned with ‘systems’ and employing some of the techniques utilized in OR 
is not included. Second, studies in the epidemiology of diseases, effectiveness of 
treatment, nutation, clean water, as well as automation in clinical practice, dia». 
nostic models, and the like, are not included here as separate areas of interest 
The major cntenon for inclusion has been work on problems of concern in the 
management of the health care delivery process and not on the techniques for 
the delivery of care, per se. Certainly , decision-making with respect to diagnosis 
and treatment (that is, patient management) is often an area of interest to those 
in OR, and is mcluded when it is of concern as a part of those already mentioned 
(for example , in quality control or the design of hospitals) But it is not included 
separately, just as ‘planning’ is not a separate area, and for the same reasons 
These lands of labels are pervasive when one is dealing with the problems of 
health care delivery, and while they could be treated separately, it seems more 
effective to classify and discuss the problem areas as indicated above. 

No attempt will be made here to define and descnbe the OR approach m health 
care The general approach has been dealt with elsewhere m the companion 
volume, “Operations Research Handbook Foundations and Fundamentals,” 
and it would be redundant here The reader of work m applications is assumed 
to be familiar with approach and techniques, at least at a level sufficient for 
understanding the descriptive material which follows 


1 1 Problems in Health Care 

No attempt is made here to delineate all problems of health care delivery, but 
only to give some background of the health care environment and ‘system’ so as 
to place in context the diverse applications descnbed later. Health care delivery 
may be descnbed as the process by which an individual's state of health is moni- 
tored, imbalances in that state and deviations from the desired state are detected, 
decisions are taken as to the application of available health care resources (pa- 
tient management), the resources are applied, and the individual is returned to a 
state of health (homeostasis) as nearly consonant with his ongmal state as the 
disease and resource availability allow 

As can be seen, this definition focuses on first, the individual as the central ac- 
tor in the process, and second, the available resource structure as the agent The 
quantity and quality of health care delivered in any incident of care is a function 
of the interaction of these two. The occurrence of individual incidents, their de- 
tection, and the availability of resources to deal with such incidents, descnbe a 
dynamic, complex system which is not well understood and is subject to vanous 
and variously effective management policies and practices in a diversity of set- 
tings throughout the world. In reviewing the need for better management in the 
health services, it has often been recognized that there exist in most environments 
overlapping, conflicting, and often competing organizations within the system 
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Further, effective control over costs has not been obtained, and in most systems 
there exists a diversity of relatively independent funding mechamsms Finally, 
knowledge concemmg the demand for services, as well as decision mechamsms 
for allocating resources to meet known needs, do not exist in large measure 

Thus, the opportunity for OR applications is great, but the problems are large, 
complex, and very often not well understood Most work done to date has been 
m the micro-analytic area, but most interest and the greatest challenges and op- 
portunities exist in the macro -analytic areas In the following, some of the ma- 
jor problems of mterest, from the OR point of view, are descnbed. 

(1) Perhaps the most pervasive and persistent problem, but one which has seen 
little OR work is that of the regional organization of health services Here one is 
dealing with such questions as demand prediction, scale and location of facilities, 
alternative design and organization of these facilities, staffing, cntena for deliv- 
ery of care, fundmg and payment mechamsms, and m fact, simultaneously, a 
vast range of problems each of which is important in its own right 

(2) A problem of great importance, with httle in the way of substantive appli- 
cations to report, is that of allocating resources (of an economy) to the health 
care sector in competition with the requirements and goals of other sectors Here, 
we would be mainly concerned with providing information for policy and strat- 
egy by predicting the consequences of alternative allocations under vanous sets 
of assumptions 

(3) Program planning within the health sector is a system problem of great in- 
terest Here, one is mterested in the dynamics of vanous programs (e g , clean 
water, nutation, family planning, inoculation, and the like) as they mteract in 
consuming resources over time and generating benefits. 

(4) Manpower planning can be viewed from a national and international level, 
as well as from a local and regional level The mix of manpower required is a 
function of the set of services to be delivered over time The provision of man- 
power is a function of a set of training facilities, incentives, and disincentives for 
entering, leaving, or transferring among training programs, as well as faculty re- 
quirements and effects of migration. The dynamics of this interaction in pro- 
ducing a prediction of manpower availability and utilization is an interesting and 
formidable analytical problem. 

(5) Measuring and controlling the quality of health care delivered in any set- 
ting is increasingly a challenging problem whose solution is urgently needed. A 
major difficulty is that there exists no general agreement on the approach which 
ought to be taken toward measurement in the first place 

(6) Cost prediction and control has received a great deal of attention, but op- 
erational systems are scarce and, as yet, not very effective A large body of both 
normative and descriptive hterature attests to efforts in this area, and it is a (fis- 
hnet challenge to OR to develop operational methods for management in health 
care enterprises. 
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(7) Outpatient services have been the subject of many OR studies but still p re . 
sent many problems, due to changes in the nature of such services, as well as 
changes m delivery methods With greater understanding of the actual and p 0 
tential role of outpatient services has come the need for new and better ap- 
proaches to the analysis of their efficiency and effectiveness 

(8) Emergency services, including transport and referral, have received consid- 
erable attention by operations researchers, but problems of consequence remain 
The scope and organization of such facilities, their relationship to other delivery 
facilities, screening, staffing, and a host of other operating problems are all pres- 
ent m this setting 

(9) Radiology, pathology, and laboratory services are increasingly important 
in both diagnosis and treatment. The provision of these services economically 
and efficiently present interesting problems in facilities planning, staffing, intro- 
duction of technology, and use of computers in data handling and analysis 

(10) From an economic point of view, inpatient services present perhaps the 
greatest challenge to OR Such services account for a large proportion of total 
expenditures in any health delivery system, and their rationalization in a diver- 
sity of settings is a critical problem Various actual and potential structures, dif- 
fering m scope and methods of care, exist Planning appropriate facilities m each 
settmg where they are required provides many opportunities for OR applications 

(11) The operation of facilities and services within hospitals provides oppor- 
tunities for applications of inventory theory Supplies of all kinds, linen service, 
and blood banking are a few of the areas which have received attention 

(12) Menu planning has been approached, utilizing mathematical program- 
ming as well as heuristic methods 

(13) The design and implementation of information systems m the health care 
setting, from both the patient and financial management point of view, opens up 
many opportunities for OR applications. Grave doubts have been expressed as 
to the technical and economic feasibility of heavily computerized systems in 
hospitals, but it seems reasonable that advances m technology and reduction in 
costs have been such as to argue strongly for progress toward such systems 

With this brief survey of problems, we now turn to a review of some of the 
work done so far In this review, the goal is to highlight areas of application 
with examples It is not possible to cover all work done, nor is it reasonable in 
most instances to provide, at this stage, qualitative evaluations of such work A 
comprehensive bibliography, covering both applications and literature on prob- 
lem background and settings, is mcluded for the interested reader If one has in- 
terest m a specific problem, it is suggested that he consult Abstracts of Hospital 
Management Studies [Cooperative Information Center, various dates] . A major 
section of this publication is devoted to Management Science and Operations 
Research. Background and institutional information may be located easily by 
subject 
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2 OPERATIONS RESEARCH STUDIES IN THE HEALTH SERVICES 

As stated earlier, the basic organization of OR work m health is in terms of macro 
and micro-analytic studies. The focus of the studies included is on management 
problems in the health services, and it should be recognized that the dividing line 
between micro-macro, as well as that defining managenal onentation, is both ar- 
bitrary and fuzzy. The bibliography gives a reasonably complete listing of re- 
ported work in the various areas descnbed here, but no attempt is made to en- 
capsulate all of this work (A very comprehensive review of such work is included 
in Stimson and Stimson [1972] ) Rather, studies typical for their class are de- 
scnbed bnefly, or else the major thrust of the class is given without any attempt 
to attribute the work specifically to a particular report In this way, it is hoped 
to give the reader the flavor for both research and applications, with the refer- 
ences relied upon for substantive detail Historically, micro-analytic studies were 
the rule in early applications, and they are reported here first 


21 Outpatient Service 

Among the earliest OR studies made m health care were applications of queuing 
theory to problems in the design and scheduling of outpatient clinics (Bailey 
[1952], Welch [1952b, 1964] , Welch & Bailey [1952]) General guidelines 
were established by these studies, concerning appointment intervals, scheduling 
of doctors and other personnel, and policies and allowances for nonappointive 
patients Given a number of circumstances, however, simulation models have 
played an increasingly important role in such studies (Fetter & Mills [1973], 
Fetter & Thompson [1966] , Hoffman & Rockart [1969] , Hoffman & Barnett 
[1970] , Rockart & Hoffman [1969] , Sonano [1966] , Williams, et al [1967]) 

The outpatient facility does not lend itself to analytical queuing theory directly 
for a number of reasons 

(1) Demands are both scheduled and nonscheduled and, m fact, scheduling 
plays an important role in the provision of service as well as the demand 

(2) Patient mix is not, in general, stable from period to penod, and may vaiy 
within relatively short intervals 

(3) In many settings, outpatient facilities operate at vanous levels of capabil- 
ity, with referral and reappointment systems to handle successively more com- 
plex patients 

(4) Such facilities often share resources with inpatient or other health care fa- 
cilities making prediction of utilization a rather different problem than that as- 
sumed by the theory. 

Beyond the problem of planning facilities and determining policies for schedul- 
ing and operation of these facilities, the problems of manpower provision are of 
great importance. Some recent research has focused attention on the potential 
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2 3 Medical Information Systems 

The purposes of information systems in health care can be classified on the one 
hand as medical or administrative, and on the other as research or operational 
This can be portrayed as follows 

Medical Administrative 
Research 1 2 

Operational 3 4 

An information system which embraces all four areas could certainly be termed 
a “total” system, but its attainment raises serious questions of feasibility. Most 
efforts have been addressed to area 4, and include fairly standard business appli- 
cations of payroll, billing, stores control, and the like Some attempts have been 
made to implement and much research has been done on systems in area 2, but 
success thus far has been limited 

Many prototype systems have been developed and are in use in area 3 in such 
entities as clinical laboratones, outpatient departments, pharmacies, and the like, 
but no general patterns seem to be emerging Area 4 has received some atten- 
tion, with several prototype systems under development (Control Data [1971] , 
IBM [1970] , Lockheed [1969]) The role of information systems in areas 1 and 
4 on an integrated basis seems to offer great promise, but is faced with signifi- 
cant problems both technical and economic (Ball [1971] , Lair [1969] , Lamson, 
etal [1970] , Lawton [1970] , James [1969] , Saunders [1969]) 


2 4 Emergency Services 

Here, a great deal or OR work has been accomplished and significant efforts are 
in progress The two most important areas which have been studied are coronary 
care (Kao [1972] , Thomas [1968]) and casualty services (Handyside & Morns 
[1967] , Newell [1954] ). A problem of great importance in the study of emer- 
gency services organization and operation is the relationship between such ser- 
vices and more routine ambulatory care services In practice, this relation is 
often poorly defined and detracts from the effectiveness of both lands of service. 

OR has a great deal to contnbute in research aimed at dealing more effectively 
with trauma Here, it is clear that significant advances m medical care are inti- 
mately related to the logistical issues involved Facilities required are vaned and 
expensive, timing of delivery is often crucial, the site at which trauma has its on- 
set could be anywhere but is often predictable if extensive (major highways, for 
example) The concatenation of these factors gives nse to an area m which 
modeling and analysis is essential to the development of more effective delivery. 



434 li APPLICATIONS IN SELECTED AREAS 


3 NATIONAL AND REGIONAL PLANNING OF HEALTH CARE 
DELIVERY 

At the level of national planning, while the need for analytical work is widely 
recognized (Hdleboe,et al [1972] ), actual applications of OR are not widespread 
The process is viewed as one in which hard data are lacking and where political 
administrative, and resource constraints inhibit rationality. The use of many OR 
models is reported, however, in both the USSR (Popov [1971]) and Sweden 
(Hilleboe, et al [1972] ) at the national level, and the PAHO-CENDES approach 
(Ahumada, et al [1965] ), employed in several Latin American settings, relies on 
an underlying mathematical programming model. 

A resource allocation model m public health planning (Feldstem, etal [1973]) 
has been employed m the Republic of Korea for tuberculosis control, and states 
the problem of health planning in terms of a mathematical program This ap- 
proach has been implemented in a number of settings by personnel of the World 
Health Organization and is continually being refined through these applications 

The integration of curative and preventive services at local, regional, and na 
tional levels has received some attention (WHO [1967, 1971b, 1971c]), and is 
largely confined to specific diseases and/or specific population groups Regional 
planning of both services and training facilities has received limited attention, 
but is an area with considerable potential for OR work 


3.1 Manpower Planning 

In this area, only relatively simple models have been utilized for projecting man 
power requirements usually based on observed usage rates (Kissick [1967a] ,WH0 
[1971 d] ) Straightforward forecasting models as a means of predicting supply 
of and demand for health personnel do not really get at the basic problems in 
manpower planning, and some efforts are underway to provide planners with an- 
alytical tools to increase their understanding of the effect of change in systems 
parameters (Fetter & Mills [1972] ) A persistent question of interest, for exam- 
ple, concerns the effects of substitutions among vanous types of manpower in 
the provision of health services (a mathematical programming approach has been 
tried, Golloday, et al [1971]) 

3.2 Control of Health Care Delivery Systems 

Questions of both aumnustrative and medical control arise here The former aie 
in response to the rapjdly escalating cost of providing health care, while the lat- 
ter are due largely to me increased perception of the consumer’s role in health 
care delivery In the \ administrative area, systems for budgeting and control 
through cost-benefit analysis have been proposed or are under study (Crystal L 
Brewster [1966], Kissick [1967c] , Packer [1968], Wiseman [1963]) 
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With the advent of Medicare, a legal requirement for utilization review was im- 
posed on providers of inpatient care, in order to assure delivery of appropriate 
care to the user of government financing. The usual form of such review consists 
of a procedure for selectmg cases for retrospective review, m which the case se- 
lection process is tied to length of stay. For example, one might select all cases 
with a length of stay greater than some given number of days These cases are 
submitted to both institutional as well as regional peer review boards in the hope 
that through an evaluation and feedback process, quality control, with respect to 
patient care management, can be effected 
Vanous studies have been done on the decision processes involved in both case 
selection (McClain & Riedel [1973] , Riedel, Fetter, et al [1972] , Wolfe [1967]) 
and in determining the appropriateness of care (Donabedian [1966, 1968, 1969] , 
Herring [1970] , Riedel, Brenner, et al [1972]) Most of this work is aimed at 
beginning to build a control structure, based on understanding resource con- 
sumption in health care as a function of patient state Little work has been ac- 
complished thus far on concurrent review and evaluation 

3.3 Patient Screening 

In this area, methodologies based on the use of computers and decision theory 
have been studied. Both screening for particular diseases (Flagle [1965] .Lincoln 
& Parker [1967]) and multi-phasic screening (Collen [1970]) have been em- 
ployed in the attempt to improve health care delivery by concentrating on pre- 
vention of illness and maintenance of health as the basic strategy, rather than 
treatment of acute illness. 

4 FUTURE CONTRIBUTIONS OF OPERATIONS RESEARCH 

In what areas is it likely that OR practitioners can make the greatest contribu- 
tion to health care‘s The answer at this point seems quite clear, whether one is 
concerned with delivery m a developed or less-developed setting The design and 
implementation of delivery systems which address the basic issues of health care, 
and are economically and technically feasible and effective, presents the greatest 
challenge today. Embedded m such designs is a host of problems for which ana- 
lytical methods have much to offer Whether or not they will be employed is 
stnctly a function of the ability of the OR professional to implement his exper- 
tise in an area fraught with an extraordinary number of constraints 
In the developed settings such as the U S. and the U K tradition and institu- 
tional constraints are such that change in any guise is enormously difficult In 
the less-developed settings, politics and poverty combine to very often render in- 
effective the most rational and well-meaning efforts The point is not to intro- 
duce despair, but to emphasize that the more traditional staff role of the OR an- 
alyst is not likely to pay off in substantive results in the health care field. Further, 
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m which 

a k7r! is the amount of resource k required to treat the disease employing 
method m, 

A krt is the availability of resource k in period f, region r 

This relation allows resource availability to constrain the employment of the al- 
ternative treatment methods 


'y'^bmprt^-mprt ~ B bprt B bprt Bbprt 
m 


(3) 


m which 


dbmprt IS a measure of the amount of benefit b obtamed in population type p, 
region r by treating the disease using method m m period t, 

Bfoprt is the desired level of attainment of benefit b , and 
B bprt bprt measure departures from this desired level 

This relation expresses benefits m terms of some desired level of attainment (goal), 
as a consequence of treatment Thus, for example, reduction in mortality could 
be designated separately in each region for each population type 
Finally, the relation 

Z — MIN [ w bprt Bbprt w bprt Bbprt ] 
bprt 

would allow the specification of weights associated with each “goal,” and the 
“optimization” of the model accordmg to this function One of the relations of 
type 3 could easily describe the cost of treatment, and a single cost minimization 
formulation could be accomphshed It is, however, much more likely that one 
would want to employ a multidimensional goal structure and a set of judgments 
as to the relative desirability of such goals in this kind of analysis 
Expanding the point of view taken in this kind of model to include a set of dis- 
eases, would require addmg a disease type subscript (d) to the vanables and pa- 
rameters Additionally, one would very likely wish to include a specification of 
facilities available or to be made available as a separate resource type, so that fa- 
cilities utilization could be made explicit This would be especially true in cases 
in which the planning problem was concerned with mcremental alterations in ex- 
isting health care facilities 

In any case, the important pomt to be made here is that modelling to address 
problems in health care delivery should be comprehensive and informative, but 
relatively straightforward and consistent in structure Planners and policy mak- 
ers in this area need and deserve information to guide their decision-making. Mod- 
elling and analysis should be concerned with this task of information support m 
response to such needs 
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6 THE FUTURE OF HEALTH CARE DELIVERY 

It seems safe to predict that health care delivery, in the U.S. at least, will be 
jected to enormous pressure for change in the future The demands are growm; 
rapidly, disease and states of health are subject to an extraordinary knovdefe 
explosion, and observable costs of providing care have been rising uncontroliabl) . 
This combination results in both challenge and opportunity. OR work will cer- 
tainly continue in virtually all of the areas cited earlier. An expansion of micro- 
analytic work will almost certainly take place in response to these pressures. At 
the same time, it is important in these applications to recognize the problems of 
planning and change which are bound to occur in the larger systems of which 
these are a part 

Health care is certain to be an industry in which OR can make a substantial 
contribution The extent and value of this contribution will depend in large 
measure on the professional capability which our practitioners exhibit 
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EDUCATIONAL 

PROCESSES 

Alexander M. Mood 


1 ANALYSIS OF THE EDUCATION PROCESS 

In Part 1 of this chapter, we shall confine our attention to analysis of the educa- 
tion process itself. Operations research has, of course, many contributions to 
make toward analyzing various other operations earned out by educational 
organizations For example, there are many nice programming and scheduling 
problems having to do with the most efficient use of teachers and of teaching 
facilities, schools have sizable information systems which will surely become 
larger in the future as more emphasis is placed on following the progress of each 
child and tailoring his curnculum to his needs, schools are replete with queues 
at registration desks, cafetenas, athletic events, gymnasium facdities, and the 
like, and finally, the routing of school buses is not an insignificant task These 
problems as well as others m this field, are the subjects of other chapters of this 
handbook Part 2 of this chapter, which is little more than a slightly annotated 
bibliography, will refer to a number of examples of such applications 
Operations analysis of the pubhc school system refers to a quantitative descrip- 
tion of the system as a production operation, with a view to better understand- 
ing how one might manipulate the system to make it more effective The 
rationale for such analysis is that educational processes are analogous to other 
production processes, they transform input material (partially educated individ- 
uals) into output products (better educated individuals), using capital equip- 
ment (school buildings, laboratories, buses, libraries, athletic fields, etc) and 
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personnel (administrators, teachers, counselors, coaches, etc) and processes 
(curricular and extracurricular programs) A behevable quantitative model 
accurately relating these various school factors to educational outcomes could be 
particularly valuable to educational administrators and policy-makers who are 
managing the system, allocating resources within the system, and deciding how 
much of the nation’s resources should be devoted to education It could also 
provide a basic framework by means of which a great many isolated expenments 
in education could be related to the system at large and to each other It could 
bring some precision to discussions of the pros and cons of proposed educational 
pohcies It could bring a larger measure of science to educational methodology, 
and a larger measure of scientific management to educational administration 
The earhest sophisticated discussion of this approach to education is probably 
that of Kershaw and McKean [1959] 

1.1 Inputs and Outputs 

A rather broad conceptualization of a global model of the educational system 
has been developed at the U S Office of Education (Mood [1969] ) It is far too 
elaborate to be realizable at this time, but will serve as a general introduction to 
what is involved m developing such a model At a highly aggregated level, the 
conceptuhzation rests on the following six major inputs to a student’s educa 
tional progress 

The student’s own abilities and attitudes 

The support of his education by his family 

The endorsement of educational endeavor by his peers. 

Community support of education 
Properties of the educational system 
Society’s posture with respect to education 

Figure 1 provides a very gross view of the arrangement of these inputs In it, 
the oval representing young persons is sliced to represent individuals, the dark- 
ened shce represents a student, in that it overlaps the school system oval, the 
student is also a member of a family and of the community and of society at 
large The community consists of a variety of other persons, organizations, and 
facilities not shown by the diagram; many of them are important to learning in 
the large sense, some (e g , a museum) are relevant to formal education 
These very broad determinants of a student’s educational accomplishment 
need to be broken down mto components before an attempt is made to create 
quantitative measures for them. An example of such a specification is provided 
by the following outline- 
Components of family support of a student. 

Provision of a physically and psychologically comfortable home. 

Pressure on the student to perform well at school 



EDUCATIONAL PROCESSES 455 



Pressure on the school to educate the student well 
Provision of educational know-how. 

Components of peer support of a student 

Positive attitude toward educational achievement 
High educational expectations for themselves 
Assist student with his school work. 

Components of community support. 

Healthy social climate. 

Belief in the value of education. 

Participation in school activities 
Financial support. 

Provision of community cultural and recreational resources 
Components of society’s support. 

Freedom to pursue knowledge. 

Laws and policy regarding school organization, school governance, curriculum, 
personnel, and attendance. 

Provision of resources for education. 

Components of the school system 

Teachers 

Belief in educability of the pupils 
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Competence in organizing and managing classroom 
Knowledge of field in which teaching 
Knowledge of educational technology 
Ability to communicate with students 
Ability to motivate students 
Administrations 

Selection of goals appropriate to the needs of students and society 
Competence m creating effective organizations of teachers and students for 
reaching these goals 

Competence in monitoring programs and in making suitable modification of 
them when achievement of goals is threatened 
Ability to maintain clear communication between school and society 
Cumculum and other aspects of school program 
Relation to social and economic opportunities 
Appropriateness to student capabilities and desires 
Adaptabdity to needs of individual students 
Health and food programs 
Extracurricular and recreational programs 
Facilities 

Amount and quality of classrooms, laboratones, libraries, etc. 

Availability of learning equipment (books, records, projectors, computers, 
TV, musical instruments, works of art, sports equipment, etc ) 

Adequacy of space, grounds, and athletic fields 

Variety and quality of commumty cultural and recreational facilities used by 
school 

Components of educational state of the students 

Achievement of skills and knowledge 
Communications 

Mathematics and computer languages 
Natural sciences 
Social sciences 
Humanities. 

Arts 

Personal development 
Social competence 
Sense of responsibility 
Self-confidence 
Creativeness 
Ethics 
Ambition 

Ability to concentrate. 

Judgment 
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These last fourteen components (of the educational state of a student ) are 
outputs as well as inputs We may think of them as being inputs at the beginning 
of a school year and as being outputs at the end of the year The other five 
major determinants may then be regarded as operatmg on the input state of the 
student to transform it during the course of the year to the output state 


1 2 Measures 

Having amved at a set of components such as those listed above, one can then 
begin to assemble a set of items by means of which each component might be 
quantified For example, the set of items associated with a given component 
might be combmed with appropriate weights to form an index number that 
will serve as a measure of the component 
Going back for illustration to the components of family support, the first was 
provision of a comfortable home Items that might serve to mdicate the level 
of that component are 

Quality of food 
Quality of clothing 
Quality of residence 
Adequacy of space (uncrowded). 

Both parents living at home 9 
Parents reasonably congenial 9 
Parents deal reasonably fair with children 9 
Quiet place to study? 

Family has reasonably good relations with neighbors 9 

Absence of serious emotional disturbances that might distract student from 
school work 9 

Student required to augment family income 9 

In measuring such items one would not give any credit to luxury That is, 
quality of food would mainly refer to balanced nutrition, quality of clothing 
would reach the top of the scale if clothing were warm, clean, and no embarrass' 
ment to the child 

For another illustration, the second component of family support refers to 
pressure to perform well. Some items that might give good indication of such 
pressure are 

Rewards for good grades. 

Distress at low grades 

Parents apprise themselves of homework requirements and insist that it be 
done 

Parents enforce regular attendance at school 

Parents influence students to undertake ambitious educational programs 
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Parents influence students toward careers that demand outstanding educa 
tional performance. 

An item such as the second might be measured on a simple qualitative scale 
using categones as severe discipline for low grades, real hostility generated 
on part of parents toward student, withdrawal of significant rights and pnvileges, 
minor penalties, reasoned disapproval, little concern, entuely satisfied with 
barely passing grades. 

None of the six aggregated inputs and none of their primary componentshas 
a direct measure. Each of them must, therefore, be quantified by means of an 
appropnate index number or other measure A few are already well in hand, for 
example, various tests for achievement in different subject-matter fields have 
been designed and validated by educators; sociologists have developed indexes 
of social and economic status Some of the other components can be readily 
indicated by easily available economic and financial data Nevertheless, there 
remains a sizable development task There must be assembled for each un- 
quantified component a list of items, out of which can be constructed a test or 
questionnaire that will provide the basis for a satisfactory measurement of the 
component 

The measures will often be only indicators because the components are so 
complex or abstract that no comprehensive list of their elements is possible 
It may be worthwhile to distinguish between mdexes and indicators The Cost 
of Living Index (maintained by the U.S Bureau of Labor Statistics) is made up 
of quite a long list of paces of items that provide a very complete representation 
of things families must purchase. One could use instead a simple indicator made 
up of, say, pnces of only four items bread, rent, automobiles, and hospital 
room rates With properly chosen weights, the indicator will have very high 
correlation with the complete index That is the distinction, an indicator does 
not pretend to be a comprehensive measure, but it does give reasonable promise 
that it would have high correlation with a comprehensive measure if one existed 
Often, the ‘reasonable promise’ will rest only on the judgment of reasonable 
persons, it will not be possible to verify that a high correlation exists 

It is essential, if education is to develop a widely applicable body of quantita- 
tive theory, that there be agreement among educational researchers about the 
construction of each index or indicator. Although many indicators will be quite 
arbitrary and far less satisfactory than the indexes used by economists, they 
must necessarily have the same standing in the field of education that the Cost 
of Living Index, Gross National Product, Wholesale Pace Index, etc , have in the 
field of economics When we do have such generally accepted measures, then 
research workers will be able to calibrate the subjects (students, teachers, parents, 
school administrators, curricula, etc ) of their experiments and surveys the same 
way, and there will begin to be some real venfication of the results of others 
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when replication is attempted. Educational research will begin to build some 
quantitative structure 

Of course, wide agreement about formulation of measures does not mean that 
they must have their specifications fixed forever They can be revised periodically 
(just as economic indexes are) to reflect the evolution of society and of educa- 
tional goals and practices 

To be taken seriously, the model must be reasonably complete Omission of 
significant inputs or outputs may disastrously distort relations between those 
that are retamed, and hence give gravely misleading guidance about how out- 
puts depend on inputs This is a particularly troublesome matter with respect 
to the outputs, educators have developed measures of cognitive skills and knowl- 
edge (the first six components of the educational state of the student listed 
above), but they have developed no such measures for the personal development 
components The result is that educational research on policy and administra- 
tion tend to give most attention to the measured components and tend to 
neglect those that do not yet have measuring instruments, even though there is 
wide agreement that the personal development components are fully as impor- 
tant as the cognitive components 


1.3 Regression Models 

In the distant future it is to be hoped that there will have been developed a 
very comprehensive structural model of the educational process, which will 
consist of a large number of simultaneous equations relating inputs to outputs, 
inputs to each other, and outputs to each other. It might be reminiscent of the 
massive model of the U.S. economy that has been developed at the Brookings 
Institute by Duesenberry [1965] and others, which mvolves over 100 equations. 
We are a very long way from such a model now for lack of agreement on defini- 
tion of variables, lack of understandmg of relationships between vanables, and 
lack of data for exploring such relationships As a result, we can point to only 
very primitive models, usually consisting of a single regression equation which 
attempts to relate scores on an achievement test to a few independent vanables 
chosen to represent home and school influences 
In terms of the general inputs and outputs descnbed already, a general regres- 
sion model might be put in the form where S i =f(S 0 ,P, F,L, C, Y), where S 0 
is the initial state of the student and is a vector consisting of fourteen compo- 
nents; iS, is the output state of the student and is the same vector ,P,F,L, C, Y 
are indicators or index numbers representing, respectively the major determinants 
peers, family, school, community, and society, the function / is linear in the 
regression coefficients These five measures will ordinarily be linear regression 
functions of their components which will, in turn, ordinarily be linear regression 



460 II APPLICATIONS IN SELECTED AREAS 


functions of the items chosen to specify them The function / will normally 
consist of a sum of powers and products of its variables, multiplied by regression 
coefficients, although when S has only one component it is often convenient to 
use a device called criterion scaling to force the function to be linear m its 
variables (see Mood [1969] and Beaton [1969]) 

These models are usually constructed using the major determinants as mdepen 
dent variables rather than orthogonal vanables derived from the components by 
factor analysis The reason is that a given orthogonal vanable is frequently 
composed of a vanety of components in a way that defies intuitive understand 
mg of what the variable represents This model is mtended not just for research 
workers but for educational administrators and for laymen who sit on school 
boards and in legislative bodies If they are to understand the quantitative 
findings of this model and to use them in their deliberations about educational 
operations and budgets, then it is extremely important that the terms used to 
describe the findings be altogether meaningful to laymen Esoteric jargon could 
destroy much of the utility of the model 

1.4 Partitioning of Variance 

The major inputs affecting learning appear to be confounded to an extraordinary 
degree Thus far, at any rate, efforts to disentangle their effects have had little 
success, and it is altogether possible that they may never be separated Certainly, 
there is so much interaction between home and school m learning that we can 
hardly expect to fully separate their effects 

Let us suppose that index numbers for the major inputs have been developed, 
and that we are examining a set A of achievement data in fifth grade anthmetic 
by means of a linear regression on five mdexes of the five major inputs, the 
regression would have the form 

A — aP + bF + cL + dC + eY, 

in which the lower-case letters are the regression coefficients Application of 
the regression will reduce the raw variance V of the achievement scores to (1 - 
F~)V, where A 2 is the multiple correlation coefficient 

As indicated above, the five mdexes will turn out to be highly correlated will 
each other The result is, therefore, that any four of the five will remove nearly 
as much variance as all five In fact, any three will not do much worse than any 
four 

A device for measuring the extent to which the five mdexes are uniquely 
associated with achievement and jointly associated with achievement is a specia 
partition of variance into unique and common parts (see Coleman [1966] 
Mood [1971] and Newton and Spurrell [1967]) The idea is best presented wit 1 
only two independent variables Let V be the variance of the achievemen 
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scores A Let the regression on P alone remove the fraction R} of the vanance, 
and let the regression on F alone remove the fraction Rp of the vanance 
Finally, let the regression on P and F jointly, that is, A ~aP+ bF, remove the 
fraction Rjp of the vanance This last fraction can be split into three parts as 
follows Rpp - Rp is the fraction of V uniquely associated with F,Rj>p - R 2 P is 
the fraction associated with P, and the remainder 

Rpp - (Rpp - Rp) - (Ppp - Rp) =Rp +Rj? -Rpp 

is the proportion that may be associated with either P or F, it is often called the 
commonality of P and F 

In general, with n independent vanables, one can define a similar partition into 
2" - 1 parts If we now use the mtegers 1,2, , n to denote the variables (in- 

stead of P, F, L, ), then a simple device for writing down formulas for the 
part of a vanance common to a subset— say 2,4,1, out of 8 variables— is to ex- 
pand the product 

"(1 “ Xa)(l " X 4 )(l - X7)XiX3XsX6X8, 

and replace the resulting terms by R 2 , with the same subscnpts as appear on the 
X’s in the term Thus, for four vanables, the unique proportion of the vanance 
associated with the second vanable is 

^2 (1 ~ X2) X1X3X4 = Fi 234 ~ R134, 

and the part that may be associated with either 1 or 3 is 

■&13 0 ~ Xl) (1 ~ X3) X2X4 = ~R 1234 + R 124 +F| 3 4 ~ R 24 

In using this rule to wnte the formula for the part that may be associated with 
all the mdependent vanables, the - 1 is deleted after expansion of the appropnate 
product 

~0 - Xi) (1 - Xa)0 ~ Xs) (1 - X«) 

After examining a few numencal results, we shall be m a better position to 
examine the question of why researchers have preferred the partitioning of 
vanance technique to the estimation of regression coefficients for exploring 
relationships between inputs and outputs 

1.5 Illustrative Results 

An opportunity to implement a model of this kind on a large scale arose with 
the passage by Congress of the Civil Rights Act of 1964 Section 402 of the Act 
required the Commissioner of Education to survey the “lack of availability of 
equal educational opportunities for individuals by reason of race, color, religion, 
or national origin ” The survey was earned out in 1965, and a final report was 
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published by Coleman, et al. [1966] . The survey produced a large and con © 1 
hensive set of school, student, family, and community data from 6000)3 
students m 4,000 public schools Teachers, principals, and superintendent* 
as well as students, filled out personal questionnaires Students and teacher 
took tests The results given below are selected from an elaborate stud} h\ 
Mayeske and others [1972, 1973] , which was earned out after the survey report 
was published The study combmed four achievement scores into a composite 
achievement entenon, and formed index numbers from questionnaire items b) 
maximizing the correlation between the enterion and the index The items sure 
entenon scaled to hneanze the regression function. 

When one examines the vanance of achievement scores in a large nationwide 
sample, he finds that about one-third of the vanance lies between schools, and 
about two-thirds lies between students m the same school The illustrate 
numencal results given below refer only to the one-third of the vanance between 
schools Thus they refer to a regression of school averages of achievement 
against school averages of the indexes representing the major determinants 
Table 1 gives the proportion of vanance removed (squared multiple correlation 
coefficient) by two determinants individually (the peer index P and the school 
index L) m the first two lines and together in the third line Then, in the last 
three lines there are proportions of vanance uniquely associated with P and £, 
and the proportion that may be associated with either P or L In the right- 
hand column we observe that 82 percent of the vanance in achievement between 
schools is removed by a regression on the peer index alone, and that 79 percent 
is removed by the school index alone Putting both indexes into the regression 
raises the percent of vanance removed to 86 percent Hence, the proportions of 
vanance uniquely attnbutable toP and L are quite small, the bulk of the vanance 
removed can be associated with either the peers or the school characteristics 
Table 2 shows the relative importance of teachers as opposed to other school 
charactenstics In it, the school index L was split mto two indexes, T and 0, 
with T being the index of teacher quality and O mcludmg all other aspects of 


TABLE 1. PROPORTIONS OF VARIANCE IN ACHIEVEMENT 
BETWEEN SCHOOLS ASSOCIATED WITH PEER QUALITY P 
AND SCHOOL QUALITY L 



Third grade 

Sixth grade 

Ninth grade 

Twelfth grade 

R p 

0 5254 

0 7884 

0 8207 

0 8221 

R l 

0 4901 

0 7322 

0 7601 

0 7865 

r2 pl 

0 5646 

0 8296 

0 8662 

0 8617 

Unique for P 

0 0745 

0 0974 

01061 

0 0752 

Unique for£ 

0 0392 

0 0412 

0 0455 

0 0396 

Either P or L 

0 4509 

0 6910 

0 7146 

0 7469 
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school quality, such as class size, age of school building, laboratories, libraries, 
textbooks, audio-visual and other equipment, curriculum, administration, ade- 
quacy of grounds and athletic fields, extracurricular activities, etc The first 
seven lines of Table 2 give the squared multiple correlation coefficients for the 
individual regressions against P, T, and 0\ then for them two at a tune, then for 
all three together 

The most striking result is seen in the second and third lines and in comparing 
them with the second line of the first table. Essentially the whole school effect 
can be associated with the teacher quality mdex, the other part of the school 
index takes out much less variance on its own, and, comparing the third and last 
lines of Table 2, we see that the major part of its regression effect overlaps both 
the teacher- and the peer-regression effects 


1 6 Proportions of Variance Versus Regression Coefficients 

The use of proportions of variance removed by variables rather than their 
regression coefficients to assess their importance is a mark of the pnmitiveness 
of the models. Analysts could calculate the regression coefficient for a major 
vanable such as peer effect, and then translate that into coefficients associated 
with the individual indicators which make up the peer effect index, but those 
coefficients would be relatively meaningless, because the indicators by no means 
form a complete set and are serving as proxies for others that might appear in 
a complete set Hopefully, the proportion of variance associated with a given 


TABLE 2 PROPORTIONS OF VARIANCE IN ACHIEVEMENT BETWEEN 
SCHOOLS ASSOCIATED WITH PEER QUALITY P, TEACHER QUALITY T, 
AND OTHER SCHOOL CHARACTERISTICS 0 



Third grade 

Sixth grade 

Ninth grade 

Twelfth grade 

Rp 

0 5254 

0 7884 

0 8207 

0 8221 

r 2 t 

0 4751 

0 7145 

0 7195 

0 7441 

R o 

0.1129 

0 1588 

0 2543 

0 3178 

Rpt 

0 5569 

08197 

0 8449 

0 8399 

r 2 ° 

R T q 

0 5336 

0 8028 

0 8495 

0 8444 

0 4901 

0 7322 

0 7601 

0 7865 

Rppo 

0 5646 

0 8296 

0 8662 

0 8617 

Unique for P 

0.0745 

'0 0974 

0 1061 

0 0752 

Unique for T 

0 0310 

0 0268 

0 0167 

0 0173 

Unique for 0 

0 0077 

0 0099 

0 0213 

0 0218 

Either P or T 

0 3462 

0 5466 

0 4891 

0 4514 

Either P or 0 

0 0073 

0 0058 

0 0193 

0 0206 

Either T or 0 

0 0005 

0 0045 

0 0075 

0 0005 

P or T oi 0 

0 0974 

0 1386 

0 2062 

0 2749 
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factor via its set of indicators will be less vulnerable to change when, in j},. 
future, other investigators use other sets of indicators for the factor 

There is a further problem with regression coefficients that anses from the 
high correlation between vanables Such correlation tends to generate instability 
in regression coefficients Beaton has shown (in a paper not yet published) that 
there is less instability in the multiple correlation coefficient associated with a 
collection of such correlated vanables 

It should be pomted out that commonalities can be negative despite the fact 
that all those in Tables 1 and 2 are positive. That occurs when two independent 
vanables are negatively correlated but both positively correlated with the depen 
dent vanable To use an example by Beaton— ability to play football is positively 
correlated with both speed and weight of players, but speed and weight are 
themselves negatively correlated and would have a negative commonality in a 
regression of ability on speed and weight The interpretation of the negative 
commonality is that the explanatory power of one is much improved by inch 
sion of the other m the regression To put it another way, speed will reduce 
error vanance of the football ability regression more if added to a set of in 
dependent vanables which mcludes weight than it would if added to a set which 
does not include weight 

1.7 Structural Models 

The long run goal of these research efforts is construction of a reasonably 
comprehensive causal model which will connect well-defined, accurately mea 
sured vanables in a set of believable causal relationships similar to the simul 
taneous equation models used by econometricians such as Johnson [1963] and 
Goldberger [1964] . A very general specification of such a model has been de 
veloped by Joreskog [ 1971 ] 

The first steps in this direction have been taken by Levin [1970] , Michelson 
[1970 and 1972] , and Adelman and Parti [1972] A selection from Michelson’s 
work will illustrate the nature of this kind of effort. For investigating a portion 
of the equal educational opportunity survey data, he uses the following three 
equation system, developed by Levin - 

A=6 1 5 + eiG + ^ di,X t 

I 

S^A + Zd^X, 

2 

G=a 3 A + Zd Zt X l , 

l 

where A is achievement score, S is a measure of the student’s attitude toward 
his own capabilities and chances for success, and G is a measure of the student s 
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desire for good grades in school The rationale of the model is that the first 
equation is not enough because, inevitably, one’s attitude S towards himself 
depends to some degree on one’s success in school as measured by scholastic 
achievement, A , hence the second equation Similarly, while aspirations G for 
good grades must affect A, the reverse must also be true, hence the third equa- 
tion is necessary 

These three variables are the endogenous variables in the language of econome- 
tncians The X’s are student background characteristics and school characteris- 
tics, they are the exogenous variables The lower case letters are coefficients to 
be estimated from the data. The expectation of the model is that estimation of 
the effect of A on S and G by means of the second and third equations, and 
then substitution of these two in the first equation to get a “reduced form” for 
A, depending only on the X’s, will give a much more realistic appraisal of the 
dependence of A on the exogenous variables. 

In Table 3 below the two methods are compared The exogenous variables 
are named on the left, their coefficients as determined from the simple regression 

A=b Q + £b t X t 

l 

are given in the first column of figures, their coefficients as determined by the 
reduced form, using the 3 equation system, are given m the second column 
In both cases, there was a long list of possible exogenous variables, and only 


TABLE 3 ACHIEVEMENT AS A LINEAR FUNCTION 
OF INDEPENDENT VARIABLES 


Independent (exogenous) 
vanables 

Coefficients for 

Simple regression Reduced form 

Sex 

8 

8 

Age 

-7 5 

-6 8 

Size of family 

-5 

-6 

Family possessions 

1 4 

1 3 

Father’s education 

3 

4 

Identity of person serving as mother 


-5 

Identity of person acting as father 


-4 

Kindergarten attendance 

2 1 

2 1 

Mother has job 


-3 

Teacher’s test score 


3 

Quality of teacher’s college 


7 7 

Teacher’s expenence 

4 

8 

Teacher’s preference for another school 


1 0 

Race discrepancy between teacher and pupils 

-2 7 


Teacher turnover 


- 2 

Size of school library 

3 

5 

School has auditonum, cafeteria, gymnasium 

7 
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those were retained which made a significant contribution, as determined by a 
rule specifying a significant reduction in the residual sum of squares The two 
methods turned out to differ much more in the two sets of exogenous vanables 
selected, than in the coefficients of those vanables that appeared in both sets 
This three equation structural model is representative of the most sophisticated 
models currently available for representing the educational process 
There are no objective catena for determining the validity of a causal model, 
the supenonty of one causal model over another, or even the supenonty of a 
causal model over a simple regression However, common sense would lead 
most research workers to put more faith in the three equation model, which 
tnes to use good judgment about how the vanables relate to each other. As 
between several such models, preference would similarly depend on judgments 
about which one appeared to use the most reasonable assumptions in its con- 
struction Only long expenence in constructing and testing such models can 
generate great confidence in their validity. As of this date, there is little such 
expenence, and we can only surmise that the present state-of-the-art of models 
of the educational process is primitive 
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2. ANNOTATED BIBLIOGRAPHY 

This second part of the chapter is essentially a bibliography, providing selected 
references to other aspects of operations analysis of education It is organized 
under the following headings 

Education as a Sector of the Economy 

Stochastic Models of Learning 

Enrollment and Cohort Analysis 

Manpower Models 

Effective Use of Resources 

Design of Facilities 

Racial Balance 

2 1 Education as a Sector of the Economy 

There is extensive literature in the field of economics which treats education as 
a sector of the economy, and builds models of the economy in wluch education 
plays a significant role To try to cover it in this handbook would give it too large 
a portion of the book, yet it cannot be omitted altogether I have comprised a 
bibliography, including a few of the classical works, together with a few of the 
more recent papers (from which one can get a good indication of the state of the 
art) I have also cited the Hufner [1969] bibliography, which provides very 
comprehensive coverage of this field 

Theodore W Schultz [1960] is generally regarded as the originator of the 
basic theoretical developments that treat education as capital in the economic 
sense and hence, treat schooling as not an expense, but an investment in produc- 
tive capital A number of investigations (eg Miller [1960] have estimated the 
value of the investment by measuring the additional wages or salary received by 
persons with additional education Becker’s classical study recognized that some 
of the additional personal income often attributed to education should rather be 
attributed to superior ability, that is, more able people do well in school and 
hence, tend to get more education. One would expect them to earn more income 
than less able people, even without any additional education 
This general economic approach is widely used as a basis for evaluation of 
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Federal programs designed to assist various segments of the population by means 
of education or training. I have included several examples of such evaluations 
and also Mincer’s pioneering paper on the evaluation of training 


R L Ackoff, “Toward Strategic Planning of Education,” Efficiency m Resource Utilization 
in Education, OECD, Pans (1969) 

Presents a sophisticated conceptual model of the whole society as a context for exam 
ining the role of education m society It is an elaboration of an earlier model developed 
by W. J Platt (cited below) The model has not been specified in detail nor applied to 
any data 

G S Becker, Human Capital, Columbia Umv Press, NY (1964) 

D M Bellante, “A Multivariate Analysis of a Vocational Rehabilitation Program,”/ Human 
Resources, 7, 226-241 (1972) 

Develops cost-benefit relationships for many subgroups of persons who participated m 
the program. 

M Blaug, “The Private and Social Returns on Investment in Education Some Results for 
Great Britain,”/ Human Resources , 3, 330-346 (1967) 

Valuable analysis for its inclusion of social returns 
A Daniere and J Mechhng, “Direct Marginal Productivity of College Education in Relation 
to College Aptitude of Students and Production Costs of Institutions,” / Human Re- 
sources, 5, 51-70 (1970) 

Estimates present value of earnings flows of students of different aptitude attending 
institutions of different quality 

E E Denison, “Measuring the Contribution of Education to Economic Growth,” The Re- 
sidual Factor and Economic Growth , 1 3-55, OECD, Pans ( 1 964) 

Estimates the contribution by considering it to be the residual, after all the more con- 
ventional factors have been taken into account 
R S Eckaus, Estimating the Returns to Education, Carnegie Commission on Higher Educa- 
tion, Berkeley, California (1973) 

Uses hourly pay rates instead of annual income and deals with occupations individually 
rather than in the aggregate 

G Hanoch, “An Economic Analysis of Earnings and Schooling ," /. Human Resources, 3, 
310-329 (1967) 

Estimates marginal rate of return attributable to one year of schooling, using 1960 
Census data 

W L Hansen and B A Weisbrod, “The Distribution of Costs and Direct Benefits of Public 
Higher Education The Case of California,”/ Human Resources, 4, 176-191 (1969) 
Examines the distribution of public funds for higher education to various income 
groups 

K Hufner, “Economics of Higher-Education and Educational Planning A Bibliography,” 
Socto-Eco Plan Sci ,2,25-101 (1969) 

Contains 1333 items organized under the headings Bibliographies, General Surveys, 
Surveys Related to Particular Countries or Institutions, Organization, The University' as 
an Enterprise, Cost Analysis, Financing, Public Financing, Private Financing, Socio- 
Economic Determinants, Concept of Human Capital, Return from Educational Ex- 
penditures, Education and Economic Growth, National Planning and Manpower, 
Demand for Particular Manpower, Other. 

H P. Miller, “Annual and Lifetime Income in Relation to Education 1937-1959,” 
Amer.Eco Rev., 50, 962-986 (1960). 
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J Mincer, “On-The-Job Training Costs, Returns and Implications, J Political Economy, 
7 (Supplement), 50-59 (1962) 

J Mincer, “Investment in Human Capital and Personal Income Distribution,” J Political 
Economy, 66, 281-302 (1958) 

W J Platt, Educational Policy for Economic Growth, Stanford Research Institute, Menlo 
Park, Calit (1961) 

T I Ribich, Education and Poverty , Brookings Institution, Washington, D C (1968) 

Applies cost-benefit analysis to several job-retraining and compensatory education 
programs undertaken by the Federal government as anti-poverty measures 

T W Schultz, “Capital Formation by Education,” J. Political Economy, 68, 571-583 
(1960) 

T W Schultz, “Rise in the Capital Stock Represented by Education in the U S , 1900- 
1957,” Economics of Higher Education , S J Mushkin, editor, 93-101, Dep’t HEW, 
U S Government Printing Office, Washington ( 1 96 2) 

T W Schultz, The Economic Value of Education, Columbia Umv Press, N Y , 1962 

A K Sen, “Education, Vintage, and Learning by Doing,” J Human Resources, 1, 3-21 
(1966) 

Estimates economic returns to what is learned on the job 

G. G Somers and E W Stromdorfer, “A Cost-Effectiveness Analysis of the In-School 
and Summer Neighborhood Youth Corps Program,” / Human Resources, 7, 446-459 
(1972) 

An evaluation of the nationwide program 

R G Spiegelman, “A Benefit-Cost Model to Evaluate Educational Programs,” Socio- 
Eco Plan Sci , 1,443-460, 1968 

Develops a 13 equation model which includes both private and social costs and 
benefits, the model is applied to the Title I Program (of the Elementary and Secondary 
Education Act) in San Francisco 

B A Weisbrod, “Education and Investment m Human Capital,” / Political Economy, 7 
(Supplement), 106-123 (1962) 


2.2 Stochastic Model of Learning 

Another field which is altogether too large to be included in this bibliography, 
began some twenty years ago with some simple probabilistic models of the num- 
ber of repetitions necessary for a person to retain something m his memory The 
Bush and Mosteller [1955] book was the first organized presentation of such 
models. The field has blossomed to the extent that it has had its own journal for 
ten years (Journal of Mathematical Psychology), and those who wish to become 
familiar with recent work in the field might best begin by perusing the later 
volumes of that journal. 

R R Bush and W. K Estes, Studies in Mathematical Learning Theory, Stanford Umv Press, 
Stanford, Calif (1959) 

R R Bush and F Mosteller, Stochastic Models of Learning, Wiley, N Y (1955) 

R D Luce, R R Bush and E Galanter (Eds ), Handbook of Mathematical Psycholog}', Vo!s 
1,11, and III, Wiley (1963-1965) 

Journal of Mathematical Psychology, Vols 1-10 (1964-1973) 
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2.3 Enrollment and Cohort Analysis 

Since all educational planning, operations, and administration depend cntically 
on the number and varieties of students to be educated, a great deal of attention 
has been given to the development of models for projecting enrollments and for 
predicting how students will move from one educational category to another 
Regression models are widely used-particularly autoregression models winch, 
for example, predict next year’s junior enrollment on the basis of this year’s 
sophomore enrollment Also widely used are flow models, which regard those 
completing some stage of education as flowing into later stages, and which are 
mathematically specified by equations which conserve the flow Thus, high 
school graduates flow into college, trade schools, military forces, employment, 
or unemployment Since most education is on an annual cycle, an alternative 
Markov-type model is also widely used It regards students as being situated in a 
variety of states, and as changing those states instantaneously at the completion 
of a school year m accordance with a transition matnx analogous to the pioba- 
bihty matrix of a Markov stochastic process The elements of the matnx in edu- 
cational models are regarded, not as probabilities, but simply as the proportions 
of students transferring from a given state to a succeeding state, hence, the de- 
scnption Markov-type rather than Markov. 


P H Amutage, C S Smith and P Alper, Decision Models for Educational Planning, Allen 
Lane, London (1969) 

P H Amutage, C M Phillips and J Davies, “Towards a Model of the Upper School System," 
J Roy Stat Soc , 133, 166-205 (1970) 

A Baisuck and W A Wallace, “A Computer Simulation Approach to Enrollment in Higher 
Education,” Socio-Eco Plan Sci ,4, 365-381 (1970) 

Applies a Markov-type model to Rensselaer Polytechnic Institute data 

K R Balachandran and D Genvin, “Variable-Work Models for Predicting Course Enroll- 
ment, Operations Res , 21, 823-834 (1973) 

Several Markov-type models are developed and applied to data 

C Bell, “Can Mathematical Models Contribute to Efficiency in Higher Education 9 ” Papers 
on Efficiency in the Management of Higher Education, Carnegie Commission on Higher 
Education, 43-60, Berkeley, Calif (1972) 

A M Cartter, “The Supply of and Demand for College Teachers,” J Human Resources, 1, 
22-38 (1966) 

First prediction of the Ph D glut 

D J Clough and W P McReynolds, “State Transition Model of an Educational System In- 
corporating a Constraint Theory of Supply and Demand,” Ontario J Educ Res , 9, 
53-65 (1966) 

J Conhsk, “The Determinants of School Enrollment and School Performance,” J Human 
Resources, 4, 140-157 (1969) 

Uses 1960 Census data to relate educational performance in public schools to sex, 
race, rural-urban, parents’ income, and parents’ education by regression analysis 

A J Corazzuu, D J Dugan, and H H Grabowski, “Determinants and Distributional Aspects 
of Enrollment mUS Higher Education,”/ Human Resources, 7, 39-59 (1972) 
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Uses regression analysis to examine the extent to which college attendance depends on 
family income 

H Correa, Quantitative Methodologies of Educational Planning, International Textbook Co , 
NY (1969) 

Thorough exposition of flow models to plan educational programs and facilities to 
meet manpower needs for economic growth 

H Correa and J Tinbergen, “Quantitative Adoption of Education to Accelerated Growth,” 
Kyklos, 15 (1962) 

An early specification of a simple flow model 

J S Dyer, “Assessing Effects of Changes in the Cost of Higher Education on Student Enroll- 
ment ” Socio-Eco Plan Set ,5,307-316(1971) 

K A Fox and J K Sengupta, “The Specification of Econometric Models for Planning Edu- 
cational Systems,” Kyklos, 21, 665-694 (1968) 

General discussion of input-output, Markov-type and linear programming models 

J Gam, “Formulae for Projecting Enrollments and Degrees Awarded m Universities,” J 
Royal Statistical Soc , A126, 400-409 (1963) 

Markov-type model 

DSP Hopkins, “On the Use of Large-Scale Simulation Models for University Planning,” 
Rev ofEduc Res ,41,467-478(1971) 

Questions utility on grounds that extensive resources must be devoted to estimating 
fleeting parameters 

K Marshall and R. M Oliver, “A Constant-Work Model for Student Attendance and Enroll- 
ment,” Operations Res , 18, 193-206 (1970) 

Develops a model for interpreting college attendance data, usmg the idea of a fixed 
number of course units to be completed for a degree and a probability of successfully 
completing a unit 

K T Marshall, “A Comparison of Two Personnel Prediction Models,” Operations Res , 21, 
810-822(1973) 

Compares a Markov-type model with a cohort model usmg UC Berkeley data 

Mathematical Models in Educational Planning, OECD, Paris (1967) 

S Masters, “The Effect of Family Income on Children’s Education,” J Human Resources, 
4,158-176 (1969) 

Regression analysis of 1960 Census data 

C A Moser and P Redfern, “A Computable Model of the Educational System in England 
and Wales," Proceedings of the 35th International Statistical Institute, Belgrade (1966) 

C B Nam, A L Rhodes and R E Herriot, “School Retention by Race, Rehgion and Socio- 
economic Status,” / Human Resources, 3, 171-190(1968) 

Regression analysis of 1965 Current Population Survey (U S Census) data 

R M Ohver and DSP Hopkins, “An Equilibrium Flow Model of a Umversity Campus,” 
Operations Res , 20, 249-264 (1972) 

Develops a simple 8 cohort flow model to relate student admissions and enrollments 
to the final demand for educated students The model is applied to data from the Uni- 
versity of Calif , Berkeley 

L Orr, “The Dependence of Transition Proportions in the Educational System on Observed 
Social Factors and School Characteristics,”/ Roy Stat Soc 135,74-95 (1972) 

K Simon, Projections of Educational Statistics, U S Office of Education, Dep’t of HEW, an 
annual publication 

Each year the Office of Education issues detailed ten-year projections of enrollments 
of various categories of students (kindergarten through Ph.D ), and of degrees awarded 
in various fields Those are based on elaborate regression models which are specified in 
detail m an appendix to the publication 
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R Stone, “A Model of the Educational System ''Minerva, 3, 172-186 (1965) 

Very general specification of Markov-type model 
R Stone, “Input-Output and Demographic Accounting A Tool for Educational Plaimine” 
Minerva, 4, 363-380 (1966) 

General dynamic Markov-type planning model 
R Stone, G Stone and J Gunton, “An Example of Demographic Accounting The School 
Ages,” Minerva, 6, 185-212(1968) 

Application of R. Stone’s model to British data 
E K Zabrowski, “The Dynamod Model of Student and Teacher Population Growth ” 
Socio-Eco Plan Sci , 2, 455-464 (1968) 

Dynamod m a computerized Markov-type model which sequentially calculates the 
states of 140 student and teacher groups over selected intervals of time 


2.4 Manpower Models 

There is no good dividing line between this category of papers and the preceding 
one because many cohort analysis models are related to supplying vanous cate- 
gories of educated manpower The papers listed here simply have then pnmaiy 
emphasis on manpower considerations 

I Adelman, “A Linear Programming Model of Educational Planning,” The Theory and 
Design of Economic Development, I Adelman and E Thombecke (eds), 385-411, 
Johns Hopkins Umv Press, Baltimore (1966) 

Programs educational system to maximize economic growth Model is applied to 
data from Argentma 

P Alper, P H Armitage and C S Smith, “Educational Models, Manpower, Planning, and 
Control Operational Res Quart , 18, 93-103 (1967) 

Discussion of Markov-type model and problem of relating it to nationwide sprectrum 
of manpower requirements 

W Bahnsky and A Reisman, “Some Manpower Planning Models Based on Levels of Educa- 
tional Attainment ,” Management Sci , 18, B691-B705 (1972) 

Develops manpower flow models, which track people through educational and em- 
ployment sectors with the objectwe of minimizing costs resulting from oversupphes or 
undersupphes of categories of trained manpower 
K H Bolt, \V L Koltun and O H Levine, “Doctoral Feedback into Higher Education,” 
Science, 148,918(1965) 

S Bowles, Planning Educational Systems for Economic Growth, Harvard Umv Press, 
Cambridge (1969) 

Careful development of an LP model for the government of Nigeria 
P M LeVasseur, “A Study of Inter-Relationships between Education, Manpower, and Econ- 
omy,” Socio-Eco Plan Sci , 2, 269-295 (1969) 

Describes a computerized flow model which links education, manpower, and economic 
planning at the national need 

S. N Levine, “Economic Growth and the Development of Educational Facilities,” Socio-Eco 
Plan Sci , 1,27-32(1967) 

Simulation model to relate manpower needs to overall growth of the educational plant 
A Reisman, “The Generation of Doctorates and Their Feedback mto Higher Education,” 
Socio-Eco Plan Sci , 2, 473-486 (1969) 

A 200 equation simulation model developed to study manpower policies 
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G Skorov, “Manpower Approach to Educational Planning,” Economic and Social Aspects 
of Educational Planning, UNESCO, Paris (1964) 

Manpower planning in the U S S R 

J Tinbergen and H C Bos, “A Planning Model for Educational Requirements of Economic 
Growth,” The Residual Factor and Economic Growth, 147-169, OECD, Pans (1 964) 
Cohort analysis of requirements for manpower having various levels of education 


2.5 Effective Use of Resources 

Most of the papers in this section have to do with efficient allocation of educa- 
tional resources to various educational activities A few refer to the other soci- 
etal problem of how much resources should be allocated to education, but that 
issue is mainly the concern of the general field of economics of education illus- 
trated in the first section of this bibliography (some manpower models also have 
as their primary focus the determination of how much resources education should 
be given) Also included here, are a few papers on how to do a particular activity 
efficiently 

C C Abt, “Design for an Educational System Cost-Effectiveness Model,” Socio-Eco Plan 
Set, 2, 399-415 (1968) 

Develops a set of simulations suitable in the aggregate for evaluation of Title I Programs 
(Elementary and Secondary Education Act of 1964) 

R Besel, “A Linear Model for the Allocation of Instructional Resources,” Socio-Eco Plan 
*/,6,501-506 (1972) 

LP allocation in terms of required achievement levels assuming students require various 
amounts of resources, depending on aptitude 

J E Bruno, “A Mathematical Programming Approach to School Finance,” Socio-Eco Plan 
Set, 3,1-12(1969) 

An LP model which places educational finance in a system constrained by political, 
social, and economic considerations 

J E Bruno, “Using LP Salary Evaluation Models m Collective Bargaining Negotiations with 
Teacher Unions,” Socio-Eco Plan Set ,3, 103-117 (1969) 

Model is designed to serve meeting a variety of union demands at minimum cost 
J E Bruno, “The Use of Monte Carlo Techniques for Determining Optimal Size of Sub- 
stitute Teacher Pools in Large Urban School Districts,” Socio-Eco Plan Sci ,4,415-428 
(1970) 

Investigates possibility of replacing occasional substitute teachers by a pool of full- 
time substitute teachers 

J Burkhead, T G Fox and J W Holland, Input and Output in a Large City High School, 
Syracuse Umv Press, Syracuse, N Y (1967) 

LP model applied to Chicago and Atlanta High School districts to study achievement 
as a function of budget 

R M Durstine, “In Quest of Useful Models for Educational Systems,” Socio-Eco Plan Sci , 
2,417-437(1968) 

Flowmodels are examined as a means for describing the performance of an educational 
system 

J S Dyer, ‘A Procedure for Selecting Educational Goal Areas for Emphasis,” Operations 
Res, 21, 835-845 (1973) 

Develop a practical utility function process 
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D Genvin, “A Process Model of Budgeting in a Pubbc School System,” Manet &i u 
338-361 (1969) ’ ' 

Develops a very comprehensive simulation model of the school district budget® 
process and applies it to the Pittsburgh school system 
R W Judy and J B Levine, ,4 New Tool for Educational Administration, Unsv of Toronto 
Press (1965) 

Detailed input-output model (called CAMPUS) to assist individual institutions of higher 
education in their planning 

R A Kaufman, R E Comgan and D \V Johnson, “Towards Educational Responsiveness 
to Society’s Needs,” Socio-Eco Plan Sa , 3, 151-157 (1969). 

Outlines a model using the individual’s utility to society as a basis for educational 
planning 

F Kodoma, “An Approach to the Analysis of Vocational Education and Training Require 
ments,” Management Sci , 17, B178-B191 (1970) 

Allocates time to curricular elements to minimize the expected number of accidents 
and errors on the job 

H E Koenig, and M G Keeney, “A Prototype Planning and Resource Allocation Program 
for Higher Education," Socto-Eca Plan Set ,2,201-215(1968) 

State-space description of a university’s utilization of resources in its various programs 
S M Lee and E R Clayton, “A Goal Programming Model for Academic Resource Alloca- 
tion,” Management Sa , 18, B39S, B408 (1972) 

Allocates resources using an LP model, with the criterion being an index of slack van 
ables weighted by importance Model is applied to data from Virginia Polytechnic 
Institute 

R I Lcrman, “Some Determinants of Youth School Activity,” J Human Resources, 1, 
366-379(1972) 

Uses regression analysis on Census data to study effect of family characteristics on 
education and employment of various categories of youths 
H M Levin, “A Cost-Effectiveness Analysis of Teacher Selection,” J. Human Resources, 
5,24-33 (1970) 

Uses a simple production function to compare various criteria for teacher selection 
J F McNamara, “A Regional Planning Model for Occupational Education,” SoctoEco 
Plan Sci , 5, 317-339 (1971) 

Uses an LP model to study the allocation of vocational education funds to programs in 
Pennsylvania 

R M Newton and \V H Thomas, “Design of School Bus Routes by Computer,” Socio Eco 
Plan. Set , 3, 75-85 (1969) 

Develops a procedure by partitioning the optimum route that would be followed by a 
traveling salesman with a huge bus 

J D Owen, “The Distribution of Educational Resources m Large American Cities,” J 
Human Resources, 7 , 26-38 (1972) 

Uses regression analysis to examine allocation of resources to poor and nonvvhite 
neighborhoods 

T Ploughman, W Darnton and W Heuser, “An Assignment Program to Establish School 
Attendance Area Boundaries and Forecast Construction Need,” Socio-Eco Plan Sci , 
1,243-258 (1967) 

Simulation model is developed to project growth of school system over a number of 
years as applied to Oakland County Michigan 

A Reisman and M 1 Taft, “A Systems Approach to the Evaluation and Budgeting of 
Educational Programs,” Socio-Eco Plan Set , 3, 245-277 (1969) 

Allocates on the basis of an aggregate utility made up of utilities of individual programs 
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B K Sinha, S K Gupta, and R L Sisson, “Towards Aggregate Models of Educational 
Systems,” Socio-Eco Plan Set , 3, 25-36 (1969) 

Describes (1) a student flow model and (2) a student achievement model based on 
resource inputs 

R L Sisson, “Can We Model the Education Process' ) ” Socio-Eco Plan Set , 2, 109-119 
(1968) 

General discussion of problem of relatrng educational outputs to resource inputs 
M Szekely, M Stankard and R L Sisson, “Design of a Planning Model for an Urban 
School District,” Socio-Eco Plan Set , 1,231-242(1967) 

Develops a simulation model for planning the activities of a school district 


2 6 Design of Facilities 

These papers might have been included m the preceding section but made up a 
large enough cluster to warrant separating them out 

R H Crandall, “A Constrained Choice Model for Student Housing,” Management Sci , 16, 
112-120(1969) 

An LP model is used to determine the optimum mix of student housing including off- 
campus housing, to minimize cost to the college 
C M Eastman and K D Kortanek, “Modeling School Facility Requirements m New Com- 
munities,” Management Sci , 16, B784-B799 (1969) 

Uses an LP model to relate growing stock of residential housing and residential transfer 
rates to requirements for public school facilities 
R 1 Graves and W H. Thomas, “A Classroom-Allocation Model for Campus Planning,” 
Socio-Eco Plan Sci., 5, 191-204 (1971) 

Uses an LP model to design a campus fulfilling certain space requirements at minimum 
cost Model is applied to SUNY Buffalo data 

T W Maver, “Spatial Environment m Comprehensive Schools,” Operational Res Quart , 
23,305-3 22 (19 72) 

Describes computer programs developed to aid architectural design of schools when 
an important goal is flexibility of space utilization 
R J O’Brien, “Model for Planning the Location and Size of Urban Schools,” Socio-Eco 
Plan Sci , 2, 141-153 (1969) 

Develops a set of submodels which may be combmed to serve user’s utility function 
R L Smith, “Accommodating Student Demand for Courses by Varying the Classroom- 
Size Mix, Operations Res , 19, 862-874 (1971) 

Develop processes for assigning course sections to available classrooms under the 
entenon that as few students as possible fail to get a desired course because there is 
not room for them 


2.7 Racial Balance 

The problem of integrating school systems has stimulated some quantitative 
analysis of how it might be done most economically 

P Belfoid and H D Ratlift, “A Network-Flow Model of Racially Balancing Schools,” 
Operations Res , 20, 619-628 (1972). 
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Develops a flow model for achieving racial balance under the criterion that the nu w, 
of student miles traveled be a minimum The model is applied to the Gamsville FI / 
High School District ’ nda 

S Clarke and S Surkis, “An OR Approach to Racial Desegregation in School System >> 
Socio-Eco Plan Sa , 1, 259-272 (1968) 

Uses an LP model to assign students to school to satisfy specified ethnic compositions 
and minimize aggregate travel time Model is applied to Brooklyn, N Y data 
L B Heckman and H M Taylor, “School Rezomng to Aclueve Racial Balance ,”SoaoEco 
PlanSci ,3, 127-133 (1969) 

Uses an LP model to determine boundaries of school attendance areas which u,ai 
achieve balance with minimum travel 

E Koenigsberg, “Mathematical Analysis Applied to School Attendance Areas,” SoaoEco 
Plan Set , 1, 465-475 (1968) 

General LP formulation of student assignment problem to achieve integration un® 
various objective functions 

S N Levme, “A Model of Racially Changing Neighborhoods,” Socio-Eco Plan Sa , 1 
477-479 (1968) 

Develops 2 parameter model suitable for representing changing composition of ethni- 
cally mixed neighborhoods 
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INTRODUCTION 

transportation The movement of people and goods within 
a society as a means to certain ends 

As is illustrated by this bnef definition, transportation is a very broad subject 
area, involving many different aspects Topics ranging from rush hour flow 
models to lessen automobile congestion , to large scale transshipment models, can 
all be appropriately called topics of transportation Problems associated with a 
single mode or problems of an intermodel nature, are all studied by transporta- 
tion researchers 

Sometimes, people may take for granted the existance of an efficient transpor- 
tation system while not re alizin g its importance However, when one considers 
that approximately 20% of the G N P. of the United States can be attnbuted 
directly to transportation (Kriebel [1970]), or that 35-40% of all developed 
urban land is used for transportation (Creighton [1970]), the importance is 
quickly recognized. People, in general, become aware when something goes 
wrong, such as a traffic jam, a missed airplane connection, or a lost shipment. 
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As is true in most societies, when enough criticism has been registered, th°n 
steps are taken to relieve the situation 

As a result of the growing complexity of transportation systems and theena 
ing problems, there has been an increasing interest in transportation in many 
nations of the world For example, many people, in varying capacities, man\ 
different cities, and many different nations are now studying the problems of 
mass transportation These people are well aware of the need for good mass 
transit systems, and they have been able to identify the benefits that can be 
attributed to a well designed system, such as a more efficient use of the mcreas 
mgly scarce energy resources and the possible revival and restoration of down 
town areas 

Greater attention is now being given to the movement of goods Many busi 
ness enterprises are now looking at the physical distribution of their products 
from a “systems pomt of view,” and are taking advantage of the inherent rela 
tionships associated with the elements of the system The results achieved by 
considering the physical distribution function from a systems point of new 
often show up quite dramatically in considerable cost savings 

One very important pomt is that transportation is not a separate entity, but is 
intimately related with other systems— transportation is a means to an end For 
example, transportation of goods is only a part of the overall physical distnbu 
tion system of an enterprise The subsystems involved in this case include inven 
tory control, order processing, production, information, and control systems 
The complex network of streets and highways, mass transit, rapid transit, and 
automobiles make up the elements of the urban transportation system It is not 
enough to say that the urban transportation system merely performs a function 
necessary for the existence of other urban systems (economic, social, political, 
physical, and recreational systems) The important pomt is that planning must 
necessarily mclude a comprehensive view of how transportation fits in with the 
total system 

In these brief introductory remarks an attempt has been made to demonstrate 
not only the importance of transportation and the increasing recognition of this 
importance, but also the wide diversity of transportation topics that can be in- 
cluded in a discussion of tire application of OR Throughout this chapter, the 
terms “public” and “private” sector will be used The public sector of trans- 
portation is taken to mclude public highway networks, public transit systems, 
and private personal transit either within or between cities. The pnvate sector 
involves industrial distribution systems and any other pnvately-owned systems, 
albeit government regulated, for the transit of goods 

The basic structure of this chapter evolves around a fairly well defined, genenc 
process winch can be used m the analysis and design of most transportation sys- 
tem problems The genenc process follows very closely the general concepts of 
proper systems analysis The steps mvolved m this genenc process, as illustrated 


TRANSPORTATION SYSTEMS 479 


in Figure 1, are 

1 . Traffic Demand Forecasting 

2 Traffic Facilities Analysis and Allocation 

3 Specification of Problems to be Solved and Formulation of Alternative 
Solutions 

4 Evaluation of Alternative Solutions 

5 Development of Prototypes and Final Testing 

6 Implementation 

The remainder of the chapter will closely follow this flow chart. 

As stated previously, this process can be used for the analysis and design of 
most transportation problems, whether they involve the public or pnvate sector 
Obviously, some steps will receive more or less attention, depending upon the 
particular problem being analyzed 

1 TRAFFIC DEMAND FORECASTING 

Traffic demand forecasting essentially entails predicting future demand that will 
be placed on the transportation system in consideration The demand, would, in 
general, consist of eight components source, destination, volume, mode, link, 
commodity type, schedule, and timing The commodity may be goods or people 
Examples taken from both the public and pnvate sectors of transportation illus- 
trate the meaning of each of these components in Table 1 

Transportation decisions are made on the basis of the expected action of large 
groups of people Industry is basically concerned with demands which affect the 
industry’s flow of goods, while urban governments must plan for the movements 
of commuters, shoppers and, in general, the demands for movement that pro- 
duces the flow of people Demand may be forecast as close as one day in ad- 
vance for manpower scheduling, or as far as twenty years m advance for planning 
a rapid transit system 

Industry responds to an aggregate demand for goods Control of the source of 
shipment, mode, link, and schedule is generally held by the organization in- 
volved On the other hand, personal transit is initiated by a desire to travel from 
one point in the city to another, choice of all the components of travel is made 
by the commuter himself, within constrained choice sets There are, of course, 
some exceptions to the general rule. 

Essentially, urban governments exercise no direct demand controls except in 
isolated situations, such as a ban on certain types of vehicles in certain areas 
They do have indirect controls, such as the design and scheduling of public tran- 
sit systems and zoning laws to shape land use patterns While both of these fac- 
tors can have a significant effect on transit patterns, it is important to note that 
where, when, and how a person travels is not subject to direct government con- 
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( Stop 


Fig 1 The genenc process flowchart 
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TABLE 1 

Public Sector Private Sector 


Source / 

Readential/“bedroom” 

Destination 

Communities 

(Where) 

Employment, Shopping, 
Recreational, and 

Government Centers 

Link 

Expressways 

(Where) 

Roads & Streets 

Transit Guideways 

Railroad Tracks 

Commodity 

Workers (Blue or White collar) 

Type 

Shoppers, School children 

(What) 

Aged, Handicapped 

Mode 

Car, Bus, Rapid Transit 

(How) 

Walk, Bike 

People-movers 

Volume 

ADT (Avg Daily Traffic 

(How much) 

through a corridor) 

Peak Flow Rates 

Schedule 

Work Schedules 

(When) 

Housewive’s shopping Schedule 
School Schedule 

Special Events’ Schedule 

Timing 

Rush-Hour Traffic 

(When) 

On/Off Season 


Wholesale/Retail Outlets 
Factories, Warehouses, Distribution 
Centers, Raw Materials supply points 

Interstate Highways 
State Roads 
Air Comdors 

Shippmg Lanes/Railroad Tracks 
Great number of different types and sizes 
of products 

Pnvate/Leased Truck 

Common Carrier 

Tram, Air, Ship 

Weight-Any quantity “AQ” 

TL/LTL-Truckload/Less Than Truck Load 

CL/LCL— Carload/Less Than Car Load 

Vehicle Scheduling/Dispatcher 


Shipment Due Date 
Seasonal Trends 


trol These are essentially random variables, thus placing a greater forecastmg 
burden on the urban transportation planner 

Demands are not only probabilistic, but are also difficult to obtain at any one 
pomt in time, due to the large population that must be surveyed This acquisi- 
tion problem is best illustrated by the costliness of data collection procedures. 
These include origin-destination and market research studies, which may run 
mto hundreds of thousands of dollars (Mouchahoir [1972]) In very extensive 
studies such as these, the quality of data is sometimes suspect, due to lack of 
immediate control over data collectors 

Multiple regression is used in many areas to forecast traffic demand. One 
example is cited in the air cargo industry (Bluestone [1970] , Verleger [1972]), 
where future air cargo volumes have been predicted by using a multiple regres- 
sion equation combmmg G.N P., national inventory levels, cargo capacities, and 
an industiy growth factor, to name a few. Parameters of the regression equation 
are generated using historical data and the standard regression least squares tech- 
nique. In the Chicago Area Transportation Study (CATS [1962]), tops per 
household were estimated rather successfully with regression on the basis of car 
ownership and net residential density 
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Nonlinear, curve-fitting techniques were also used in CATS Polynomials and 
Gaussian -shaped curves were used to estimate bus trips per person and automobile 
registrations per person as a nonlinear function of time 

Factor analysis is a more sophisticated statistical technique used less fre- 
quently than those previously mentioned. Factor analysis is used to combine a 
large number of variables into a smaller number of groups with highly inter- 
correlated vanables making up each group It is sometimes used as a prerequisite 
for regression analysis in that reducing a large number of vanables can make a 
regression analysis more meaningful One application was made by Garrison and 
Marble [1965] , in an attempt to isolate generalized patterns in the transporta- 
tion networks and commodity flow patterns of vanous countnes. Mouchahoir 
[1972] used factor analysis to make efficient the input for urban traffic demand 
modes 

Computer simulation programs are also available for forecasting future de- 
mands of transportation systems A discussion of some of the major comprehen- 
sive systems will be made in the evaluation state One simulation used mainly as 
a forecasting tool is Lockheed’s “Air Apparent” (Pamsh [1970]) The mam 
purpose of Air Apparent is to forecast air earner equipment needs as far as ten 
years into the future This is accomplished using a ten year accumulation of 
data from United States airlines 

Originally used as a marketing tool, this simulation model is capable of predict- 
ing many charactenstics such as route systems required, traffic growth and fares, 
passenger, baggage, cargo and aircraft handling facilities requned, and total sys- 
tem cost, to name but a few A simulation technique is most appropnate for 
this particular situation, because Lockheed has attempted to predict require- 
ments for a great number of different airlines drawing from essentially the same 
demand population 

Consider that, normally, a particular airline will forecast its own requirements 
from its point of view, in which it is competing against the entire airline industry 
Perhaps only a few major competitors are singled out specifically Lockheed ap- 
parently accomplishes this task for almost every commercial U S airline, coordi- 
nating a number of microscopic views (each from the point of view of the indi- 
vidual airline), into a total macroscopic picture, and then breaking back the 
aggregate estimate down to the level of the individual airline again for forecast- 
ing purposes Thus, Air Apparent can combine a detailed overview of the related 
charactenstics of all the airlines as individuals This is a rather unique achieve- 
ment, and may be a worthwhile undertaking for other national transportation 
systems such as the trucking, railroad, or mantime. 

There are a number of techniques used to predict components of traffic de- 
mand for urban traffic Sometimes called trip distnbution models, these include 
growth-factor models, preferencing models, the Intervening Opportunities Model, 
the Competing Opportunities Model, and the Gravity Model (Creighton [1970]) 

These models propose different theones as to how the source, destination. 
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volume, and type components of demand are related to other variables These 
other vanables include current values for the same variables used to predict 
future values for them, projected growth rates, current employment densities, 
shopping and recreational area locations, zone to zone spatial and temporal 
separation, “attractiveness factors,” to name a few 
Source and destination components are represented by the establishment of 
specific zones within the city The volume component is usually expressed as 
either number of person-trips or number of vehicle-trips A generally accepted 
classification of trip types is home, work, recreational, social, school, conve- 
nience shopping, goods shopping, and passenger-service 
Growth factor methods determine future distribution of trips from zone to 
zone by using existing tnp origins and destmations or trip interchanges, and 
expanding these to the forecast year by utilizing a growth factor This factor is 
some measure of the anticipated change m population and/or land-use patterns 
for the zone in question. 

A number of growth-factor methods have been postulated These include 
uniform-factor methods, average factor methods, the judgement-apphed meth- 
ods, and the Detroit method However, the most sophisticated and widely -used 
growth-factor method developed so far is the Fratar Method (Fratar [1954] ) 

The basic premise of the Fratar Method is that the distnbution of trips from 
any zone i to any zone / at some time in the future is proportional to the current 
total trips out of zone i modified by the growth factor of the zone / to which 
these trips are attracted. 

The general formulation of the Fratar Method is. 

r.,(o ~ iFiFiy'tixj ix j'xj > 

where. 

jT,^,) is the forecasted trips between zone i and zone ;, due to the growth at 
zone i 

due to growth at zone 7 , this term, used m the equation below, is de- 
fined by the equation above by interchanging the subscripts i and ; 

T tJ is the total tnp volume forecast from zone i to zone 7 
t tJ is the current tnp interchange between zone i and zone 7 
F x is the growth factor for zone x, where x ranges over the zones defined 
by the study 

Then, 

^ r «/0 ) +T uO) 


Because the results of the model do not normally satisfy the logical constraint 
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that 

Z r.^F, £ t„, 

all / all ; 

and iterative procedure known as “successive approximations” must be employed 
to satisfy this constraint 

The Intervening Opportunities Model was developed by Stouffer [1940] , and 
applied to the CATS Study [1962] A more recent discussion was made by 
Clark and Peters [1965] The basis for the model is that the number of persons 
traveling outward a distance X from some point is proportional to the number of 
“opportunities” at the distance X , and inversely proportional to the number of 
intervening opportunities The vanable “opportunities” could mean available 
employment locations for work tnps, city or county parks for recreational tnps, 
or shopping centers for shopping tnps 

The Intervening Opportunities Model was formulated as follows. 

T t , = 0,[e~ LD - <r L(r,+D />] , 

where 

T„ is the tnps from zone i to zone / 

O, tnp ongms in zone i. 

D tnp destinations (or opportunities) considered to be pnor (or intervening) 
to zone /. 

Dj tnp destinations in zone j 

L some measure of the probability that a random destination will satisfy the 
needs of a particular tnp It is an empmcally denved function that de- 
scnbes the rate decay with increasing tnp destinations and increasing 
length of tnp. 

e loganthmic base (=2.71828 . . . ). 

The Intervening Opportunities Model requires calibration with respect to the L 
parameters. 

The concept underlying the Competing Opportunities Model (Tomazmis 
[1962]), is that opportunities, within equal travel-time, distance, or cost bands, 
are measured from the ongm of the tnp. They actually ‘.‘compete” for tnps; 
each opportunity having an equal chance of attracting a tnp. 

The Preferencing Model, developed by Kirby [1970] , is another opportunity 
tnp distnbution model The assumption is that each tnp ongin rates tnp desti- 
nations m order of preference, and that each destination rates tnp ongms m 
order of preference. An optimal painng can be either “ongm-optimal” or desti- 
nation-optimal,” and must satisfy certain stability conditions Kirby showed, by 
applying the techniques to data from Launceston, Tasmania, that the Preferenc- 
ing Model is feasible for urban applications 
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The Gravity Model (Voorhees [1955]), the most widely used and documented 
of the trip distribution models, attempts to explain trips from zone i to zone 7 , 
assuming that the trips from 1 to 7 are proportional to some “attractiveness fac- 
tor” for zone 7 , and inversely proportional to the spatial or temporal separation 
from zone 1 and zone 7 , raised to some exponent 
The Gravity Model can be formulated as follows 

P t A t F ljKlJ 

17 'Z V./V 

all ] 


where 

T t] taps produced m zone 1 and attracted to zone 7 

P \ trips produced in zone 1 

Aj taps attracted to zone 7 

F\j empirically-derived travel-time factor, which is a function of the spatial 
separation between zones, F t , = d~ b Where d I} is the distance and b 
more accurately written as b ip is dependent on the distance, vanes with 
d t] and is normally computed usmg a linear regression estimate 

K tJ specific zone to zone correction factor for special social or economic ef- 
fects, which is estimated from tnp distnbution tables to adjust predicted 
values to observed values 

The Gravity Model must be calibrated with respect to the F and K parameters 
It has been said that the Gravity Model’s success stems mainly from its simplicity, 
and from the small number of factors to be calibrated combined with its accu- 
racy at the aggregate level. An interesting article by Heggie [1969] has induced 
some hvely debate as to whether the gravity Model is a valid distribution pre- 
dictor for disaggregated areas as well. It is interesting to note that the alternative 
Heggie suggests is a qualitative technique, involving the analysis of empirical 
evidence concerning volumes, personal income, population movements, and 
travel costs He cites three applications of his technique in which fairly good 
accuracy was attained 

The Gravity, Intervening Opportunities, Competing Opportunities Models, and 
the Fratar Method were compared in a valuable study by Heanue and Pyers 
[1966] . These four were applied to trip distnbution data for Washington D C 
for 1948 and 1955. It was determined that the Gravity Model was slightly more 
accurate, overall, than the Intervening Opportunities Model (Although elimi- 
nating the socioeconomic factor K tJ from the Gravity Model made the model 
less accurate than the Intervening Opportunities model, indicating that the ex- 
tensive parameter calibration of the Gravity Model may have caused the differ- 
ence ) Both models appeared to be equal in reliability and utility, while the 
Intervening Opportunities Model was obviously easier to calibrate The Fratar 
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Method was fairly useful for stable areas However, m zones where the land-use 
patterns were changing over the test period, the Fratar Method proved to be 
quite inadequate The Competing Opportunities Model was never really com- 
pared, m that meaningful calibration was impossible for the zonal structure of 
Washington D C Hie great many small zones made the establishment of cost- 
bands extremely difficult This is a rather significant deficiency, since many 
urban land-use studies employ quite detailed zonal structures 

The newly-developed “entropy-maximization” denvation of the Gravity 
Model is the most recent innovation in the field of top distribution models For 
a more detailed discussion of trip distribution models and the latest denvations, 
see Potts and Oliver [1972] . 

2 TRAFFIC FACILITIES ANALYSIS AND ALLOCATION 

This step in the generic process involves a careful analysis of the present trans- 
portation system under study The main purpose is to allocate present and pre- 
dicted demands to the current fixed system. In essence, this step enables the 
analyst to decide whether or not a change in the system’s configuration or capac- 
ities is necessary to handle the future demand which will be placed on the 
system 

A clear distinction is made, at this point, between public and private applica- 
tions Because control of mode, link, and source is generally held by the orga- 
nizing entity (business enterprise) in the pnvate sector, allocation of forecasted 
demand to the current fixed system is made according to the decision of the 
management In the public sector, however, all crucial components of demand 
are random vanables under the control of the traveler himself, and thus alloca- 
tion of forecasted demand m the public sector is again a forecasting problem. 
Essentially, the allocation is a forecast dependent upon future demand which is 
itself a forecast. 

A number of OR models have been developed to provide the analyst with the 
means for allocating m the most efficient way, or forecasting the most probable 
way in which forecasted traffic demand will be allocated to the transportation 
system under consideration 

In the pnvate sector, there exist widely used models for studying inventory 
control, production scheduling, vehicle scheduling, modal selection, and facility 
location, m essence, all the elements of a physical distnbution system These 
elements are treated in other chapters of tins Handbook It is important to note, 
however, that usmg these models requires that assumptions be made concerning 
the whole system. The use of these models, individually, yields only sub-optimal 
solutions (i e , solutions for only a segment of the total problem). To avoid such 
an eventuality, large scale computer simulation models have been constructed, 
that are capable of incorporating all elements of a physical distnbution system 
into one model Such a model will be discussed in the evaluation section 
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A specific application of an OR model m the private sector is m the area of 
modal selection Modal selection models generally represent the decision process, 
from a total cost point of view. The trade-offs are made between costs and 
levels of service Costs associated with a particular mode include initial invest- 
ment, and operating and maintenance costs Levels of service include transit 
tunes, cargo-carrying capacity, and reliability 
As is often the case in transportation applications, the value of some of these 
costs is very difficult to assess Consider that lower transit times, such as the dif- 
ference between air and rail, may allow lower inventory levels, while still main- 
taining the same level of reliability (“reliability” m this case could mean the 
percent of times a customer’s order cannot be filled from available inventor}', 
applied to a situation where the demand is probabilistic) The benefits associ- 
ated with a lower inventory level are related to opportunity and obsolcsence 
costs The value of these costs is often a matter of judgement 
An interesting modal selection model was developed by McQuie [1971], The 
relationship of 28 operating and design characteristics to cargo vehicle produc- 
tivity arc estimated Although many modal selection models are designed for 
computer solutions, McQuic’s model is an empirical set of equations designed to 
be hand-solved Another modal selection model of interest is one by Eatherly 
[1972] 

As stated previously, techniques for allocation of demand in the public sector 
arc essentially predictive models Some of these, called traffic assignment models, 
determine how traffic will utilize existing or proposed highway facilities Some 
models that will be discussed in this chapter are minimum path techniques, such 
as tree-building algorithms and the “all-or-nothing” assignment model, and mini- 
mum network cost techniques, such as the “out-of-kilter” algorithm Other allo- 
cation models, known as modal split models, attempt to determine the propor- 
tion of travelers selecting each of the available modes 
The allocation of traffic demand to a transportation network has been ac- 
complished under two different philosophies (Wardrop [1952]) The first de- 
scribed as a “user-optimized” pattern, proposes that the system will reach an 
equilibrium when no driver can improve his travel time by switching to a differ- 
ent route. The second, known as a “system-optimized” pattern, assumes that 
the average trip-time is a minimum 

Cheapest route (or minimum path) algorithms assume that the traveler will 
choose the cheapest (or near cheapest) route available (user-optimized system) 
Tree-building algorithms solve the minimum path problem by building a tree 
out from the home node to all other nodes in increasing order of cost Dreyfus 
[ 1*769] has written a good critique of minimum-path models indicating some of 
the pitfalls that may be encountered Turn-penalities may be added to the algo- 
rithms to simulate the real-world difficulties m turning, and also to eliminate the 
possibility of “stair-case" type route assignments There are additional costs 
assigned when a path traverses two consecutive links whose physical alignment 
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necessitates a change in travel directions The assumption of user-optimization 
may not be valid Consider the many rational and even irrational reasons travel- 
ers may have for choosing their routes (Wachs [1967]) Thus, the link costs 
themselves would tend to be a random variable dependent on the traveler’s 
attitude 

Another problem is that the link costs, m reality, are flow- dependent Travel 
time on a major artery increases greatly dunng the rush hour, making secondary 
routes more desirable at that time This problem can be handled using the ca- 
pacity restraint technique, which is an iterative process that allows the link costs 
to increases as the accumulated traffic flow exceeds the link flow capacity 
(CATS) 

With respect to the assignment using cheapest-route methods, the “all-or- 
nothing” algorithm is the most widely used. Traffic between any O-D pair is all 
assigned to the cheapest route and none to any other route This algonthm also 
happens to yield a system- optimized trip allocation 

As stated previously, user-optimization is a rather poor assumption, and there 
are computer packages available that allow a “diversion assignment” (Brokke, 
1967) The two cheapest routes between an O-D pair are also assigned a portion 
of the total traffic There is also the possibility of multiple-route assignments 
(Burrell [1968]) 

The system-optimized pattern is represented by minimum-network cost algo- 
rithms The solution to the single O-D uncapacitated, directed network can be 
formulated as a LP problem, and solved efficiently using the dual LP 

3, DETERMINATION OF PROBLEM PARAMETERS AND FORMULATION 
OF ALTERNATIVE SOLUTIONS 

Based on the findings of the previous step; i e , Traffic Facilities Analysis and 
Allocation, it now becomes apparent whether or not a problem does indeed 
exist and, if so, the extent of the problem. If there is a problem, its parameters 
must be identified and the decision variables defined 

Although it is difficult to generalize m this case, typical decision variables from 
the public and private sectors are as illustrated in Table 2 Exactly which van- 
ables are decision variables is dependent upon the scope of the study and the 
constraints of the situation. In urban planning, for example, a totally new 
elevated rapid transit system may not be a possibility, due to limited public 
funds for such a purpose 

4. EVALUATION OF ALTERNATIVE SOLUTIONS AND 
RECOMMENDATIONS 

Once a set of solutions have been generated, each element of the alternative 
must be evaluated In the private sector, techniques used in the allocation step 


\ 
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TABLE 2. TYPICAL DECISION VARIABLES PUBLIC AND 
PRIVATE SECTORS 


Private 

Pubhc 

Direct 

Source: Location of distribution centers, 
warehouses, factories, and other 
fixed-facilities 

Mode selection of mode private vs com- 
mon vs lease, truck vs. train vs air, etc. 

Link/ schedule routmg/scheduling decisions 

Direct 

Traffic regulations, 
vehicle restrictions 

Indirect 

Design of pubhc transit 

1. capacity 

2 routes 

Indirect 

Marketing Efforts 

1. Advertising campaigns 

2. Pricing 

3. schedules 

4. station location 

Legislative measures 

1 zoning laws 

2 traffic regulations 


are also used for the evaluation process These include vehicle scheduling for 
the routing elements, modal selection for determining the mode, and locational 
algorithms for determining optimal location of warehouses, distribution centers, 
and other fixed facilities. The tnp assignment and tnp distribution models of 
the pubhc sector will come into play in forecasting how the public would react 
to any proposed alternative transportation system. 

Measures of Performance 

It is important to note, however, that many elements combine to make up a 
single solution All the elements, likewise, are interactive and therefore, must 
be evaluated simultaneously for each alternative Thus, more extensive models 
must be used These include cost/benefit and cost/effectiveness analyses, and 
computer simulation analysis. 

The trade-off generally made m the evaluation of a transportation alternative is 
cost versus level of service. In the private sector, levels of service are represented 
by vanabihty of delivery tunes, physical condition of delivered goods, and 
response time to special orders. In the pubhc sector, service levels are congestion 
levels, such as percent of designed capacity for a comdor, transit times within 
the city both by private and pubhc vehicles, accessibility for minority groups 
(related specifically to travel times and geographical comprehensiveness of the 
pubhc transit system), accident rates, and noise levels among others 

For any large scale transportation problem, evaluation of alternatives is rarely 
a totally quantitative process. Due to the extent of the problem, unprogrammable 
qualitative factors are usually always present Thus, the techniques used in 
evaluation can only clarify certain aspects of the whole problem. 
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Method of Analysis 

Computer simulation is one of the most important tools at this stage of the 
generic process The most useful characteristic of simulation is that it can inte- 
grate a great many of the quantitative aspects of the transportation system 
Thus, given that some assumptions are made concerning the qualitative vanables, 
previously discussed, alternative solutions can be tested, yielding a number of 
service level parameters associated with each cost level 

One of the best of these simulation models is the LREPS (Long Range Environ- 
mental Planning Simulator) model developed by Bowersox (1972) of Michigan 
State University The LREPS model is capable of dynamically simulating the 
physical distribution of packaged goods The principal objective of the model 
is to assist management m the design and evaluation of present and alternative 
physical distribution configurations 

The primary comparative measure used in evaluating different physical distnbu- 
tion configurations mvolves customer service capability (speed and reliability of 
servicing orders) and the associated total cost In general, as the customer service 
capability increases, the associated total cost also increases, and management 
must decide the appropriate trade-offs A few additional characteristics of the 
LREPS model need to be highlighted in order to appreciate the effectiveness of 
this model 

1 It is dynamic in that it provides planning over tune with adequate feedback 
provisions, to ensure that the future impact of any decision can be appropriately 
treated 

2. It is stochastic by providing for demands and order cycle times, communica- 
tions, order processing, and transportation times in a probabilistic manner A 
deterministic mode is also available. 

3. It is able to integrate inventory allocation and facility location, thereby 
treating temporal and spatial attributes simultaneously. 

4. It is multi-echelon The first echelon can handle from one to one hundred 
manufacturing plants with adjacent warehouses The second echelon can handle 
from one to one hundred distribution centers, which may stock a wide variety 
of products The final echelon can provide up to 20,000 demand units, which 
may represent individual customers and/or groups of customers Linkages 
between and within the different echelons are provided for m terms of product 
flows and information flows 

The LREPS model has been successfully used in the planning and evaluation of 
distribution systems for firms m the leather goods, agri-chemical, frozen foods, 
plumbing and heating, and packaged chemical industry 

LREPS does, however, have its limitations, These include 

1. A large amount of data is necessary for the model, and not all firms possess 
the required data Acquiring the data may be very costly and time-consuming 
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2. There is some degree of unsuitability for “minor studies ” The LREPS 
model is best suited for large scale distribution systems. 

There exist other simulation models for planning and evaluating physical 
distribution systems The most useful of these appears to be Distribution System 
Simulator (Connors, et al. [1972]) A prominent charactenstic of DSS is a 
feature known as “programming by questionnaire.” The charactenstics of the 
simulation model are automatically determined from answers to over 450 yes/no 
questions. Information determined from the questionnaire includes charactens- 
tics of customer demand, buying patterns of customers, order filling policies, 
replenishment policies, factory locations, production capability, and other 
significant elements All of these are functional elements that should be readily 
available in most cases. The answers to these questions determine which of the 
possible 10 12 functionally different simulation models will be built from the 
Program Library 

Once the form of the simulation program is established, an Editor Program 
generates a specific listing of the data necessary to complete the analysis 
Because of this, the cost of information associated with simulating different 
alternatives can more easily be weighed against the possible benefits to be denved 
from such an evaluation In this way, a firm can avoid possible excessive data 
acquisition costs by obtaining exactly the data that is needed for exactly the 
type of analysis desired 

DSS can be easily scaled down through proper use of the questionnaire, mak- 
ing it very valuable to the middle or small sized firm. Another advantage to the 
smaller firm is that a great deal of programming expertise is not necessary. Per- 
haps the greatest advantage of questionnaire programming is the increased 
interdepartmental communication. DSS allows the executive to be more of a 
participant in the modelling process (through the questionnaire), thereby instill- 
ing in him more confidence and understanding m the model 

Although a “canned program” such as this may seem too automatic to be use- 
ful, a surprisingly high degree of sophistication and complexity can be obtained. 
DSS can incorporate three structural entities demand points, stocking points, 
and production resources The interrelationships are arbitrary The channels 
of distnbution can be bidirectional, the stocking pomts can all be connected to 
each other, demand can take place at any point in the system, and any stocking 
point can have access to any production resource. Measures of performance 
normally center around the stocking pomts, which are usually defined as 
regionally distributed warehouses Unfortunately, the integration of time and 
space dimensions, and the dynamic behavior of LREPS are features not available 
in DSS. However, DSS seems to fill m very nicely the gaps left by LREPS, in 
that it can provide a less costly and more comprehensive analysis designed more 
for the smaller firm, in which the problem of acquiring and structuring data is 
partially solved with questionnaire programming and explicit data specification. 
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Cost/benefit and cost/effectiveness analyses are the most comprehensive models 
available They act, essentially, to combine the results of the more specific 
models, especially the computer simulation models, with the relevant nonquan- 
tifiable variables The total set of alternatives is clearly organized, so as to illus- 
trate the associated trade-offs However, the final decision still requires a great 
deal of judgement and insight on the part of the decision-makers 

5. DEVELOPMENT OF PROTOTYPES AND FINAL TESTING 

It is rather common practice to develop operative prototype models for evaluat- 
ing new plants and processes m industry Public highway departments employ 
the same sorts of testmg, through prototype simulation for pavements, stnpmg, 
guideways, and signalization 

There is more and more attention bemg paid to prototypes and simulation as a 
final testmg technique. Spectacular successes within the aerospace industry have 
spunoff noteworthy prototype simulations in engineering and management, m 
both the public and private sectors 

One example m the public sector would be the construction of a single express 
-bus lane in a situation where the chosen plan of action was to construct express- 
bus lanes on 25 arteries of a city In the private sector, a plan for managing in- 
ventories of one-way truck rentals for a national truck leasing company may be 
implemented m a single city rather than over the entire nation. 

An advantage to the use of prototypes, aside from the obvious cost reduction 
and accident prevention, is the capability for gathering feedback This applies m 
a technical sense, as well as the increasingly important public reaction sense. 

6. IMPLEMENTATION 

This section provides a summary of the problems and impediments towards 
implementation of the chosen transportation alternative The problems and 
impediments should be identified in order to aid the analyst to have a direct 
effect on decision-making 

Decision-Making Factors 

Related problems and impediments for generic models of transportation analysis 
have to do with their probability of implementation through the decision-making 
process There is much expenence and knowledge to justify the similarity of 
decision-making as a process in both the public and pnvate sectors— at least with 
regards to transportation It has been shown, m many cases, that difficulties 
ansmg within the decision-making process tend to impede the following of 
recommendations from generic models 

One kind of problem within the decision-making process has to do with special 
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interests. This tends to be related to subjective bias and fears within influential 
factors in the decision-making process This might occur, for example when an 
optimal solution suggests a solution which is new or previously untried within tr 
organization Fear, or the so-called “comfort-factor,'’ may lead to outnsht 
rejection. Similar examples are known to exist, with special interests favorins 
specific solutions as well as biases against a set of solutions. 

Gosely related to the above is the problem of interest groups within the 
decision-making process, be it public or private. These groups tend to support 
and advocate certain types of solutions Within the context of group dynamics, 
these solutions may be relatively predictable. The transportation analytical 
model does not usually contain the assumptions and biases of a number of groups- 
thus, it would be rare that such a model would predict a solution that would be 
satisfactory to all groups. Hence, it can be assumed that within any complex 
decision-makmg organization concerning transportation, an optimal solution 
will necessarily lead to some groups opposing, some groups supporting, and 
some groups taking no stand. This means that the solution that is accepted 
will have to be settled within a public or private political process. 

Environmental and Community Impact 

Another area of impediments of implementation of genenc models in the trans- 
portation process has to do with the importance of environmental and commu- 
nity impact. Most transportation affects communities and their environment, 
whether it is within the private or public sector. Within recent years, there has 
been significant national, state, and local legislation dealing with the need to 
analyze transportation proposals, in order to insure that they will not have 
negative effects on communities or the environment. It is common knowledge 
that the modeling of transportation systems will have to undergo an additional 
stage of refinement in order to minimize environmental and community 
negative-impact. While there has been some effect to include environmental 
and community impact variables in genenc models of transportation analysis, 
the results have so far been unconvincing and costly (Southeast Wisconsin 
Planning Commission [1966]). Thus, it must be realized that environmental 
and community impact requires some change in optimal solutions generated 
through modeling, and future efforts should include such parameters, vanables, 
and constraints in both quantitative and qualitative terms. 

7. A CLASSIC EXAMPLE 

Leslie C Edie’s [1954] classic work involving The Port of New- York Auihonty 
(Port Authority) and the problems of traffic delays at toll booths will be used 
as an illustrative example to demonstrate the application of the generic process 
as shown on page 480. 
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Edie’s work was the first application of OR to a Port Authority problem 
Many other applications have been made smce 1952, when the toll booth study 
was initiated, however, the toll booth study is the best known, and is very well 
thought of (it received the First Lanchester Prize in 1955). 

The basic problem mvolved the collection of vehicular tolls at the vanous Port 
Authority tunnels and bridges Staffing requirements for the tunnels and badges 
resulted in a substantial payroll, and the Port Authority was very interested in 
minimizing the number of toll collectors, while at the same time providing un- 
iformly good service to the public and properly spaced rehef periods for the 
toll collectors The basic trade off mvolved determining the best compromise 
between the level of customer service and the corresponding costs involved 

Prior to the study, a “rule of thumb” work standard unrelated to service was 
used to determine the number of toll collectors necessary for operatmg a toll 
plaza. “Rule of thumb” judgement was also used to allocate manpower and 
control the number of toll booths opened at any time This method resulted 
in traffic delays ranging from 2 to 50 seconds It was felt a more analytical 
approach involving the basic principle of probability theory could be used to 
better understand the relations between traffic volumes, number of toll booths, 
and overall service. 

The basic objectives of the study were 

1. To evaluate the grade of service given to patrons and determine how it 
varied with the volume of traffic handled by toll lanes 

2 To establish the optimum standards of service. 

3. To develop a more precise method of controlling expenses and services, 
while at the same time providing adequate rehefs to the toll collector 

In essence, these three objectives required the solution of a queueing problem, 
an optimizing problem, and a scheduling problem 

With tile problem defined and the objectives of the study clearly stated, an 
illustration of the generic process, as shown on page 480, will be made 


Traffic Demand Forecasting 

The first step in the processjnvolves traffic demand forecasting (tins is precisely 
the first step taken by Edie) Observations were made every 30 seconds to 
measure the number of traffic arrivals at a particular plaza and the number of 
vehicles in line at each open toll lane Observations were grouped into twenty 
mmute periods, and occupancy values and delay ratio values (the average waiting 
time m the queue expressed as a multiple of service tune) were computed for 
each period. These values were plotted, and the resulting empirical curves were 
compared to the classical queueing theory curves for single server and multiple 
servers in parallel. These curves have since proven to be very effective in terms 
of predicting traffic arrivals and delays 



496 II APPLICATIONS IN SELECTED AREAS 


Traffic Facilities Analysis and Allocation 

A very important by-product finding of Edie’s study involved the adverse effect 
of right-hand toll booths on service A right-hand booth is one on the nght side 
of a vehicle, opposite the driver It was determined that right-hand booths 
caused substantial delays to traffic and, as a result of this finding, the Port 
Authority reconstructed all major toll plazas to provide only left-hand booths 
It was also concluded from the observations that the serving time per vehicle 
was reduced when the traffic handled per lane increased 

Determination of Problem Parameters and Formulation of Alternative Solutions 

It was obvious that a problem did indeed exist and something needed to be done 
to improve service at a reasonable cost, while providing adequate relief penods 
for the collectors A number of curves were developed by Edie m order to 
clearly and definitively characterize the queueing problem. The curves included 

1 Occupancy delay curves for differing numbers of toll booths and differing 
occupancy percents 

2 Average booth holdmg time (service time) for differing volumes of traffic 
per hour per lane and differing number of total lanes 

Once these two sets of curves were developed, the queueing problem and its 
parameters were clearly defined 

The optimizing problem involved establishing criteria for opening and closing 
toll lanes to fit traffic demands After evaluating various alternatives, the ongrnal 
decision was made to maintain service as close to an average delay of 1 1 seconds 
as possible, and to limit maximum queue length to no more than three vehicles 
above the point at which the Poisson distribution broke down 
The scheduling problem, primarily concerned with the assignment of men to 
toll booths, proved to be the most difficult of the three problems At first, a 
trial and error Gantt chart method was used for manpower scheduling, and its 
results were not satisfactory A second attempt was made using LP, but it also 
produced unsatisfactory results for several reasons, including that answers in- 
volving fractional parts of a man were meaningless 
The methodology which proved satisfactory was an iterative process, with 
decision rules for assigning regular and relief collectors With this procedure, 
various schedules could be determined 

Evaluation of Alternative Solutions and Recommendations 

Once the queueing problem, the optimizing problem, and the scheduling 
problem had been clearly defined and various alternatives tested, it was necessary 
to select the set of alternatives that would be implemented 
Edie did not employ a large model encompassmg the three individual problems, 


TRANSPORTATION SYSTEMS 497 


but rather each problem was looked at individually, and then results were 
compared. For example, by using the two types of curves developed for the 
queueing problem (the occupancy delay curves and the booth holding time 
curves), Edie was able to compute delay curves for varying levels of traffic volume 
and number of lanes, and thus arnve at one solution to the queueing problem 
after empirically testing vanous alternatives This solution was then used as 
input in solving the optimizing problem. 

Development of Prototypes and Final Testing 

Field tests were made to evaluate the original solutions to the queueing and 
optimizing problems. In addition, a ngid trial schedule was followed in the 
opening and closing of lanes and m relieving the collectors for rest and meal 
periods 

Implementation 

The solutions recommended were implemented by the Port Authority. 

Feedback and Further Improvements 

It is indeed interesting to look at the feedback that evolved over the initial Edie 
study This feedback is briefly summarized below. 

1. A better control of service and cost, and a sound understanding of the in- 
terrelationships existing between them 
2 The reconstruction of toll plazas to provide only left hand lanes 
3. The development of automatic printing and punching traffic counters to 
help provide for an improved method of traffic analysis 

4 The development of a special camera for monitoring traffic to help provide 
for a quicker response to changing traffic conditions 

5 Input for the planning of automatmg toll collection. 

6 The stimulus for other early OR studies of vanous aspects of toll booth and 
tunnel policy, such as foot patrol and motorized patrol 

In general, it is difficult to directly measure the overall impact of this study, 
but suffice it to say that the impact was mdeed very substantial 

8. TYPICAL PROBLEMS ENCOUNTERED IN THE GENERIC 
TRANSPORTATION PLANNING PROCESS 

The Data-lnformation Dilemma 

The data available to the transportation analyst is generally not sufficient. 
Transportation tends to be treated as any other expense item, yet, the data 
collected tends to be meager While it is true that such data is difficult to 



498 II- APPLICATIONS IN SELECTED AREAS 


collect, it is insufficient to use this reason as a justification The information 
that is generated from this dubious data tends to be less than satisfactory As 
a result, it becomes an expensive process to obtain the necessary information 
for both the process and modeling of transportation analysis A number of 
cases from the public sector have shown great amounts of money being expended 
in order to obtain information to allow for transportation analysis (Mouchahoir 
[1972] ) Similar cases can be drawn from the private sector, in which efforts 
have been very costly 

A related source of problems to data and information is the treatment and 
measurement of many variables which tend to be nonquantitative or intangible 
A paradox exists as to the measurement of the tangible and quantifiable vanables, 
in that what often is done is to guess at the values for such vanables with little 
or no benefit of data This tends to lend an air of artificiality to the models 
used m transportation analysis While it may be appropnate, in many instances, 
to assign subjective values to these vanables, it may also be appropnate to 
highlight such vanables for treatment at later stages 

When the data and information dilemma is compounded with the problems of 
measurement of tangible but qualitative vanables within the context of complex 
models, a new impediment to success anses This is related to the problem of 
error propagation There have been a number of analyses which have indicated 
that in some transportation models, error propagation, due to complexity of 
mathematical and anthmetical operations combined with the above problems 
of data and information as well as intangible and nonquantifiable vanables, can 
nse to above 50% (Alonso [1968] ) 

Conservatism in Optimal Solutions 

A source of cnticism in the transportation field concerning modeling activities 
has been that optimal solutions to transportation problems tend to be relatively 
conservative This anses because the transportation problem, as such, requires 
a relatively specific set of constraints which tend to be stated m fixed terms 
When this is coupled with subjective estimates of the values of certain lands of 
vanables, as well as the exclusion of many vanables which are very difficult to 
measure, it becomes apparent that the types of solutions generated can be 
relatively mundane-mdeed in some cases tnvial For example, in urban trans- 
portation planning, the major benefits are often expressed in terms of minutes 
saved by commuters and minimization of system construction and operating 
costs It has become quite apparent that true user benefits are far more complex 
than tune saved, and it is quite well known that there are many cases in which 
the minimum system cost solution is by no means what is really needed In 
general, there is also the argument that transportation today requires major 
changes These solutions do not always come from optimal solutions generated 
through quantitative models 
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An approach that may allow for greater applicability of the modeling process 
for transportation analysis is to define other types of solutions than the optimal 
These other types of solutions can be refinements, extensions, modifications, 
extrapolations, or revisions of an optimal solution One method, somewhat 
similar to Dodson’s [1969] approach, might be to define four sets of solutions 
(Catanese and Steiss [1970] ). The first set, as a logical startmg point, would be 
the determination of the optimal solution for the problem as defined A second 
set would be the minimal set for which solutions related to the optimal are 
recommended on the basis of domg the least and spending the least in time, 
effort, and resources This might be called the “extrapolation of present trends” 
alternative A maximal set could be considered as that set of solutions which 
requires as much effort and resources as possible, and as much improvement in 
the transportation system and process as possible This might be considered the 
“domg as much as possible” alternative In many cases, resource constramts 
dictate that the optimal solution be also the maximal solution The reference 
here is to a situation in which all available resources are not necessarily used in 
the recommended solution, such as the construction of a single highway with 
State Highway Department funds 

It has been our experience to find that optimal solutions m transportation he 
within a range defined within the maximal-minimal solution sets An additional 
set of solutions which might be considered appropriate is the normative set 
This group of recommendations may or may not be related to the optimal 
solution, and tend to be more concerned with what “ought to be” rather than 
what seems appropriate in terms of analytical processes 
Thus, it has been suggested that this sort of analytical framework and the use 
of alternative sets, as well as mixes within these sets, might be a way to use 
optimal solutions as generating sources for a range of proposed solutions This 
range of proposed solutions can then be tested against the range of problems 
discussed above, as well as acceptibihty for lm piemen tation This approach 
might better enable use of the modeling process m transportation 

9. CONCLUSIONS 

At this point, it might be worthwhile to review some of the insights gained 
from this exposition of both public and pnvate transportation OR models 
It was determined that a much heavier forecasting burden is placed on the 
analyst m the public sector This is reflected m the many tnp distribution and 
tnp assignment models designed specifically to predict the movement desires of 
the pubhc This is related to two other realities 
First, it is obvious that control of many more components of traffic demand 
is centralized with the enterprise in the pnvate sector, as opposed to the pubhc 
sector, where control is essentially distributed over millions of people 
Secondly, the objectives of planning in the two sectors are quite different 
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The objectives in the pnvate sector are generally related to profit In the public 
sector, however, the objective is to satisfy the desires of millions of different 
people Thus, it is often quite difficult to define criteria for decisions m urban 
transportation planning, and it may become necessary to estabbsh policies as to 
what are the legitimate goals and which are important 
A case in pomt, illustrating the differences and similarities between public and 
pnvate models, is a companson between modal split models of the public sector 
and modal selection models of the private sector Both are concerned with 
alternative transportation modes Both attempt to define the costs and benefits 
associated with each available mode In the pubhc sector, however, control of 
the modal selection process is maintained by the pubhc, thus, the modal split 
models attempt to predict the proportion of the pubhc choosing each available 
mode as a function of the costs and benefits of each mode In the pnvate sector, 
control of the modal selection process is generally held by the planning organiza- 
tion, thus, the pnvate modal selection models determine which mode or modes 
are the best m terms of the charactenstics of the different modes The proposi- 
tion that models m the pnvate sector are generally optimization-oriented, while 
models used in the pubhc sector are generally forecasting-oriented, holds true for 
most of the steps m the genenc transportation planning process 
For the immediate future, we can expect a larger degree of models bemg used 
in transportation analyses in both the pubhc and pnvate sectors It has been 
argued that new models will be simpler, less complex, and deal with specific 
problems rather than the global problems previously treated (Lee [1973]) The 
day of the large-scale, complex, and costly modeling process attempting to 
include all of the vanables, as well as many of the nonquantitative factors, 
in one exphcit analytical model is probably over The future will undoubtedly 
see more use of simulation and operational gaming to deal with such matters 
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MILITARY SYSTEMS 

Edward S. Quade 


1. INTRODUCTION 
1.1 The Beginnings 

The application of analysis of the type we would now call operations research 
(OR) to military decisions has its roots deep in antiquity. Although the provision 
of military advice was originally conceived as a task of God, by the third century 
B C. we find Hieron, King of Syracuse, asking Archimedes, a scientist, to devise 
schemes for breaking the Roman naval siege of his city It was not, however, 
until the late 19th century and early 20th, when the field of management 
emerged, that analysis resemblmg today’s OR received any sort of specialized 
attention or began to develop distinguishing techniques 

These techniques, when applied to military operations, sometimes turned out 
to be httle more than old approaches— not very well documented even within 
the military— to which had been added some mathematical sophistication For 
example, except for a greater emphasis on quantitative analysis, the steps laid 
down for carrying out what we now term a systems analysis differ little from 
the outline used by a military staff to prepare the traditional “estimate of the 
situation ” 

While the term “operational research” (which became operations research when 
Americanized) was not corned until 1938 at Bawdsey, England (to describe the 
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activities of a small section of the Air Ministry Research Station there), the type 
of thinking it has come to represent is not new to the military 
An example appears m the Report of the Board on Fortifications and Other 
Defenses, U. S. War Department [1886] Two types of 12-inch breech loading 
rifles were under consideration by the War Department for use by the Coast 
Artillery for coast defense One was a steel, Krupp-type nfie of then standard 
design, and the other was a new U S development of cast iron To help m the 
choice, an analysis based on actual performance tests and manufacturing costs 
had been carried out. This showed the ratio of effectiveness to cost for the 
steel gun to be only 0 8 of that for the new cast-iron gun. The measure of 
effectiveness was the “power” of the gun, the energy at the muzzle expressed 
in foot-tons This first analysis did not fully satisfy the Board and further analy- 
sis was ordered 

The following statement from the Report described that analysis 

By virtue of certain well-established principles m gunnery, relative to the 
similitude of guns, with similianty of loadmg, it is easy to deduce the cali- 
ber and weight of a piece, of either of the above types, which shall possess 
a given power, or which shall have the same power, for instance, as a piece 
of the other type In this way we may reduce our data to the same abso- 
lute standard, and thus give the analysis a strictly quantitative character 

When the analysis was earned out, the cast-iron gun that would produce the 
same muzzle energy as the steel gun turned out to cost only 0 8 as much as the 
steel gun. Furthermore, when a Krupp-type gun with the same muzzle energy as 
the cast-iron was designed and costed, it turned out to cost about 20% more 
than the cast-iron gun 

The Board then made an emphatic decision— they recommended steel Let me 
quote a few of the arguments as given in the Report— somehow they sound like 
those we hear today 

“ . we have no evidence touching the endurance of cast-iron guns . 

“ . . the difference in cost is not great, particularly when it is remembered 
that cheapness is the chief merit claimed for cast-iron 

' their production m quantity . will unquestionably delay the devel- 
opment of the steel industry of this country . ” 

“It would be singular if, after waiting for so many years with the alleged 
intention of profiting by the expenence of nations foremost in the manu- 
facture of heavy ordnance, we should begin the long-neglected defense of 
the country with accepting a material for guns which, after having been 
tried by leading European nations, has been deliberately rejected in favor 
of steel ” 
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Some OR was done during World War I, both for the U S Navy and for the 
Army Let me cite two examples 

The first, Thomas A Edison’s work on antisubmarine warfare, was described 
in Lloyd N Scott’s Naval Consulting Board of the United States, Government 
Printing Office, Washington, D C , 1920 In bringing Edison on the Board, it 
was mutually agreed that lus mventive and analytic abilities were desired, not his 
executive talents He started his work with experiments on underwater listening 
devices but, following good OR precepts, he soon concluded that his objective 
was to save ships, and that improving listening devices for finding submarines 
was only a means to that end Whitmore [1953] quotes Scott 

His first step was to go to Washington in the summer of 1917 with three 
assistants, intending to make a thorough study of the statistics of subma- 
rine activities and their results, and to develop therefrom strategic plans 
according to some ideas that he had in mind He expected to find on the 
Government records understandable and full details, charted, of the sinkings 
that had already taken place Not finding this, he and his assistants, worked 
day and night to prepare the charts and data (Scott, p 166) 

Copies of these charts are included in Scott’s history 

From a study of these, it was quite apparent that the steamship companies 
had been sailing their vessels on the same routes as before the war From the 
statistics of the numerous sinkings it appeared that only 6% of the ships 
had been sunk at nightime It was also apparent from the statistics of 
sinkings that the steamship companies had not learned the lesson of night 
sailing in the danger zone From an examination of Lloyd’s Register, it 
appeared that only about 4% of the first-class British merchant ships had 
modern sounding apparatus aboard, and at that time wireless apparatus was 
almost unknown on board the British merchant ship 

With all these facts and this data before him, Mr Edison commenced to 
work out his plan, which, broadly stated, was for the ships to sail in and 
out of the danger zone at night, to forsake as much as possible the old stan- 
dard lines of travel, to anchor through the day in comparatively shallow 
waters and harbors where submarines could not approach them, steaming 
only at night to other ports of anchorage on the way to their ultimate des- 
tination (Scott, p 166) 

Unfortunately, very little came from Edison’s work The reports seem to have 
been buried m files somewhere At the start of World War II the U. S Navy had 
to rediscover his statistical procedures 

The army had somewhat more success in actually using the OR work done for 
them, possibly because the man m charge, Colonel Leonard Ayres, had the op- 
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portumty to draw up the Army regulation setting up the office where the work 
was done, the Statistical Branch of the General Staff He made arrangements 
to report to the Chief of Staff directly-not through channels The unit collected 
statistics but also did some OR as the following anecdote from Ayres’ [1940] 
collection shows 

“When I came into the War Department I did not know much about being 
m the headquarters of the War Department I was taken almost the first 
day mto an office where they computed the turnarounds of the troop and 
cargo ships, and projected ahead the amounts of cargo and numbers of 
troops which would be landed on the other side month by month-joint 
Army and Navy affairs All the computations were working out badly 
practically nothing came out right Week after week they had been making 
these computations and the actual turnarounds were always a little off 
I told them they always would be wrong and that their computations should 
be changed Statistics of rates and speeds are never the same as those of 
quantities and amounts “For illustration, suppose your cargo fleet 

consists of three vessels, one slow vessel which takes 50 days to make a 
turnaround and two fast vessels which take 25 days each The average of 
these three would be 33 and one-third days, that would mean on the aver- 
age three turnarounds per vessel m a hundred days, and for three vessels nine 
turnarounds in a hundred days But actually the two fast vessels make four 
turnarounds each in 100 days and the slow one makes two, and that makes 
ten turnarounds in all That means that one answer is nine turnarounds 
and the other is ten, and both answers are based on perfectly good 
arithmetic 

“The next day an orderly came around and said the Chief of Staff presents 
his compliments and would like to see the colonel at his convenience You 
all know what that meant, and, dropping everthmg, I hurned to his office 
and was told he had gone to this secret room of the General Staff I went 
there and to my consternation I found that not only the Chief of Staff and 
his associates, but the Chief of Naval Operations and his associates were 
seated at the long council table General March said, ‘It has been reported 
that you looked over the data of our turnarounds in the Transportation 
Section yesterday and said that the present methods of computation should 
be abandoned and that something you called the “effective average” should 
be substituted. What is the “effective average” 9 ’ I said, ‘Sir, in mathemat- 
ical terms the effective average is the harmonic mean ’ 

“The general asked what it was used for, and I answered, “In this connec- 
tion it should be used where rates and speeds are concerned ’ Then I found 
out one of the reasons why he was Chief of Staff. He said, ‘Define the har- 
monic mean.’ I said, ‘Sir, the harmonic mean is the nciprocal of the mean 
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of the reciprocals of the several variates,’ The Chief of Staff said, ‘Precisely 

so, and it will be computed that way from now on ’ ” 

1.2 The Development 

After organized OR appeared in the British Army, it was rapidly taken up by the 
Military elsewhere Operations analysis units in the U. S and Canadian armies 
were soon established A major factor m this rapid spread was the introduction 
of new weapons, based on technical know-how foreign to past military experi- 
ence These weapons and weapons systems (radar is the outstandmg example) 
were so novel in concept and design that their exploitation could not be planned 
purely on the basis of traditional military experience Scientific knowledge, 
and thus scientists, were required A great deal of the initial value of operations 
analysis came from the fresh approach these scientists brought A classic example 
is the success of the airdropped depth charge, once P M S Blackett and his 
successors solved its problems They brought this about by a scientific ex- 
amination of the records of its use and the employment of probability and 
statistics 

During World War II, the applications were largely tactical how first to use 
“window” or “chaff’ as a radar countermeasure, how to determine more effec- 
tive bombmg patterns, how to find better antisubmarine search procedures, or 
how to deploy destroyers to best protect a convoy The work pertained essen- 
tially to studies of the most efficient use of existing resources with known tech- 
nical characteristics Thus, for these apphcations, contrasted with those under- 
taken later, the inputs were known, the objectives clear, and the uncertamties 
limited. 

After the war, the emphasis changed immediately from “tactical” problems to 
“planning” problems Analysts were called upon to apply their techniques to 
problems of a more complex type— the design and selection of weapons for 
future wars OR was then later extended to deal not only with weapon selec- 
tion and routine peacetime housekeepmg operations, but also with questions of 
national strategy and the choice of major military policy alternatives 

For example, an important apphcation for the earlier analysis was to discover 
an optimum search pattern with which our destroyers might locate enemy sub- 
marines threatening our convoys In a corresponding post-war application, the 
analyst must not only consider the threat by enemy submarmes to shipping but 
their threat to cities and bases as well To discover ways to meet either threat, 
he must apply his techniques to evaluation of entirely new combmations of de- 
tection and interception devices, some not yet in production or even developed 
He must also search for the appropriate tactics for using these devices In short, 
the apphcation of analysis to weapons and strategies for future wars presents a 
new land of problem, essentially different from any treated by OR in World 
War II 
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OR applied to the problem of putting together the defense program is usually 
termed systems analysis It differs little, except in scope, from OR in the con- 
ventional sense, but is not performed exclusively or even primarily by people 
who might be identified as operations researchers A common analysis in this 
category has to do with considerations of deterrence and the design of the forces 
that can bring it about 

The term systems analysis came into use for the new type of study because the 
first post-war applications of OR for the military were concerned with the selec- 
tion and evaluation of weapons systems, particularly aircraft bombing systems, 
that had not yet been developed Since development of a modern weapon system 
requires several years, such applications no longer dealt exclusively with opera- 
tions for which the inputs were known and the objectives were clear Economics 
became more important, with no war to test effectiveness, attention centered on 
costs, and a special form, cost-effectiveness analysis, developed A typical 
application might deal with such a question as the least costly program to achieve 
a given goal-say, of five proposals m an all-weather fighter competition, which, 
for a fixed budget, would be the most effective The more difficult question of 
whether a new fighter should be developed at all was not an application that came 
up very often until later when the days of expanding military budgets had ended 

Although a distinction between systems analysis and OR may be useful 
(Schlesinger [1963]), the OR profession makes no such distinction and, in fact, 
tends to treat all forms of advisory analysis as OR 

1.3 Types of Appl ications 

OR and its derivatives— systems analysis, management science, and cost-effective- 
ness , for instance-can be applied to every aspect of military endeavor, and have 
been applied to many, ranging from the routine, day-by-day, housekeeping 
operations of the services, to “hot war” and crucial one-time decisions of na- 
tional security 

The spectrum of military applications may be divided for the purpose of 
discussion into categones, accordmg to the type of problem faced 

How shall men, weapons, and equipment be managed in peacetime, keepmg m 
mind the need for economy and readiness 7 Examples 

(a) What control procedures shall be used for a general supply center. (Stedry 
and Groswold [1962]) 

(b) How should the requirements for enlisted personnel in various military 
occupational specialties be forecast 7 (Wilson [1969]) 

What is the best method of using men, weapons, and equipment on hand in 
order to achieve a given military aim 7 Examples 

(a) How many defensive weapons should be earned per bomber to insure 
penetration of air-to-air defense 7 (Fawcett and Jones [1970]) 
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(b) Given an existing missile force and a set of targets, what is the optimal 
allocation of weapons to targets'? (Matlin [1970]) 

Given, m broad terms, the defense policy, what weapons, equipment, men, 
materiel should be designed, developed, purchased, and deployed? Examples 

(a) How much and what type strategic airlift is needed 9 (Mihram [1970]) 

(b) What is the best plan for the development of military equipment such as 
aircraft and missiles 9 (Klein and Mcckling [1958]) 

What defense policy should the United States adopt? 

(a) Given current intelligence estimates and forecasts, what sort of strategy 
should the United States strive for 9 (Brodic [1959]) 

(b) How should the United States handle an international crisis 9 (Avcnch and 
L avm [1964]) 


1.4 Characteristics 

These categories arc arrayed, roughly, in an order which increases with respect to 
the policy level at which decisions about questions occurring within them are 
made, and which decreases with respect to the capability of the analysis to 
produce firm and actionable recommendations The divisions arc not clear-cut 
Ordinarily, problems associated with a given category require that solutions be 
available for problems found in all lower categories 
Applications of the types associated with Force Posture and Defense Policy 
involve not only engineering, economic, scientific, and behavioral considerations, 
but also political and ethical ones In fact, for this reason, no “solutions” to 
problems associated with the latter two categories exist in any strict sense- 
merely a resolution of some sort As one might expect, the less data that is 
available for analysis, the less exact it is, and the less it is based on experience, 
the more imprecise arc the conclusions, no matter how sophisticated the OR 
techniques with which the analysis is earned out 
In the first category, the applications take their most mathematical form and, 
in a sense, their most fruitful role Except for the context, much of the analysis 
is essentially no different from applications of OR to decisionmaking and 
resource allocation in commerce and industry-stock control, personnel assign- 
ment, reliability checkout, transportation routing, and so forth It is the ap- 
plication of OR or management science in the narrow sense-an attempt to 
increase the efficiency of a man-machine system in a context where it is fairly 
clear that “more efficient” means sometlung like the military equivalent of 
maximizing profits A frequent characteristic of problems in tins category is 
that OR can be helpful simply by applying systematic computational routines to 
a generic “model,” which can be made relevant to a wide variety of operations 
merely by modifying the parameters 
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Notwithstanding the economic importance of the apphcations of OR to the 
management of the peacetime operations of the Military— management tools 
developed by operations researchers for handling the spare parts inventory for 
the Air Force alone are producing savings of something like $250 million a 
year— we will not emphasize apphcations of this type , since they are not essentially 
different, except for the parameters and the great emphasis on readmess for 
conflict, from apphcations in nonmihtary contexts. 

The stnctly military application, however, m the remaining three categones, 
always involves the element of conflict, and frequently requires that it not only 
he explicitly considered in the choice of parameters, but that the presence of the 
enemy be taken mto account in the model It is the interaction, or potential 
interaction, with the enemy, and not the interaction of one’s own alternatives 
and costs, that is likely to be the mam problem with the stnctly military appli- 
cation The normal busmess or industnal analysis is, thus, likely to be concep- 
tually simpler, conflict plays only a mmor role As Albert Wohlstetter [1963] 
pomted out, 

Somebody in the Bell Telephone System has to worry about slugs or plugged 
mckels m their com boxes, but m general Bell does not have to worry about 
anybody jamming their microwave relay as an interruption of their normal 
peacetime busmess 

There are, nevertheless, no methods or techniques of OR that are completely 
umque to the military Even the classical 3-room war game has found appli- 
cation m the civilian sector, although mostly for training and education 
The paradox of military OR is that, of the combat operations studied, very 
few are ongomg and many of the remainder, if we are lucky, will never actually 
exist The weapon system or combat operation investigated frequently becomes 
obsolete without being tested m actual combat, an,d we are fortunate to never 
really know how correct our analysis was Even the weapons that are deterrents 
agamst war itself and which operate m peacetime depend for their effect on 
calculations of how they would behave m war 
A major difficulty with military OR thus hes m obtaining fundamental quanti- 
tative information that can be used for prediction Even when hostilities are on- 
gomg, there is little opportunity for experimentation during actual combat 
Sources of data are training exercises, field experiments (often OR is not used to 
design them m such a way that useful results can be obtamed), map exercises, 
and military expenence (which is unlikely to be very relevant for future wars 
with radically different weapons). 

To get a basis for planning the acquisition of future weapon systems, the 
effectiveness of those systems m different combat situations has to be estimated 
by theoretical calculations These are, of course, based on data available for 
different parts of the system This means that, during peacetime, the military 
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OR analyst works less with statistical analysis of operational data and more with 
theoretical calculations based on very uncertain data. This has led to the devel- 
opment of new analysis techniques— operational gaming and simulation, for m- 
stance-and stress on methods for planning under uncertainty, such as sensitivity 
testing. 

1 .5 Organization 

After World War II, many countries contmued, or set up, organizations to carry 
out military operations research (MOR) Except for the United States, these 
were almost all within the services and were largely manned by military officers. 
Here, m addition to those “in house,” each of the services and the Department 
of Defense has associated with it more or less independent organizations, staffed 
mainl y by civilians who carry out analytic studies The best known is the Rand 
Corporation (Smith [1966] ), others prominent in MOR are the Center for Naval 
Analysis, the Institute of Defense Analysis, the Stanford Research Institute, and 
the Research Analysis Corporation (now part of General Analysis Corporation) 
In addition, much of aerospace industry and many other profit making firms 
carry out MOR 

In fact, OR developed in the United States largely with the financial support 
from the military until the late 1960s, when Congressional action forced the 
defense establishment to reduce their support of basic research Much of the 
methodology of OR— game theory, linear programming, dynamic programming, 
network flow theory, simulation, and other tools— was developed with the 
support of such sources as the Office of Naval Research, The Army Operations 
Research Office, the Air Force Office of Scientific Research, and the Air Force 
Project Rand The total effort that has gone into the military applications of 
OR is very large The U S General Accounting Office [1971] estimated the 
total mvestment m all active models, simulations, and games in the Department 
of Defense inventory as $170 5 million. This, of course, represents only part of 
the MOR effort 

1.6 An Example 

To illustrate some of the considerations m MOR consider the following realistic 
but hypothetical example— one that tackles a simplification of a question that 
recently faced the U S. Congress should the strategic missile force be defended 
by an ABM (anti-ballistic missile) force 7 

An important component in U S security is the land based strategic missile 
force— a force that stands ready to retaliate if an enemy should attack To fulfill 
this role, it must be capable of surviving an enemy attack m sufficient force 
There are many actions that might keep it survivable One can hide the missiles, 
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make them mobile, shelter them, make the force so large that no enemy can 
hope to destroy it all, or one can actively protect it Suppose that an anti- 
missile system for providing active protection is feasible and has been partially 
developed The discussion that follows is designed to illustrate the sort of 
analysis that might help someone who had to make a decision in this situation 

First, a few general observations Without analysis, it is obvious that, if a 
defense is cheap and efficient and if there is an appreciable danger of attack, 
we should buy a defense But just how expensive 9 How efficient 9 How appre- 
ciable the danger 9 And what sort of a defense 9 These considerations are relative 
They depend on many factors and parameters, some of which are known, some 
of which can be discovered, some that must be assumed, but they are interde- 
pendent, and to make a rational decision a decisionmaker needs a scheme that 
will tie together the relationships between the various aspects of the problem 
OR can provide such a scheme 

One might tackle this problem somewhat as follows 

(1) Identify the objectives or goals that one hopes to attain with the defense 
system bemg considered There are clearly many systems involved One is the 
defensive system for the strategic missiles; that is the one bemg proposed for 
further development and procurement But the analysis must be concerned with 
a larger system, the one that includes not only the defense, but the defended 
missiles themselves and everything significant to their operation— the enemy’s 
capabilities, the warning radars, the political environment, etc It is possible to 
evaluate a defense only in terms of how it helps or hmders (by consuming 
resources) that which is defended Thus, when we talk about the goals of the 
system, it is the overall goal of both the strategic system and the defense for that 
system that the analyst has to consider Whether or not we should plan to defend 
our offensive missiles depends on what we plan to do with those missiles If we 
intend to use them to initiate a surprise war there would be little point in 
defending them Assuming this is not the case, suppose we take deterrence of an 
enemy attack as an approximation to what we would like to achieve with our 
strategic missiles and their defense I say approximation because there are other 
capabilities beside deterrence that we would like our strategic missiles to have 

(2) Assuming deterrence is the goal, since different systems presumably lead 
to different degrees of deterrence, we need some way to measure these differ- 
ences That is we need a way to measure the worth or value to deterrence of 
adding a defense 

A reasonable choice might be to measure deterrence in terms of the number of 
operationally ready strategic missiles surviving an enemy surprise attack; this 
measure doesn’t mclude all the aspects of deterrence, but it is at least in the right 
direction. This step is really the crucial one in many analyses If we can find a 
satisfactory measure of effectiveness, we are likely to be able to do a good analy- 
sis, if not, the outcome is always going to be in doubt Do we have a satisfactory 
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scheme here 9 Not completely Deterrence is an aspect of the mind, and of the 
enemy’s mind at that If we have two systems, one of which will have 500 
strategic missiles surviving an enemy first attack and another only 250 , it is not 
possible to say how much more deterrence the system with twice as many 
surviving missiles will supply 

(3) As the next step, we forecast, or make assumptions, about the political 
and military environment in which our defensive system is to operate Here, 
questions such as the following are relevant Do we need to consider scenarios 
(that is, hypothetical sequences of plausible events) m which the war starts as a 
result of the degeneration of a cnsis situation, or deliberate escalation, or, as is 
often assumed, solely by an attack from “out of the blue” 9 Because the differ- 
ent alternatives may have different states of alertness or readiness or different 
costs to maintain them in a state of alertness or readiness, the assumptions about 
how a war is likely to start may drastically affect the comparison 

(4) Now we must define the alternative systems (They must be examined for 
feasibility, and cut down to a reasonable number that differ only m significant 
aspects ) There are at least two The most obvious alternative of all is to provide 
no defense whatsoever, and to use the available funds to buy additional missiles 

(5) Choose the approach Shall we compare the alternatives for a fixed bud- 
get, or shall we first fix the mission requirements 9 Smce we very likely have no 
idea how many surviving missiles will be needed to attam deterrence, but may 
have a good idea of how much money will be available to buy defense, it looks 
reasonable to take the approach of fixing the budget and seeking to maximize 
effectiveness In fact, we can formulate our criterion or rule of choice on this 
basis and suggest adopting the alternative which, for the fixed cost, leads to the 
greatest number of surviving missiles 

(6) Formulate a scheme or model for working out the costs This, to be use- 
ful, must be capable of taking account of changes in operating philosophy 
during development. As a first approximation, this cost can be the dollars or 
their equivalent required to maintain the current force, plus the cost of aug- 
menting it either with a defense of one kind or another or with more missiles 
To carry the analysis further, we need to find out what forces are obtamable 
with a given budget This is not necessarily an easy or a simple job We should 
explore the significant resource restramts and also the nonmonetary costs There 
may be undesirable side effects that may interfere with implementing the 
program— say, that anse from the location selected for the launching sites— that 
require looking into 

(7) Develop a model to evaluate the alternatives What we are looking for is 
a scheme or process— a set of mathematical equations or a computer program, 
for instance— that will project, for each choice of alternative, the number of sur- 
viving missiles under various assumptions These assumptions must specify, 
among other things, the given budget, the properties of the enemy attacking 
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missiles (accuracy, reliability, destructive power, numbers, etc ), the properties 
of the alternatives (reliability, probability of shooting down an attacking missile, 
etc), and the properties of the missiles bemg attacked (hardness, location, 
number, etc ) 

Let us not derive a cost model but simply assume that M = the number of 
undefended missiles we can buy with the given budget; s M = the cost of one un 
defended missile, and s D = the cost of defense for that one missile Then 
Ms m = the given budget and + s D = the cost to defend the missile plus the 
missile itself 

The effectiveness model described here is based on one used by Burke [1963] 
for examining hard point defense of missile sites, the idea for the example was 
suggested by Specht [1968] . 

Factors that are relevant to any effectiveness model are A = number of shots 
“fired” at our missiles by an attacker, p = probability that one such shot kills an 
undefended missile; and Pq = probability that one shot kills a defended missile 

Consider first the case of an attack upon an undefended missile force If there 
are A attacking shots against M targets, then there are A/M shots per target In 
order to simplify the arithmetic m this presentation, we assume that the number 
AfM is an integer The probability that the missile survives all A/M shots is 
(1 - p) A ^ M , and the expected number of missiles that survive the attack is then 
M{ 1 - p) A/M 

The numerical value obtained from this model depends on still other models 
For example, consider the probability, p, that a “shot” kills an undefended 
target In this case, its value must be calculated by making assumptions about 
the character of the target, about accuracy, and about the attacking weapon 

Now for the defended force. Since we know the total budget, Msm, and the 
cost of a missile plus its defense, s fl f +s D , the number of defended missiles we 
can purchase for the given budget is Ms M j{s M + s D ) 

In a defended case, we assume the same number of attackers. A, but with a 
reduced kill probability, p D , due to the defense The number of attackers or 
shots per defended missile is then 

A Ms m _ A(s m + s d ) 

S M + S D Msm 

Again we made the simplifying assumption (for this example, but not for the 
original analysis) that the number of attackers per missile is an integer. Then, 
as before, given the Pd is the probability that a defended missile is destroyed 
by one attacker, the probability that the missile survives all attackers is 

(1 - Po) A _ 

Hence, the expected number of defended missiles to survive the full attack is 
the above probability multiplied by the number of such missiles 
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Now, recall the criterion. We decided to recommend buying defense for the 
missile force if this leads to a greater number of missiles surviving Comparing 
expected values, we would buy a defense system provided - 

— (1 - p D ) A (sm + sd)IMs m > _ p ^A IM 

S M +S D 

Given several choices, we would buy that defense for which the left hand side 
turned out to be the greatest For certain reasons it may also be necessary to 
examine the entire probability distribution of the number of surviving missiles; 
however, this will not be considered in this example 

It must be obvious to you that we have omitted a number of important fac- 
tors from the analysis We have not considered the possibility of buying defense 
for only part of the force We have not considered ways to decrease the cost of 
defense— say, by grouping together or hiding our missiles Of course, we wouldn’t 
want to lude too well (for if the enemy didn’t know we had our offensive mis- 
siles, we would not have deterrence), or to group them too closely so that one 
attacker could destroy more than one missile. We have not considered other 
pohcies for the attacker— using reconnaissance between shots to avoid hitting 
already destroyed missiles, or saturation, or attacking the defenses themselves 
first, for example 

These factors could all be taken into account by more complex models and 
more costly analysis You could think of others Warnings, decoys, electromc 
countermeasures 

(8) See that the major uncertainties are thoroughly explored. We want to 
know whether or not the important differences stem from unresolvable un- 
certainties about the future state of the world or from matters of engineering. 
For example, we have not said anything about the risk and possible time delays 
m development We also want to perform sensitivity analyses, in order to find 
out how our lack of certainty about the values of vanous parameters affect the 
results For example, we might want to study the dependence of the kill prob- 
ability on the attacker’s accuracy and on the hardness of the sites. This would 
require investigating another, more specialized model In general, we want to 
vary key parameters both one by one and m sets, say, using some Monte Carlo 
technique across a range of values 

(9) Consider the factors thus far not taken into account. There are considera- 
tions in the problem, that is, idealizations, or omissions from the model, that 
cannot be treated easily in any mathematical way For example, su ;h intangibles 
as the values, military and political, that may come just from owning a larger 
missile force apart from survival m the attacks considered, or from having a 
defense even though inefficient, for it may boost civilian morale, or how the 
possession of a defensive system may affect arms limitations talk 

(10) Decide what, if anything, we can recommend on the basis of the analysis 
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Military applications of forecasting and inventory control have been very cost 
effective. Of special note are studies on decision rules to determine whether to 
retain or dispose of stock m excess of normal stock quantities by Kaplan [1969] 
Policies for stocking insurance items — items which rarely if ever need replacement 
but require a few spares because of their critical nature and long leadtime for 
reorder— are treated in Deemer [1969] . A statistical treatment of inventory 
analysis is given m Campbell [1967] Inventory control models used in the U S 
Navy are discussed in Schrady [1971] . Kamins and McCall [1961] have mathe- 
matically arrived at rules for replacement of aircraft and missile parts 

The decision whether to repair an item of equipment is ordinarily based on 
economic catena, that is, on such factors as repair, replacement, and support 
costs, salvage value, hfe expectancy, obsolescence, time to repair, and so on A 
complete decision logic repair network for repair/discard decisions has been 
developed, usmg repair expenditure limits based on economic rationality (Logis- 
tic Management Institute [1968]) See also Bell and Kamins [1963] and 
Feeney, etal [1963] 

Simulations, both manual and computer, have been widely used to study 
military logistics problems An outstanding example is SAMSOM, an acronym 
for Support-Availabihty Multi-System Operations Model It is a computer 
simulation model designed to study the influence of resource and policy changes 
on aircraft capabilities— that is, the interactions between logistics and operations 
It considers aircraft charactenstics of reliability and maintainability by sub- 
system, operational and logistics pohcies and schedules, and the manpower and 
aerospace ground equipment needs for the support of such pohcies and sched- 
ules. See Bell [1968] , Bell and Smith [1962] , and Smith, [1964] Simulation 
was also used to develop and evaluate alternative pohcies for logistic support 
of the intercontinental ballistic missile system, based on new operational pohcies 

Applications have also been made to manpower problems An early example 
concerns the utilization of blacks in the U S Army (Hausrath [1954] , a later 
example is Canby [1972] ) 

2 2 Airlift and Sealift 

An early application of transportation theory was the scheduling of a military 
tanker fleet (Flood [1954] ). In examining the design requirements for counter- 
insurgency and tactical aircraft, the availability of airfields is important The 
influence of airfield availability on airplane requirements was studied by Kamrass 
and Navarro [1967]. 

Analytic work on the Berlin airlift involved linear programming Manne 
[1956] provides an example where an initially simple analysis became more 
complex and realistic as the problem began to be understood. The analysis 
evolved from the first hnear program to a dynamic model, and ended as a 
combmation dynamic model and simulation. Summerfield [1961] descnbes 
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a Monte Carlo model used to investigate military airlift, including the transition 
from peace to war The characteristics of items preferred for air cargo are con 
sidered in Glazer et al [1961]. 

3 COMBAT OPERATIONS 

The initial purpose of OR was to investigate the operational performance of nev, 
equipment or weapons, with a view to suggesting improvements either in the 
instrument or m the way it was to be used Good descriptions of World War II 
methods are found in Blackett [1948] , in the Summary Technical Report of the 
National Defense Research Committee [1946] , and in Morse and Kimball 
[1951] 

OR, earned out by military staff units, still has chiefly the above functions 
In tactical areas, OR work on weapon or equipment performance can often be 
tested against field data from experiments and planned field exercises, such as 
mock sir battles, and sometimes against actual combat operations Proven 
techniques have sometimes emerged. In fact, no other area of application has 
been a more fertile place for the invention and development of OR techniques 
Almost every aspect of combat operations has been the subject of analyses, too 
many for us to do more than briefly mention a few of the more active. 

Problems m this section are often complicated and may require sophisticated 
and complex techniques Following Shubik and Brewer [1972], four ap- 
proaches to their solution can be distinguished analytic (mathematical) models, 
machine simulations, man-machine games, and manual games. Since the applica- 
tions are varied and difficult to classify, the discussion is divided mto sections 
according to the principal technique used 

3.1 Analytic Models 

An analytic model tends to be abstract, to treat very few variables, and to force 
quite drastic simplifications on the problem. Hence, they are usually too re- 
stricted to solve an actual operational problem directly. But they often provide 
valuable insight, as many game theory models do 

Applications of mathematical modeling to bombing, anti-aircraft, artillery, and 
missile firing problems abound Vanous studies take mto account two or more 
factors that influence a choice of tactics, such as the geometry of the target 
aim point, number of bombs or rounds, firing pattern, aiming errors, damage 
function, vulnerability of the target, and so on. Much World War II OR dealt 
with this sort of problem, see Germond and Hastings [1944] , Brothers [1954] , 
Kolmogorov [1948] , and Langner [1944] . 

With the advent of nuclear weapons, rockets, and b allis tic missiles, the param- 
eters of interest for today’s problems changed. Calculations for the same types 
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of application are still being carried out In some cases they duplicate earlier 
work. Soviet work is discussed m a translation of Kirillov [I960] ; Echler and 
Burr [1972] provide a summary of this topic, plus that of missile allocation 
Many military problems are concerned with the allocation of forces in space 
and/or in time to combat Others are concerned with duels (for example, be- 
tween tank and tank or aircraft and aircraft or tank and aircraft— see Dresher 
[1961]), or with pursuit and search (aircraft looking for a submanne, for 
instance-see Isaacs [1965]) The theory of games has been applied to many 
such problems, leadmg, at a minimum, to an increase in understanding and some- 
times, to rules for practical use 

Certain aspects of warfare have been represented by game-theoretic mathe- 
matical models in which two-sided (even sometimes more than two-sided) 
combat is considered explicitly, usmg zero-sum theory However, combat situa- 
tions more complex than simple tactical encounters are frequently not well 
represented by “zero-sum games” because they may, as m nuclear warfare, not 
be situations of pure opposition Furthermore, elements omitted from the 
analysis in the interests of tractabihty— “human factors,” for example— may be 
crucial to understanding what is gomg on Useful applications have been made, 
nevertheless, to military doctrine (Haywood [1954] ), to tactical air war (Fulker- 
son and Johnson [1957] and Berkovitz and Dresher [1959]), and to fighter 
versus bomber combat (Caywood and Thomas [1955] ), for instance 
On the whole, the military applications of game theory have been of more 
benefit to the way one thinks about conflict situations than they have to practi- 
cal use Clayton Thomas [1964] of Operations Analysis Office USAF, put it 
this way. 

Applications of game theory have been neither nonexistent on the one hand, 
nor yet very dangerous to sound defense planning on the other hand The 
theory has been most useful at a ‘tactical’ level, well below that of “grand 
strategy.” 

Certain principles— for example, that of “no soft-spot” (Dresher [1961]), 
which holds that each defended target should restrict the attacker to the same 
payoff— has had considerable application m the allocation of defenses 


3 2 Machine Simulation 

Machine simulation of military problems, m contrast to mathematical modeling, 
tends to involve many more variables and to make almost a fetish of “realism ” 
Large-scale computer simulations have been rather easy to “sell,” and hence, 
there are literally hundreds of such simulations in the Department of Defense’s 
current inventory. The large-scale simulations are very costly. In their survey 
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of models, simulations, and games (MSGs), Shubik and Brewer [1972] conclude 

There is every indication that the larger MSGs have been of little utility 
The size, length of time under development, and generality of an MSG all 
appear to be directly related to the difficulty of controlling, validating, and 
usmg it Undesirable outcomes resulting from changes in personnel, bad 
documentation, poor conceptualization, and poor professional communica- 
tion and review are only exagerated with large MSGs 

Large-scale digital simulations of strategic bombmg operations are common 
An early example was the Strategic Operations Model, developed at Rand as a 
strategic planning aid (Dalkey and Wegner [195S] ) It was an attempt to simu- 
late, usmg a high-speed computer, most of the major elements in a strategic air 
war It followed through, in time, the detailed areas of base operations, dis- 
patching planes and flying them along their routes, refueling, attacks by lighten 
and local defenses, bomb damage to the offensive installations, and restriction 
of the operations by fallout— all within the concrete limitations of geography, 
forces in being, aircraft characteristics, defense effectiveness, base capacities, 
and weapon effects 

This model, and similar simulations, deal with war in a straightforward fashion 
—about the way anyone might think through the course of a two-sided conflict 
if he could keep track of all the details They start with a list of initial condi 
tions for each side, namely, aircraft (bombers, tankers, transports), bomber 
bases, defense installations (radar sites, local defense sites, and fighter bases), 
including the status of all these. In addition, there must be a set of plans for 
each side These plans are much more than mere control schedules of takeoffs 
and check points They must take into account contingencies that arise dunng 
the course of the war, and allow for alternative actions 
The Forward Air Strike Evaluation Model (FAST-VAL) (Lind [1965]) mea- 
sures the influence of close air support, mortars, and small arms on the outcome 
of a fire fight involving infantry engagements of regimental size or smaller The 
model has been developed m considerable detail, and follows the situation bemg 
modeled in a reasonably straightforward manner (Spring and Miller [1970]) 

A somewhat different type of study considers complex interactions among 
military, technical, geopolitical, and socioeconomic factors, which constitute 
major problems for countennfiltration programs intended to inhibit the move- 
ment of hostile forces across defined boundaries. A report by Schilling and Tur- 
ner [1971] describes two versions of an on-line computer program that in- 
corporates the methodology of a model of border control developed in (Schilling 
[1970]) It enables the user to analyze insurgency situations without mathe- 
matical manipulations The computerized versions of the model permit the 
ready investigation of specific situations and the rapid testing of new concepts 
with regard to their probable utility under different contingencies It also per- 
mits testmg of quantitative sensitivity analyses of candidate border secunty 
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systems and programs Outputs include a detailed account and projected time 
sequence of the number of guerrillas m the area of interest as a result of infiltra- 
tion, interdiction, recruitment, and attrition For any future date, these numeri- 
cal data are given in terms of actual numbers, area densities, and rates of change 

3.3 War Gaming 

War Gaming, or operational gaming, as it is usually called outside of the military, 
is highly intertwined with both game theory and simulation, and is often applied 
to the use of any analytic model or simulation to investigate conflict, a use 
tendmg to encompass all military OR. (Gaming is discussed in the chapter 
III-5 on Game Theory and Gaming, m the companion volume, Handbook of 
Operations Research Foundations and Fundamentals ) 

In this type of game, computers may be used to assist the players, but often 
only m a simple bookkeeping role OR has converted the classical military three- 
room war game (Young [1959]), originally used largely for tactical training and 
the exploration of projected campaigns (Hoffman, et al [1952] ), into a modem 
research tool A good description of the development of war gaming is given 
in Thomas [1961] , and of the methods in McHugh [1966] and Werner [1959] . 

A good example of free-form games are those in the SIERRA senes of war 
games, descnbed by Paxson [1963] and Weiner [1959] The research objec- 
tives were to uncover possible deficiencies in military capabilities, m doctnne, 
and m weapons systems for the prosecution of limited wars and to suggest 
feasible improvements. These were “free” games, replete with planning factors 
However, the events were generally adjudicated by umpires rather than by com- 
pletely prescnbed rules Games of this type have been used to compare differ- 
ent weapons, to examine force requirements, and to compare programs for 
military assistance (Wolf [1962]) Such games may be simple and informal, 
for example, Morse’s [1953] solution of an antisubmarine air search problem, or 
highly aggregated with extensive computer support, for example, Bruner and 
Flournoy’s [1970] technique for evaluating the structure of U S Army forces 
Games may also take the form of extensive exercises involving troops and 
equipment, for example. Sagebrush Such games provide valuable lessons; the 
summary for Sagebrush contained no fewer than 78 recommendations, a num- 
ber of which were implemented at Department of Defense and Department of 
Air Force Levels (Deems [1956]) The Combat Development Center at Fort 
Ord, Cahfomia, has conducted what are, in essence, Monte Carlo war games 
played with actual troops and equipment 
Man-machine games involve both a digital or an analogue computer and 
people playmg roles in the situation being modeled The people are there be- 
cause human factors— judgment and intuition— are important and difficult to 
model, but sometimes because they are simply cheaper than software 
Early examples of man-machine simulation were the air-defense experiments 
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earned out at Rand’s Systems Research Laboratory between 1952 and 1954 
(Chapman, et al [1959], Kennedy and Chapman [1955]) As a consequence 
of these experiments, the Systems Development Corporation has founded and 
undertaken much of the training of personnel for U S. air defense 
The Tactical Air Ground Study (TAGS) is an early example of a man-machine 
game played on a general analogue computer (Siska et al [1954] and Brom 
[1955] ) This game emphasized the allocation problems of tactical air com 
manders m a major theater who must assign daily, in some proportion, their 
residual stocks of combat-ready fighters, fighter bombers, and bombers to 
counter-air (against airfields), interdiction, and close support of ground forces 
Subsequently, Berkowitz and Dresher [1959] were able to formulate analyti 
cally, and solve by game theory, a very slightly simplified version of TAGS 
Man-machine gaming exercises are currently httle used m the military, except 
for teaching or training m staff colleges (Shubik and Brewer [1972] pp. 60-66) 

3 4 Judgmental Methods 

The first use of Delphi in a military context (Dalkey and Helmer [1963]) 
involved a 1951 use of experts to estimate bombing requirements against in- 
dustrial targets Recently, Delphi methods have been widely used by the 
military, largely for technological forecasting (Martino [1972]) 

The ever-present, hard-to-quantify, political aspects of a complex decision 
sequence are addressed explicitly by the contextual study approach (Ellis and 
Greene [1960] ). The method, used in conjunction with war gaming, is designed 
as a means for accounting for the dynamic interaction of political variables with 
physical vanables 

4. FORCE POSTURE 

“All military problems are, in one of their aspects economic problems in the 
efficient allocation of resources” (Hitch and McKean [I960]) 

Unless the time available is too short, there is, typically, an infinity of ways to 
carry out a military mission— different strategies, tactics, forces, and weapons 
and, in addition, different ways to develop, procure, and maintain forces and 
weapons. OR can be and is used to help in the choices that must be made For 
resource allocation at an early stage, however, the traditional formulation of 
problems in terms of ends and means must be expanded— ends and means interact 

By that interaction is meant that what are objectives from one point of view 
are means from another, that what is worth trying to do depends on what is 
possible to do, or on how effective the means for doing it are, and that any 
given objective is likely to be one of a number of alternative ways of achiev- 
ing a still broader objective (Enthoven [1962]). 
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OR applied to the determination of force posture— that is, to the selection of 
future weapons systems and to the management of the process for developing 
and acquiring these weapons— is usually called systems analysis The problems 
are varied and complex, for examples and their difficulties, see Quade [1964], 
Tucker [1966], Enke [1967], Quade and Boucher [1968], and Enthoven and 
Smith [1971] 

The use of OR at the national policy level has been much criticized, particularly 
with respect to two important tools of defense management— cost-effectiveness 
and the Plannmg-Programming-Budgeting System (PPBS) 

4 1 Cost-Effectiveness 

The term “cost-effectiveness” refers to military-economic studies, which compare 
alternative ways of accomplishing national security objectives by trying to 
determine the way that contributes the most for a given cost or achieves a given 
objective for the least cost 

High costs have spawned many applications of OR to the tradeoffs between 
quantity and performance of military hardware. These are sometimes simple 
expositions For example, Bergey [1972] points out that since the F-14 costs 
five tunes as much as the F-4, eight times as much as the F-8, and ten tunes as 
much as the A-4M, according to the Lanchester Square Law, it would have to be 
25, 64, and 100 times as effective, respectively, as these other aircraft, m order 
to justify the smaller procurement quantities available with a fixed budget. 

To illustrate cost-effectiveness analysis, assume there is a requirement for an 
expanded world-wide secure and reliable military communications system While 
other alternatives are possible, suppose the following are under consideration. 

A An unproved wideband and HF system, using conventional media such as 
cables, land hnes, commercial satellites, etc 

B A synchronous satellite system, dedicated to military uses, consisting of a 
number of satellites m an equatorial orbit with their associated ground 
terminals, adequate for world-wide coverage 

The analysis might proceed by determining the extent of these alternatives, so 
that they had almost equivalent effectiveness as measured by traffic capacity, or 
by traffic capacity and some combmation of other factors such as relative in- 
vulnerability under hypothesized combat conditions, redundancy, and availability 
The “total” systems costs (Fisher [1971]) for these alternatives could then be 
determined (Smce the costs for various aspects of the alternative systems would 
occur at different times, the costs would have to be discounted to the same date ) 

Unfortunately, certain of the cost elements or parameters are hkely to cause 
great uncertainty in the total costs, for example, the discount rate, because the 
systems might have mvestment and operating costs in widely differing propor- 
tions, or the overall mean-time-to-failure (MTBF) of the satellite system, or the 
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probability, P, of successful launch of the boosters, including initial and 
replenishment launchers 

Suppose MTBF andP are the significant uncertainties. A range of values would 
then be considered For example, a comparison might be constructed as m 
Figure 1 below. 

For a given probability of a successful launch, P, if the MTBF exceeds the 
value determined by the intersection of the curve and the cost line for A, thenB 
is supenor This data can be cross-plotted with P vs MTBF, to determine the 
regions m which either A or B is preferred 

Smce these graphs are based on specific values of many parameters other than 
MTBF and P, further analysis would be needed to assess the sensitivity of the 
results to uncertainties in these other parameters, for example, to costing (Fisher 
[1971]), especially if the analysis were done at an early stage before the systems 
were fully developed 

Sensitivity testmg is often done by considering variations in one vanable at a 
time If there are many uncertainties, Monte Carlo sampling is likely to be a 
more efficient method. 

The determination of the dollar and other costs of future systems is an im- 
portant aspect of cost-effectiveness analysis Although military cost and 
resource analysis has been developed to a greater extent than elsewhere in the 
government, cost overruns have been a major source of dissatisfaction with 
military programs The most thorough discussion of methods is found in Fisher 
[1971] 



Fig 1 Comparison of systems A and B for fixed effectiveness 
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4 2 Management 

Managerial decisions affecting a weapon system must be made throughout all 
phases of its life cycle, from conception and definition through acquisition, 
including development and production, to operation and final disposal OR 
techniques have found many applications here For the acquisition of individual 
weapons systems, these include the use of Gantt and milestone charts and the 
line of balance technique (LOB) to improve scheduling and status reporting and, 
for complex one-of-a-kind operations, the critical path method (CPM) or the 
program evaluation and review technique (PERT) (Holtz [1969]) 

To realize the most effective allocation of resources available to the Department 
of Defense, PPBS was adopted as the key instrument for managing its manifold 
and far-flung activities (Tucker [1966] , Novick [1965]) 

The PPBS was designed to provide 

(1) A set of program options, presented in a form that emphasized the program 
goals, indicating for each alternative, over an extended time penod, what the 
money spent would accomplish-say, strategic retaliation, continental defense, 
airlift and sealift — as opposed to how it would be spent— for manpower, construc- 
tion, procurement. 

(2) An analytic process to discover and design alternative programs, estimate 
their costs and effectiveness, rank them, and supply arguments pro and con 

(3) A data and management information system to tell the policymakers how 
their programs were getting along and to provide a means of control 

The characteristics of PPB thus forced a dependence on analysis and did much 
to increase its use in the Defense Department and m the Services proper 
Although the system has changed considerably and is still changing, largely due 
to criticism by Congress and the Services, the dependence on analysis remains 

4 3 Criticism of OR 

The report of the Subcommittee on National Security [1970] (p 1 1) offers an 
example: 

“The PPB approach was used to justify the purchase of a S277 million oil- 
fueled aircraft carrier that was obsolete before it was launched Also, a 
perversion of cost-effectiveness was used, after the fact, m the largest single 
military aircraft contract in history, to rationalize the choice of an airplane 
whose costs are soaring, if not its performance . ” 

Consider the attempt by the Navy to have the CVA-67 constructed as a nuclear 
earner. In reply to the Navy's request. Secretary' McNamara spelled out in detail 
the kinds of analysis he regarded as necessary Studies were done, but the 
Secretary did not find them convincing, and he made a further request for addi- 
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countermeasures and decoys, and so forth, ranged from simple map exercises to 
elaborate optimizations 

The Air Force estimated (. Life [1959]) that this analysis saved the U.S. over a 
billion dollars in base construction costs alone, but more importantly, it changed 
defense policy. This was the first study to raise as a major issue the vulnerability 
of SAC, then the world’s most powerful force, indicating that it might be 
rendered completely ineffective by an enemy attack As a result, the necessary 
fixes were adopted to protect SAC against the joint threat of aircraft and 
ballistic missiles, and the role of active air defense was reevaluated Originally 
commissioned as a logistics exercise to locate overseas bases, it became a study 
of U S strategic deterrent pohcy. Further discussion is found m Smith [1966] 

5 2 Political-Military Exercises 

Simulation and gaming have been applied to defense pohcy problems A good 
descnption of the history and methods of political gaming in the national 
secunty context is found in Goldhamer and Speier [1959] SAFE (Strategy and 
Force Evaluation), a manual game, examined alternatives in procurement 
strategies, research and development planning, strategic intelligence, force 
composition, and operational strategies (to test the precedmg planning) for a 
possible strategic air war (Helmer and Beckner [1961]) In an instruction version, 
it has been used as part of the curriculum for the first class of the U S Air Force 
Academy 

Politico-military exercises at the JCS level, based essentially on manual or free 
gaming (although with some computer assistance), were mentioned earlier. Im- 
mensely more sophisticated forms are available, however, making extensive use 
of on-line time-shared (OLTS) computing An example is XRAY (Paxson [1972] 
pp 78-81) Each exercise uses four teams Blue, Red, Yellow, and Green The 
first three simulate the core position at the highest decision-making level in their 
respective governments Green serves as staff for the other three, preparing 
special studies on request, plays the bureaucratic and pubhc surrounds of the 
decision cores, and represents all nations allied to Red, Blue, and Yellow, as well 
as the uncommitted and neutral nations 

An exercise has two major phases The teams first plan a total strategic posture 
for the next twelve years, staying under a year-by-year budget ceiling which nses 
in proportion to gross national product, and choosing weapon systems from a 
nch menu of existing and proposed systems. After intelligence information and 
an initial scenano, the teams are allowed to update their postures The next 
phase then starts, with the teams exchanging political and military blows of 
any mtensity, constrained only by Green in its roles of staff, domestic sector, 
and international actor. Coercive bargaining, offers to negotiate, delivery of 
ultimata can share the play with military events 
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The employment of OLTS computing is vital to the exercise The philosopn\ 
is to have previously constructed and stored independent modules (programs) 
for posture-planning, missile-defense managements, aircraft deployments 
bomber stream penetrations, fallout from surface bursts, and the like The 
modules are called up when required, the desired parameter values inserted 
and the results obtained almost instantaneously. 

The posture planning mode! (Fisher [1971] p. 286ff) is important and possibly 
the most dramatic of these modules The program has, m memory, cost descnp 
tions of programmed and feasible future weapon systems These include the 
time schedules for research and development costs, the overlapping production 
lead time momes, production and annual operating costs The posture planner 
can select dates to phase-m new systems or phase-out old ones Phase-in rates 
and final force levels can be prescribed The program allows for production 
learning— lower average cost per unit the more purchased— and readjusts pnces 
if a major component like an airplane is common to two or more systems A 
total posture may involve 30 or more weapon systems 

6. LITERATURE 

Since most military applications of OR are originally classified, examples of 
actual work found in the open literature tend to be out of date or to deal with 
peacetime operations, such as logistics or systems management For the latter, the 
Naval Research Logistics Quarterly is a nch source. Another is Operations 
Research Articles on other topics that have been rewntten to reduce their 
classification also appear there, and, with much less frequency, in the OR 
publications of foreign countnes 

Other sources are the publications of contractors m the defense industry and 
of research centers such as the Institute for Defense Analysis Of the latter, the 
publications of the Rand Corporation of Santa Monica, California (indexed in the 
quarterly Selected Rand Abstracts and deposited in many libraries) are the most 
extensive and easily available The Research Institute of National Defense, 10450 
Stockholm 80, Sweden, also issues a senes, FOA Reports 

For classified matenal, the Defense Documentation Center serves government 
agencies and nongovernment organizations that have contracts with the US 
Department of Defense For those with proper clearances, instructions and 
forms necessary for establishing service may be obtained from the Defense 
Documentation Center, Cameron Station, Alexandria, Virginia 22314. Classified 
papers also are presented twice a year at symposia sponsored by the Military 
Operations Research Society, 101 South Whiting Street, Alexandria, Virginia 
22304, and later published in it s Proceedings 

While classified matenal eventually reaches the open literature, the delay 
contnbutes to a tendency for analysts to redo analysis that has been done before. 
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Whitmore [1961] offers an example 

An illustration may be drawn from the history of air interdiction of trans- 
portation It is generally conceded that the tactical air bombing of the rail 
transportation net in Normandy made a signal contnbution to the success of 
the mvasion of Europe A detailed account is to be found in (Craven and 
Cate [1951]) It covers m particular the much-debated question of which 
method of attack was more lucrative— the attntion campaign by heavy 
bombers against rail centers and marshalling yards, or the precision attack 
by fighter/bombers against open rail lines and bndges As Craven and Cate 
notice, this remained an open question at the end of the campaign. Finally, 
an AAF evaluation board report based largely on French railway records 
concluded after a labonous examination of evidence and balancing of 
factors “The pre-D-day attacks against French rail centers were not 
necessary, and the 70,000 tons mvolved could have been devoted to 
alternative targets,” (Craven and Cate [1951] p 161) As a contributor 
to the report referenced, I am pleased that the interdiction attacks were 
inferentially preferred by the rejection of the rail-center attacks 
Whatever the internal debates about targeting modes, it should have been 
clear that transportation attacks were effective m isolating a battlefield, 
that tactical aircraft were excellent instruments for bombing rail and road 
nets, and that unified planning of such attacks was essential to ensure 
complete isolation Nevertheless, a study with which I was mvolved in 
the spring of 1951 found that the interdiction effort in Korea was splintered 
among several commands, that the transportation center argument was still 
raging, and that the rail-link analysis developed in Normandy was not being 
apphed. A more unified attack was planned a year later, but failed of enemy 
strangulation for a number of reasons, though the officer in charge was able 
to point to a significant drop m the number of enemy rounds of artillery 
delivered By 1955, 1 was still engaged in debating the value of interdiction 
attacks with members of a team studying limited war, most of whom were 
ignorant of the statistical evidence from the Normandy campaign 

Texts devoted to military OR are Zehna [1971] and Army [1968] There is 
a corresponding Russian text by Chuev [1970] Five excellent, but hypothetical, 
case studies of military systems analysis are to be found in Snyder [1967]. 
Bibliographical material on the military applications of OR is to be found in 
Malik [1969] and Shubik, et al [1972] 

OR has had extensive applications to military affairs and the applications can 
but increase in number Military operations are likely to become even more 
expensive and prone to catastrophe than they are today As a consequence, OR 
calculations, imperfect as they are, will more and more appear as desirable pre- 
cursors to such operations 
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1 INTRODUCTION 

Electricity is a means of moving energy from sources such as burning coal, oil or 
gas, falling water, or nuclear reactions, to demands for heat, light, or motion 
Electrical energy cannot be stored, but must be generated and dehvered as the 
demand arises Its inventory is in the form of the generation and delivery 
capacity, which the electric utility industry is charged with owning and opera ting 

A comprehensive mtroduction to the electric utility industry is contained in 
the four-volume 1970 National Power Survey published by the Federal Power 
Commission between 1970 and 1972 (FPC [1970]) Industry profiles, growth, 
fuels, generation, transmission, polution, esthetics, reliability, coordination, 
financing, and R&D are all covered with many examples from individual utilities 
Therefore, the following paragraphs will proceed directly to discussions of OR 
applications 

Two types of operations research (OR) activities have occurred m the utility 
industry. First came the team approach with operating personnel, engineers, 
mathematicians, and other disciplines tackling a problem and implementing the 
solution Dispatching— recognizing losses— is one example (Section 3 2), and 
generation reserve planning using probability methods is another (Section 4 1) 
The second type of activity includes techniques specifically identified with OR 
Short term forecasting, usmg exponential smoothing (Section 2 1), multi-system 
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dispatching, using diakoptics and decomposition (Section 3 6), and transmission 
network planning, usmg linear programming (LP) (Section 5), are examples 
The following sections cover OR-related activities in forecasting, operating, 
and investment planning Forecasting includes both peak rate of supply (power 
demand) and volume (energy demand) for both long-term investment decisions 
and short-term operating decisions Operating applications include allocation of 
output (dispatching), unit startup selection (unit commitment), hydrothermal 
coordination, and maintenance scheduling The investment planning applications 
cover the generation and transmission systems Operations research activities in 
the electric utility industry are expanding at such a rapid rate that not all ap 
plications and proposals could be mentioned The following material is offered 
as a base from winch the reader can launch into his own study of the industry 

2. LOAD FORECASTING 

Load forecasting in electric utilities involve three distinct features, the forecasted 
quantity, the time period and the method used 

A Quantity forecasted 

1 Megawatts 1 of peak power demand in a day, season, or year 

2 Shape of the demands curve in a day, week, or year 

3 Megawatt-hours of energy in a day, month, or year 
B Time period 

1 Short term-one hour to several weeks ahead 

2 Long term-one season to many years into the future 
C Forecasting methods used 

1 Same as a similar day or sequence of days 

2 Extrapolate a time senes 

3 Separate total mto components 

4 Correlate to other quantities such as weather, number of customers, or 
business indicators 

5 Movmg average 

6. Exponential smoothing 

Both energy and demand forecasting go on continually in a utility The 
financial departments forecast energy to estimate revenue, fuel expenses, etc , 
while the operating and planning departments forecast peak demand to schedule 
capacity changes In the same utility separate departments often make separate 
forecasts with occasional rivalry, each attempting to better the forecast accuracy 

1 Electric energy is measured m watt-hours and the rate of use is measured in watts Because 
one watt is such a small quantity the industry often refers to demands in millions of watts, 
a megawatt For example the peak load of the Baltimore Gas and Electric Co in 1973 was 
3,334,000,000 watts or 3,334 MW and the energy delivered during the year was 15,395,121 
MWhr 
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of the others This competitive atmosphere keeps each forecaster constantly 
looking for improved methods 

The goal of a forecast is to be within an acceptable margin such as 3%, and pre- 
ferably to errors less than 2% The measurement error for demand metered at 
the generators is in the order of 1% and thus, is a bound on the accuracy possible 
(Sandiford et al [1956] ) 


2.1 Short Term Forecasting 

What is the demand for electricity going to be at noon tomorrow 7 The experi- 
enced system operator will look at today’s demand at noon, look at the demand 
a week ago and its relation to the day before, and look at a time when the same 
sequence of weather was forecast By trendmg and weighting the data, taking 
into account special business activity, he forecasts the demand See for example, 
the TVA discussion of short term forecasting in the 1970 National Power 
Survey (FPC Committee [1970] ) 

This forecasting system is hard to improve Continual learning takes place as 
each forecast is checked a day later. A good data retrieval system is built up as 
an operator soon learns what to remember and what to ignore And a natural 
weighting of data occurs as older or less important data are forgotten 

In one case, which illustrates the difficulty in computerizing short term 
forecasts, a computer program to forecast one day ahead was sold to a mid- 
western utility To improve its accuracy and the chances for its acceptance, the 
system designer visited the dispatcher to learn the current forecasting method, 
planning to incorporate some of the procedure into his program The dispatcher, 
who had years of experience in forecasting but none with computers, could not 
understand why he should descnbe the present system, when the computer was 
going to tell him what the demand was gomg to be Later, when the completed 
system was installed, it was used for a few weeks and then run less and less as the 
dispatcher went back to his own methods He was tired of keeping the program 
data bank up-to-date when the forecasts weren’t any better than his own 

A more successful case is reported by Chen and Winters [1966] , who review 
the manual methods used by a utility and then use a four component model to 
predict peak load one day in advance Their model includes 

Peak Demand = Base + (Day of week effect) 

+ (Temperature effect) + (Cloud cover effect) 

The base and day-of-week effect values are updated by exponential smoothing, 
while the temperature and cloud effects are determined by regression analysis 
Their results indicated that about 65% of the time the errors will be less than 
3% During this same time the company, using the current procedure, made 
forecasts with twice that variation 

The base-plus-components method illustrated by Chen and Wmters has been 
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independently developed and applied by many utilities, and represents a a 
cessful application of both regression analysis to determine load versus weath 
effects, and of exponential smoothing to adapt the base and day-of-iveek effe 
values for each new daily data point 

Chnstiaanse [1971] describes an application of general exponential smoothing 
using a Founer senes of nine frequencies to forecast the next 24 hours of loads 
on the Amencan Electric Power System It is not being used because it did not 
improve forecast accuracy 

Others to approach the short range 24 -hour forecasting problem with impres- 
sive mathematical models and less than impressive acceptance have been Lijesen 
and Rosing [1971] and Gupta and Yamada [1972] They both analyze base, 
weekly effect, and weather effect data, and determine the base by a seven-day 
moving average Lijesen and Rosing then used the expected value or long term 
average over the season to determine the weekly effect and the two largest eigen- 
values in the covariance matrix in modeling the weather Gupta and Yamada use 
exponential smoothing to determine their weekly effect, and determine the 
weather effect by regression of load versus average temperature The discussois’ 
comments on both of these papers indicate the catena for application, the 
models are judged to be too cumbersome (were 1344 numbers really necessary 
or could 60 have done just as well), too linear (5° of temperature change has a 
different affect at 70° than at 90°), and generally too hard to explain to potential 
users 

Thompson’s discussion (Gupta and Yamada [1 972] ) is particularly enlightening, 
for he pomts out that data and model requirements do not always line up The 
Pacific Gas and Electnc territory encompasses four distinct weather areas and 
yet, load is monitored only as a single quantity, the total generation The four 
components of load are not available, and to gather them at the major delivery 
pomts (substations) would require extensive telemetering. Utilities with com- 
pact service areas, such as the Baltimore Gas and Electnc Co , are able to monitor 
their distribution system (Hubbard [1969] ), and their service area includes only 
one weather area Spread-out systems, which need more detailed data, find that 
data collection is very expensive. 

2.2 Long Term Forecasting 

Given the load history to date, what will be next summer’s peak load and the 
peak loads for the next 20 summers 9 How much energy will be demanded next 
July or for the whole year? Only once a year can the models used for these long 
term forecasts be checked and updated, as contrasted with the almost daily 
updating of short term models Their applications are also long term in nature, 
the budgetmg of revenue and expenses and the planning of capacity additions 
The forecasting procedures are those associated with nonstationary economic 
tune-senes analysis 

Long-term forecasting procedures for four utilities, Tennessee Valley Authority, 
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Pennsylvania Power & Light Co , Southern California Edison Co , and Common- 
wealth Edison Co (Chicago) are summarized in the Federal Power Commission’s 
1970 National Power Survey (FPC [1970]) All but Commonwealth begin by 
extrapolating energy use by classes of service such as commercial, domestic, 
agriculture, industrial, and others Then, the energies are added, to arnve at a 
total system energy for the season or year. The peak demand is computed by 
first denving a ratio of peak to total energy from histoncal records, and then 
multiplying by the energy forecast. No mention is made of forecasting more 
than an expected value 

Commonwealth Edison forecasts the peak demand directly, usmg a two 
component model, a base and a weather sensitive adder. The base load is deter- 
mined after removing the weather sensitive demand from the histoncal loads, 
along with a load component correlated to the Federal Reserve Board Index of 
Industnal Production and special items such as voltage reductions or industnal 
layoffs The weather sensitive component includes the effects of eight quantities, 
cooling degree days for three days, three dry bulb readings, and the relative 
humidity two hours before the peak and the year and day number The final 
forecast is an expected value, with possible vanations stated with probabilities 

Lev [1970] studied Commonwealth’s monthly peak demand forecasting 
expenence for the years 1959 through 1966 and concluded that the distribution 
of the errors was affected more by the month to be predicted than by the time 
interval from prediction to realization For example, the December demand 
can be predicted ten months ahead with the same accuracy as predicting the 
September peak one month ahead Lev concludes that the frequent forecast 
updating, which occurs every 3 to 6 months m actual practice, is of questionable 
value 

Public Service Electric & Gas (New Jersey) also remove a weather sensitive 
component of peak demand before “trending” the growth of the base (Heine- 
mann et al [1966]) The weather variable used m the linear regression of 
demand versus weather includes such items as wet and dry bulb temperatures, 
relative humidity, and a heat build-up factor A third component of unexplained 
vanabihty was also included. More work on the model was needed because a 
vanation of 5 8% from the forecast resulted when nine years of history were 
checked and the average error was 2 4% Several additional factors, such as 
business levels, were suggested by the discussors of this paper Discussions by 
utilities m Cleveland, the Northwest, Rochester, N.Y , Philadelphia, and Long 
Island indicate the widespread modeling of the weather effects for removal 
before forecasting system growth 

The study of the weather-sensitive component of load was accelerated m 1966, 
when several midwest utilities expenenced peak demands 8% higher than ex- 
pected Two relatively cool summers followed by a very hot summer m 1966 
set them up for this forecasting error Umon Electnc (St. Louis), one of the 
utilities affected, now separates the weather sensitive demand into residential 
and commercial components (Kind [1969]) The base component, modeled 
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using an exponentially weighted regression function, grows at 6% per year, whJe 
the weather sensitive demand is growing at 14 to 16% a year, and in 1969 was 
|ths of the total summer peak demand Kind indicates that, while the quantita 
tive results have not differed significantly from those achieved in the past, the 
forecast is on a firmer basis and provides a measure of uncertainty 
The Purdue Energy Research & Education Center, after plotting demand 
versus temperature, fit a “U” shaped curve to the resulting scatter plot (FPC 
[1970] , Stanton & Gupta, [1970] ) Three line segments are fitted to the plot 
fay assuming two temperatures between which the load is insensitive to tem 
perature The magnitude of this temperature-insensitive load and the rates 
of change of load with winter and summer temperatures are solved for by linear 
regression 

The Stanton and Gupta method was tried by several utilities but has not been 
widely adopted The results were found to be very dependent on the tempera 
ture range selected for the insensitive load portion of the “U” curve The 
forecasts were not considered enough of an improvement over existing methods 
to warrant the additional effort Broussard of Gulf States Utilities (Stanton and 
Gupta discussor [1970]) indicates that, over a period of six years, forecasts of 
peak demand made with the least sum minimization method have been 1 4% low 
to 2 6% high and sees no need to go to more complicated methods 
The Louisiana Power & Light Co (Davey et al. [1973]) used multiple regres- 
sion to fit the daily peak loads for a summer season, resultmg in the following 
expression for a summer season daily peak 

Load = -1464 

+ 119 (°F at 3 p m on the current day) 

+7 3 (°F at noon on the current day) 

+4.1 (°F average of three days) 

+ 1 .9 (relative humidity at 3 p m., current day) 

+1 5 (°F average of 3 previous days) 

- 2.9 (wind velocity at noon, current day) 

These are not independent variables, and so the model might be judged mfenor 
by a statistician However, it works well, and is being used for forecasting sum- 
mer peaks 5 to 1 0 years m the future By providmg a weather-sensitive model 
for each past year and playing 12 years of weather history (the amount avail- 
able) agamts each year’s model a distribution is built up, plotted on semi-log 
paper, and projected (Figure 1) The mean annual peak loads are extrapolated 
graphically, and any trend in the variance is also extrapolated 
A 1972 survey of load forecasting methods (EEI [1973b]) reported that 
30 of 57 companies include some type of weather factor in their forecasts 
But weather is only one factor that influences load Additional components 
are needed to explam load growth Latham, et al [1968] describes how the 
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Public Service Electric and Gas Co forecasts the energy for a month, usmg four 
components 

1 Number of Residential Customers 

2 Basic KWH Use Per Customer 

3 Residential Coolmg Energy-Factor 

4 Weather Variable 

They use a combination of historical data and expenence judgement to form 
normal distributions of all four components The experienced judgement is 
quantified as subjective distributions by asking knowledgeable personnel to 

complete statements such as “There is one chance in that the number of 

residential customers next year will exceed ” After the distributions are 

merged, taking mto account correlation, the results are reported in the same 
understandable manner, e g , “There is one chance in 2 of the energy in June 
next year exceeding X MWHr, one chance in 4 of exceeding Y MWHr, etc ” 

News of TVA (Latham, et al discussor [1968]) describes the use of Monte 
Carlo gaming to merge their distributions which are not required to be normal 
Latham, in the closure, indicates a major savings in computer time by avoiding 
Monte Carlo calculations 
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Utility forecasters, demonstrating their natural conservatism in long range 

forecasts, reported that 57 utility 1971/72 peak forecasts made ten years earlier 

were an average of 6% below the peaks actually experienced (EEI [1973b]) 
Forecasts made Five years before the data were 1 .5% below the actual peak 
while one year before were 2% above the actual value. The natural tendency m 
long term forecasts is to judge that a 1 % to 8% growth rate cannot continue and 
so a tapering off is predicted about five years m the future Then, as the distant 
future comes closer and the growth rate has been sustained or even accelerated 
the forecasts are mcreased A one year forecast suffers from another form of 
conservatism, the penalties for being too high are less severe than those for 
being too low, encouraging a forecast that overshoots the actual peak 
One hour to 30 year forecasting models have been proposed, using simple 
trends, exponential smoothmg, and multiple regression. The successful applies 
tions cluster around simple-to-explain models, usually developed by the user and 
requiring easily obtainable input data No matter how sophisticated the method, 
the forecasts are reviewed and modified by experienced judgement (EEI [1973b]) 

3 OPERATIONS PLANNING 

Operations planning selects the generating units to synchronize to the system 
and the load sharing between operating units The costs of operating these 
units, whether powered by falling water, burning fuel, or nuclear reaction, is to 
be minimized, subject to serving the ever changing load from a secure system 
state 

Seven operations subjects, including security, will be discussed in this section 
Table 1 is offered as guide to the reader wishing to locate particular operations 
research topics 

3 1 Dispatching Ignoring Losses 

Dispatching is the allocation of demand (load) among operating electnc power 
generators When the electrical energy losses are small, as in compact city net- 
works, then the dispatching problem appears m its simplest form For example, 
if the two units in Figure 2 are to serve a 60-MW load, how should they share the 
load to minimize fuel costs? The dispatch problem is to minimize fuel costs 
while serving the total load, and with all units operating between their minimum 
and maximum output limits 

Minimize £ FUELCOST (1) 

all 

units 

Subject to £ POWER = LOAD (2) 

all 

units 
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TABLE 1 OPERATIONS RESEARCH 
TOPICS RELATED TO POWER 
SYSTEM OPERATION 



Subject 

OR Topic Keys 

1 

Dispatching Ignoring Lossesf 

LP, NLP, DP 

2 

Dispatching Including Losses 

LP, NLP 

3 

Hydro-Thermal Coordination 

LP, NLP, DP 

4 

Unit Commitment 

IP, DP, SP 

5 

Secunty 

LP, NLP, NF 

6 

Dispatching Large Systems 

D&D, NF 

7 

Maintenance Scheduling 

IP 

Key LP Linear Programming 

NLP Non-Linear Programming 
IP Integer Programming 

DP Dynamic Programming 
SP Stochastic Processes 

NF Network Flows 



D&D Decomposition & Diakoptics 


fThe word “dispatching” in the context of electric 
utilities means “scheduling of production” 


PMIN < POWER < PMAX for all operating units (3) 

POWER = 0 for all non-operating units (4) 

The FUELCOST for each unit is a function of the POWER output (Figure 3), 
and FUELCOST = 0 if POWER = 0 

As early as 1933 it was recognized that the units should be operated at equal 
incremental costs (Steinberg and Smith [1943]) The industry refers to this 
incremental cost as the system “lambda,” acknowledging its ongin in the proof 
using Langrange multipliers A digital computer determines the dispatch by 
mterating on lambda, usmg the incremental cost curves of Figure 4 Once the 
outputs of the two machines add to the total the interations stop 
Equal incremental dispatching is discussed in detail m Kirchmayer [1958] and 


50 MW 


70 MW 


Generators 
Busbar C 


Load 


60 MW 


Fig 2 Symbolic diagram of electric power dispatch problem 
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Fig 3. Power generator input-output curves 

is also presented in Stevenson [1962], Knight [1972], and Sasson &. Memll 
[1974] 

Equal incremental dispatching is universally accepted and implemented in 
modern dispatch computers, but not without some complications Secure 
operating states must be used, losses are significant in a dispersed system, and 
the input-output curves of the individual units are not linear or quadratic func- 
tions We will consider this last problem of input-output in more detail. 

Most generatmg units m the U S. have more than one steam valve to control 
the output of the unit These valves cause “valve loops” in the input-output 
curve (Figure 5 (IEEE Committee [1971]) Operating with a valve just cracked 
open causes very high throttling losses, and so this operating point is to be 
avoided In 1959, a team of experts m thermodynamics, mathematics, and 
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Fig 4. Power generator incremental cost curves and system. 
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Power (MW) 

Fig 5 Generator input-output curve with valve loops 


optimization began developing an accurate method for calculating an input- 
output curve and optimizing a dispatch recognizing the exact nonlinear function 
[Ringlee and Williams, 1963] . Using dynamic programming (DP), optimum 
dispatches were determined exactly and then compared with various approximate 
methods The results showed that an input-output model, using stepped- 
mcrementals, gave consistently lower costs than the sloped incrementals shown 
m Figure 4, which was almost universally used in the industry 
Ten years later, sloped-incremental cost curves are still widely used m the 
industry, even though stepped incrementals have been shown to give lower cost 
The reason is the difficulty of accurately knowing where the valve loops are 
located If the model indicates that 50 MW may be the output before openmg 
the next value, and due to aging or other causes the valve now opens at 49 MW, 
then stepped-mcremental dispatching, which places most outputs at the start 
of the next step, 50 MW, will cause the unit to operate with a valve cracked 
open, precisely its worst point There is no easy way to leam when a valve is 
about to open A few utilities have installed special equipment to monitor 
throttle pressures and temperatures to detect valve openings and send these 
signals or some composite back to the central dispatch office Therefore, 
dispatching recognizing valve loops must wait until accurate data becomes 
available at the central dispatch office 

3 2 Dispatching, Including Losses 

Transmitting electnc power is accompanied by energy losses The largest loss 
component is heatmg computed by the current-squared times the resistance, 
(Chapter 2 of Stevenson [1962] ) The greater the distance the higher the resis- 
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tance, and the greater the power the higher the current at a given voltage There 
fore, when the generating units and loads are dispersed in a network such as 
Figure 6, it is more economical to generate power at slightly higher incremental 
cost closer to the loads and incur lower losses, than to generate at the same 
incremental cost but at a distant location 
The losses enter into the constraint Eq (2) as follows 

£ POWER = LOAD + LOSSES, ( 5) 

all units 

where the LOSSES are a nonlinear function of the POWER variables The 
practical method for handling this nonlinear constraint hasbeentofitaquadradic 
function of the POWER variables to the LOSSES function and denve penalty 
factors to modify each unit’s incremental cost before equatmg it to the system 
lambda It was first proposed in 1943 but became practical only after Gabnel 
Kron developed a senes of loss invanent transformations, making it possible to 
compute the loss formula coefficients, termed “B” constants (Kirchmayer 
[1958]) 

The loss formula method was developed by a team approach' utility operators, 
who would implement the methods, working with a mathematician and an elec- 
trical engineer Then results showed that loss formula dispatches save about 
$150,000 on a system with loads varying from 800 to 1900 MW and served by 
eight steam plants (Kirchmayer [1958] ) The loss formula approach has gained 
wide industry application (Lamont and Tudor [1970]) but does require some 
importantjudgements and approximations (Dandeno [1960], Brownlee [1970]) 
Overcoming the loss formula approximations requires solving the network 
equations while minimizing the fuel costs The single equation (5) is replaced 
by two equations for every node m the network The first equation states 


50 MW 70 MW 



Fig 6 Network representation of dispatch problem 
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- that the real power summation around a node must equal zero 

POWER- LOAD = £ LINEFLOWS, (6) 

•I All lines 

at the node 

where LINEFLOWS are the power flows away from the node 
The second equation states that the reactive power summation around each 
node must equal zero 

; VARS - LOADVARS = £ LINEVARS, (7) 

All lines 
at the node 

where VARS are the reactive power generated at the node, LOADVARS are the 
reactive power demanded at the node, and LINEVARS are the reactive power 
flows away from the node Reactive power is required to supply electric fields, 
called excitation, to electrical motors, transformers, and around any electrical 
conductor Applying the Kuhn-Tucker conditions to this much expanded 
problem, and extendmg Newton’s method to include a steepest descent technique 
produced a minimum cost dispatch (Peschon, et al [1968] ) 

The publication of the Peschon et al paper m 1968 began a search for the best 
combination of mathematical programming methods and sparcity programming 
(Tinney and Hart [1967]) for solving the optimal load flow problem The 
methods of LP (Jolissaint, et al [1972]), QP (Nicholson & Sterling [1973]), 
constrained gradient (Sasson [1969]) and gradient methods with penalty func- 
tions (Peschon, et al. [1972], Sullivan [1972], Billinton & Sachdeva [1973]), 
have been applied The reduced gradient approach with penalty factors (Dommel 
& Tinney [1968] ) was evaluated to be one of the best methods available (Sasson, 
et al [1971]) 

The papers presented at the Fourth Systems Computation Conference (Laugh- 
ton [1972] Vol 2) by authors from England, France, Russia, Sweden, and 
Australia mdicate that the optimization of generation dispatchmg with network 
effects is receiving world wide attention, but only Carpentier of Electncite de 
France mdicates that the methods are being apphed to daily dispatch situations 
Frequent recalculation of a new dispatch (2 mmutes to 2 seconds) and limited 
computer size require that the apphed method be simple in structure and fast m 
calculation (DyLiacco et al [1972]) The loss formula method has provided a 
simple and fast procedure that produces dispatches with no significant cost 
differences from the ngorous optimal load flow approach (Happ [1974]) It 
does have the disadvantage of tracking network changes only by recomputing a 
new B-matnx and this, coupled with the need to have network load flow solu- 
tions available for contingency checking, will probably bring the mathematical 
programming approach into wider use 


548 


II applications in selected areas 


3.3 HydroTherma! Coordination 

Up to this point, only thermal powered generating units, whose total energy 
available is unlimited, have been considered, i.e , fuel burning steam plants 
Falling water is a prime source of energy, but when it is limited m quantity 
its use must be coordinated with thermal plant operation to minimize costs 
Figure 7 illustrates a system with two hydro plants in senes so that the water 
from one plant becomes the input to the second plant The coordination of 
these two hydro plants with the thermal plants requires the study of several days 
to weeks of operation m order to use the water to minimize costs The dispatch 
problem formulation now becomes time dependent, and includes the limits on 
the hydro plant energy output 

Minimize X X FUELCOST, (8) 

Time All 

thermal 

units 

Subject to X POWER = LOAD for each time penod (9) 

All 

units 

X X ENERGY < ENERGYMAX for each set of hydro units, (10) 

Time All 

hydro 

units 

where ENERGY is the integral of POWER over tune Equations (8) and (9) 
replaces (1) and (2), which do not involve time. The total energy generated 
by the hydro system is limited to the maximum energy for the penod (10) 



Fig 7. Hydrothermal generation coordination problems 
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Watchom [1967] describes the typical utility approach of assigning a water 
conversion coefficient, thus allowing the hydro units to participate m the 
incremental dispatch The discussions of this paper introduce many of the 
practical aspects, such as startup of steam units, load pickup rate-of-response 
factors, advance notification time, and inclusion of losses Expenence in the 
U S , Canada, Japan, and Sweden is presented 
Linear programming was applied m Japan (Fukao & Yamazaki [I960]), and 
Ontario Hydro studied a gradient method apphed to a 16 hydro plant, 4 thermal 
plant system (Bambndge, et al [1966] ) The optimal load flow problem of the 
previous section has been coupled with hydro coordination, using the Fletcher- 
Reeves method on a small example (Billinton & Sachseva [1972] Bonaert, et al 
[1972a] ) The methods are yet to be widely apphed 
Dynamic programming was successfully apphed to dispatching of two hydro 
plants in senes on the Susquehanna River (Anstine and Rmglee [1963]), but 
vanational methods were considered to be more appropnate for larger hydro 
systems (Kirchmayer and Rmglee [1963] ) 

Successive approximations of dynamic programming are applied m three 
vanous methods and compared in a two hydro-unit system by Bonaert, et al 
[1972b] Rees and Larson [1971] descnbe a dynamic programming applica- 
tion to the schedulmg of a pumped storage hydro unit, two hydro plants, 
sixteen steam plants, and three interchange contracts over tune spans from two 
days to one year Hicks, et al [1974] use the conjugate gradient method of 
Fletcher and Reeves to solve a model of the Bonneville Power Administration 
system with 38 reservior and 45 run-of-nver plants A study of 49 time periods, 
usmg only 10% of the former engineering man-hours, produced a dispatch with 
nearly l%more energy output than a previous cut-and-try solution 


3.4 Unit Commitment 

Because the demand peaks during the day and falls at night, cost savings are 
possible by shutting down less efficient generating units during the low load 
hours In Figure 8, showing the load fluctuation from the peak of one day to 
the peak of the next, six units must operate to serve the peak with a reserve 
for contmgencies, but as the load falls unit 6 and then unit 5 may be shutdown 
This reduction m the number of operating umts reduces production costs 
However, there are significant costs, both fuel and increased wear, associated 
with shuttmg down and starting a unit These costs, increasmg with the number 
of hours shutdown, to saturate at the cold start cost, make it uneconomical to 
shut down for just a few hours Operating rules require six to eighteen hour 
shutdowns, depending on the design of the plant 
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Fig 8 Daily load fluctuation and unit commitment 


The selection of the units to commit for operation has been formulated as 
and ILP problem (Garver [1963], Muckstadt and Wilson [1968]), an integer 
DP problem (Lowery [1966], Ayoub and Patton [1971]; Guy [1971]), and 
using B&B procedures (Carpentier [1973b]). But all attempts to use matte 
matical programming methods have been frustrated by the practical require 
ments hsted in Table 2 A fast, simple procedure is needed because the problem 
is so large, and is usually solved on small process computers The industry is 
using priority lists, based on full load average costs with some heuristic logic 
for shifting the order of the units, and performing a limited search for improved 
commitment schedules (Kerr et al [1966]; Davidson, et al [1967],Happetal, 
[1971] 

3 5 Security 

Security refers to operating a system so that creditable disturbances, such as the 
sudden loss of the most heavily loaded generating umt or transmission circuit, 
will not cause the outage of any other facility. Sudden generator outages are 
handled by operating more capacity than needed to serve the load and dispatch- 
ing, so that they all may rapidly mcrease power output in case of an emergency 
Sudden transmission outages are more difficult to handle because each outage 
has a unique system effect, requiring a network flow calculation to identify 
Wells [1968] used a dc (real power) network model and a stepped incremental 
cost generation model in a LP to minimize cost while observing security con- 
straints For several years the New York Power Pool has been usmg the method 
of Wells, (Aldrich, et al. [1971] ) to allocate the pool generation to serve the load 
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\ TABLE 2 EXAMPLE REQUIREMENTS FOR METHODS OF 
~ SCHEDULING ELECTRIC POWER GENERATORS 

1 Any unit may be made unavailable for a part of or for the whole scheduling period 

2 Any unit may change its maximum or minimum limits during the schedulmg period 

3 Area secunty checks for a minimum number of units running and for transmission 
line loadings near limitations must be made at least each hour 

4 Unit minimum downtime and uptime constraints must be observed 

5 A limited number of units at the same location can start at the same time 

6 Change a unit’s loadmg at a rate within specified limits 

7 Load pickup margin must be scheduled on all units so that the system may follow the 
continually changing demand, e g , one, three, and five minute pickup requirements 

8 Scheduling for 24 hours should be possible, along with more detailed studies of 4 hours 
and general studies of one week 

9 Hydro-dnven generators with water storage capacity (pondage), recognizing storage 
limitations, should be scheduled 

10 Weekly pumped-storage hydro schedules must be developed 

1 1 Minimize total costs 

12 Use only a limited amount of fast-access computer memory 

13 Complete a 24-hour optimization in less than an hour while shanng the computer 

t with higher priority functions 

14 Consider systems m the order of 150 generating units 

15 Always provide a feasible solution if one exists, even if time has not allowed an optimum 
solution to be found 


and satisfy the transmission secunty constraints while minimizing the fuel costs 
Shen and Laughton [1970] extended the method of Wells, allowing the problem 
size to vary as the number of critical line outages change The solution of a 23 
bus example is presented in detail. 

An alternate approach, also usmg LP, has been suggested by Kaltenbach and 
Hajdu [1971] , and by Thamkachalam & Tudor [1971] Their procedure brings 
a vulnerable system into a secure state by minimizing the departure of each gen- 
erator from the current economic schedule Small examples are worked out but 
no further application is mdicated. 

Stadhn’s discussion of Darnels and Chen [1972] indicates three problem areas 
when modelmg secunty (1) the choice of the objective function minimizing the 
shift m generation or minimizing the cost of generation, (2) the choice of the 
power system model, l e , the operatmg point of linearization, and (3) the choice 
of constraints to treat as “hard” and “soft” limits. Knowing the operatmg state 
of the system is a major problem in secunty assessment State estimation from 
partial or conflicting information on line flows and equipment status is being de- 
veloped in utilities such as American Electnc Power Corp (Dopazo, et al [1973] ) 
and Ontano Hydro (Porretta and Dhillon [1973]). 
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TABLE 3. GENERATING UNITS REQUIRING MAINTENANCE 


Unit 

(1) 

Rating 

(2) 

Required Weeks 
of Mamtenance 
(3) 

Starting Week For 
Mamtenance 
(4) 

A 

300 MW 

1 


B 


1 


C 


6 

To Be Determined 

H 


5 


K 


1 


X 

250 

1 


- 

- 

- 



with the majority above 2 weeks The year in which maintenance is to be sched- 
uled is modelled by the reserve before maintenance, as m Table 4, which mdicates 
that Week 1 has 1000 MW of reserve, Week 2 has 800 MW, etc 
Starting dates for maintenance and the amount of capacity on mamtenance 
each week are to be determined m a manner that produces nearly equal reserves, 
after mamtenance, for those weeks with mamtenance Essentially, there are blocks 
of mamtenance requirements, megawatts high by weeks long, to be placed mto a 
graph of reserve for each week, as shown in Figure 9 
Several real world problems complicate the schedulmg process The number of 
crews available will limit the number of units that can be worked on at one time. 
If certain units are out others m the same plant cannot be out, because of work- 
ing space or because one unit must be available to help m system operation Pro- 


TABLE4. TIME AND RESERVE AVAILABLE FOR MAINTENANCE 


Week 

(1) 

Installed 

Generation 

(2) 

Peak Load 
(3) 

Reserves 

Before 

Schedulmg 

(4) 

Capacity on 
Mamtenance 
(5) 

Reserves 

After 

Schedulmg 

(6) 

1 

4600 MW 

3600 MW 

1000 MW 

To be 

To be made nearly equal 

2 

4600 

3800 

800 

determined 


3 

4600 

3900 

700 



4 

4600 

4000 

600 



5 

4600 

3750 

850 



51 

4800 

3700 

1100 



52 

4800 

3600 

1200 
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yet been found The most important quality for a schedule is its adaptability to 
changing conditions such as load level or unit forced outages This quality re- 
mains the most difficult one to model 


38 Additional Operating Problems 

Several other operating studies shall be mentioned, but their results are not yet 
widely applied The amount of capacity above an expected load, “spinning re- 
serve,” has been studied by probability and Markov process formulations (Anstine, 
etal [1963] ,Billinton and Jam [1972] ,Bubenko and Anderson [1973]) Sched- 
uling the operation of pumped-hydro storage plants has been formulated as LP 
and DP (Akiyama and Sekine [1961] ,Cobian [1971]) Optimal control theory 
has been applied to small example problems, but the difficulty in measuring all 
of the necessary state variables limits its usefulness (Fosha & Elgerd [1970] , 
Bechert & Kwatny [1972] , Yu and Moussa [1972]) The rearranging of net- 
work connections to better distribute the load is a form of dispatchmg studied 
by B & B methods (Couch and Morrison [1972] Sekine and Kawakawiz [1972]). 

3 9 Further Introductory Reading 

The following references provide broad overviews of system operation problems 
Computer system requirements for an operations control center are introduced 
in a non-techmcal manner by Fnedlander [1965b] Lamont and Tudor [1970] 
overview the operating problems by listing present and future computer functions 
resultmg from their survey of 1 18 operating companies m the USA The descrip- 
tion of the control system designed for the Cleveland Electric Illuminating Co 
catalogues the problems encountered in an application (DyLiacco, et al [1972]) 
The planning and operating of interconnected systems is illustrated by specific 
instances m a report edited by Brown [1968] , and based on the experiences of 
the East Central Area Reliability Council, the Western Systems Coordmatmg 
Council, and the Ontario Hydro System 

4 GENERATION EXPANSION PLANNING 

Electric utility mvestments include the power generating plants, the power trans- 
mission network to the major voltage step-down stations, and the distribution 
network to the users Operations research activities have concentrated on the 
expansion of the generation and transmission plant because these facilities repre- 
sent major capital expenditures One generating unit, which may represent a 
company’s total generating investment for one or several years, commands care- 
ful planning of when, what size and fuel type, and where it will be located. 
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Probability mathematics has played a significant role in generation expansion 
pla nnin g, and guiding the selection of reserve capacity levels during the transi- 
tion from isolated utility systems with small, e g 100-MW, units to interconnected 
power pools with umts now over 1000 MW in size. More recently, probability 
techniques have also been used to include random forced outages of generatin' 1 
units m production simulations, without the expensive Monte Carlo procedure 

Optimization mathematics have been more difficult to apply in generation 
planning, but several attempts will be mentioned In transmission network plan- 
ning, to be discussed in Section 5, just the reverse is true Probability mathe- 
matics has not played a large role because of the enumeration problems encoun- 
tered, but optimization methods such as min-cut max-flow and LP have been used 
effectively 

4.1 Generation Reserve Studies 

What happens when too many people try to use electricity in too large an amount’ 
The lights go off Not just for the last man to turn on a switch, but for everyone 
within the control of a fuse or circuit breaker This is in sharp contrast to receiv- 
ing a busy signal on a telephone, where pnor users of the network are unaffected 
by a call that overloads the system 

Because an overload or capacity shortage interrupts service to all users in an 
area, the utihty industry is particularly sensitive to maintaining reserves above 
demand Investment decisions cannot wait until the present facilities are fully 
loaded because of the disaster proportions of a power shortage and the two to 
ten year lead times for generating plants Major amounts of capital, approaching 
SlOOO/kW in 1975 for a 1 ,000,000 kW power plant, are to be committed before 
the demand materializes These three factors of large capital requirements, many 
years before the m-service date and the disaster proportions of a power shortage, 
focus major attention on generation reserve planning. 

The need for new generating capacity is signaled by the load forecast exceed- 
ing the level of installed capacity less required reserves. Most electric utilities de- 
termine their required reserves using probability-based procedures such as the 
Loss-Of-Load Probability (LOLP) Method. Through its application a system 
planner may determine, for example, that a 4600-MW system, made up of 32 in- 
dividual generating umts, requires 600 MW of installed reserve to reliably serve 
an annual demand curve and thus, when the load forecast exceeds 4000 MW an- 
other generating unit is needed 

The computation procedure for the LOLP method which grew out of work be- 
ginning about 1946 (AIEE [I960]), will be illustrated and then applications to 
reserve planning discussed The basic calculation is the probability of the avail- 
able generating capacities being less than a specific load. For example, if two 
50-MVi units and a 100-MW unit are installed, what is the probability of not 
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meeting a I30-MW demand 9 By assuming that each unit has two states, available 
or not, and that the 50-MW units have 0 02 probability of outage and the 100-MW 
unit has 0 03 probability of outage, a table of different outage capacity states 
with their exact and cumulative probabilities can be computed as in Table 5 For 
example, 100 MW on outage can occur with both 50-MW units out, ( 02) X ( 02) 
X (97), or the 100-MW unit out, (98) X ( 98) X ( 03), resultmg in the exact 
probability of 0 029200 The cumulative table in Table 5 can be computed recur- 
sively adding one unit to the system at a time (Page 102ofBillinton [1970]), and 
bypassing the enumeration of system states and the exact probability calculation. 

How much capacity must be unavailable before the 130-MW demand cannot 
be met 9 No demand is unserved until the capacity on outage exceeds the reserve, 
which is 200 - 130 = 70 MW What is the probability of the capacity on outage 
exceeding the 70 MW reserve 9 It is the probability of more than 70 MW on out- 
age, equal to 0 030388, in Table 5 If 100 MW or greater are on outage, there is 
a loss of load, hence the loss-of-load probability for a day with a 130 MW peak is 
0 030388 

The LOLP method examines a senes of loads to represent a year Some LOUP 
vanations use 8760 loads (one per hour), some use 365 loads (one per day), some 
use 260 loads (one per weekday) Whatever the number of loads to represent a 
year the probabilities of not serving them are summed together, resultmg m the 
expected number of days with capacity shortages For example if three loads, 
110, 130, 90 MW, were studied by the LOLP method, the results would be as 
shown m Table 6 

To review, the LOLP method First enumerates the outage states of the gener- 
ating system with their associated cumulative probabilities of the outage or greater, 
and, second, sums the probabilities of outage exceeding reserves for a given list 
of loads The resultmg quantity, 0 061964 days m the example, is given several 
names, such as “loss-of-load probability” (a misnomer because it is an expected 
value not a probability), risk, or the expected need for capacity There is no 
standard term 


TABLE 5 CAPACITY OUTAGE TABLE FOR A THREE UNIT SYSTEM 

The system is composed of two 50-MW units with 0 02 probability of outage 
and one 100-MW unit with 0 03 probability of outage 


State 

Capacity 

On Outage 

Exact 

Probability 

Cumulative Probability 
of Outage or Greater 

1 

0 MW 

0 931588 

1 000000 

2 

50 

0 038024 

0 068412 

3 

100 

0 029200 

0 030388 

4 

150 

0 001166 

0.001188 

5 

200 

0 000012 

0 000012 
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4,000 5,000 6,000 7,000 

Load (MW) 


Fig 10 Loss-of-load probability versus annual peak load for generating systems 
differing by the number of 600-MW units 

especially as utilities interconnected with one another (Kirchmayer, et al [1957] ) 
One discussor in 1958 states the prevailing industry opinion that there was no in- 
centive to build 500-MW units, when two 250-MW units (very large by 1958 
standards) would be more reliable and cost nearly the same amount (Funk dis- 
cussion of Pitcher, et al [1958] ). The probability studies showed that as system 
sizes increased, unit sizes could also be increased with no significant reserve pen- 
alty and also, when two systems interconnected, they could rapidly increase unit 
size with no reserve penalty Unit sizes did increase rapidly in the 1960’s as sys- 
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terns interconnected, approaching 1300 MW, which is much larger than antici- 
pated by the 1955 study. 

The effects of interconnections on the reserve requirements in two areas m:\ 
be examined by a two-area LOLP method developed by Cook, et al [1963] , and 
used m several studies of the tradeoffs between transmission capacity and s;n- 
eratmg reserve (Kirchmayer, et aL [1957] . Paris and Valtota [1968], Danes 
[1970]) All of the studies show substantial reserve reductions are possible 
when two nearly equal size systems interconnect. Attempts to model the inter- 
connection of more than two areas and include transmission limitations has met 
with only limited success, measured in terms of computer codes with reasonable 
running times Spears, et al. [1970] report the application of a Y-connected 
three area program to the New' England, New York State, and Ontano intercon- 
nection. The complexities increase rapidly with the number of systems, as notea 
by Vassell and Tiberts [1972] when they developed methods for use with the 
utilities m Ohio and neighboring states Their paper is enhanced by the illustra- 
tions used to make the results visible and understandable to management 

There are data complications in using probability methods for resene plan- 
ning For example, all methods require a listing of the generating unit capacities 
and forced outage probabilities (termed forced outage rates by the industry) and 
scheduled maintenance time But the capacity may vary much like that shown 
in Figure 1 1 , raising several difficult questions. Should the capacity in the ‘ avail- 
able” state be the maximum ever attained during the year 9 What terminates the 
“available” state, the capacity droppmg below 100%, 80%, or 50% 9 How should 



Hrs'yr 

Fig. 1 1 Capacity duration curve for a generating unit 
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the “outage” state be split into its two components, “planned outages” rep- 
resenting scheduled maintenance, and “forced outages” 4 * * 7 Lynskey and Sloane 
[1964] discuss data gathering and fitting capacity, forced outage hours, and 
planned outage hours to the data gathered from utilities 
The available capacity model can be extended to allow more than just three 
states (1 e , available planned outage, and forced outage) Partial availability can 
be modeled (Cook, et al [1969] ), but this solution comes at the pnce of increased 
data and slower computation tunes, which explains why it is not widely used. 

A unit’s available capacitymodel should be time dependent, since experience has 
shown that the number of forced outage hours expenenced durmg the first few 
years of service are 2 to 3 times greater than those of amature umt (EEI [1973a]) 
Besides the probable number of days with capacity shortages, the utihty planners 
would like to know how frequently these shortages occur and their duration. For 
example, one utihty operator, when told that his system was designed to 0 1 
days/year, did a mental calculation and replied that a 1 2-minute capacity short- 
age each month was unacceptable The flaw m the operator’s reasoning was his 
attempt to denve outage duration and frequency information from a calculation 
based on only average values 

Frequency and duration measures can be computed usmg a Markov process 
model of the generation capacity and a two-state daily load model (Bilhnton, 
et al [1973]) Introducing a second recursive procedure into LOLP computer 
programs provides both the days/year rehabihty measure and also the years be- 
tween shortages and the hours of shortage The 0 1 days/year is usually associ- 
ated with 7 to 8 years between occurrences and 4 to 6 hours of shortage. This 
added information does not alter the reserve requirements significantly and there- 
fore, the new computations are not yet widely used 
Generation reserve planning by probability methods is bemg extended to rec- 
ognize the uncertainty of umt installation dates and fuel availability (Bilhnton, 
et al [1973]), to allocate capacity responsibility among power pool members 
(Firestone, et al. [1969]), and to model hydro units that are energy rather than 
capacity limited (Graham, et al. [1971] ) 

Probability methods determine how much reserve a system needs and thus, 
when more capacity will be needed as the demand grows The size or sizes of 
umts and their fuel types are determined by the mterplay of investment and pro- 
duction costs, the subjects of the next section 


4 2 Economic Comparisons 

Once a reserve study has estabhshed the need for additional generating capacity, 

vanous umt sizes and fuel types are examined for their impact on mvestment 

and production costs Cost comparison studies have traditionally been accom- 
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plished by engineering economic procedures, including the present worth of an- 
nual revenue requirements (Jeynes [1968] , IEEE Committee [1972]) More re- 
cently corporate models, which detail the impact on earnings and cash flow of 
major investment decisions, are coming into use 

One of the first corporate modeling activities was initiated by the Boston Edison 
Co to evaluate alternate expansion and financing plans (Carlin, et al [1969]) 
By simulating the financial and accounting system, the computer model indi- 
cates revenues and expected regulatory control required to produce acceptable 
earnings If revenues are constant then the model mdicates return for a specific 
plan The 26 references on corporate models in the Bibliography on Engineering 
Economics (IEEE Committee [1972] ) include four references to utility models- 
Pubhc Service Electric and Gas (New Jersey), Long Island Lighting Co , Boston 
Edison, and Victoria, Australia 

The utilities are not the only ones to benefit from corporate models During a 
paper presentation, three employees told of the promotions they had received as 
a result of the modeling activity Building the model had given them a structured 
way of learning about the company’s operation, and the knowledge gamed opened 
up new career opportunities 

Production costs, which are a major cost component in the decision on unit 
size and fuel type, have been computed by both deterministic and probabilistic 
models Deterministic models, with the hourly loads for a year given and no 
random forced outages of units, duplicate the operating procedures of the utility 
such as incremental cost loading, unit committment by priority lists, pondage 
and run-of-nver hydro scheduling, and pumped-hydro optimization (Bailey, etal 
[1963] , Galloway, et al [1969]) 

Linear programming is being used to forecast production costs (Day [1971]) 
m a comprehensive expansion planning program (Day, et al [1973]) The LP 
formulation mcludes costs for starting, running, maintenance, and interchange of 
energy, and the constraints include spinning reserve, load requirements, unit avail- 
ability restrictions, hydro capacity, and energy and intertie limits Computer 
running time was reasonable, but the costs computed were found to be consis- 
tantly 7% below those obtained using an older dispatching program (see page 818 
of Day [1971]) However, when relative cost differences between alternate plans 
are desired rather than absolute costs, the method is considered to be adequate 

Though total costs are the major result of a simulation calculation, identifying 
the operation of individual units is almost as important. Deterministic simula- 
tions attnbute too little production and operating time to the smaller, lightly 
used “peaking” units when compared with actual operating records because the 
model cannot include the random forced outages of the larger units 

In the late 1950’s, Monte Carlo simulation was used in an attempt to include 
forced outages and obtain improved individual production estimates, but it 
proved too expensive, and deterministic simulations became the industry norm 
(Anderson, etal [1970]) 



THE ELECTRIC UTILITIES 563 


A new method for including umt forced outages m production cost estimates 
which is gaining industry acceptance, is based on convolutmg the load duration 
curve for a period, with the generating capacity outage table permitting the ex- 
pected energy and operation hours of each generatmg unit to be calculated 

The original idea was presented by Balenaux, et al. [1967] , and expanded 
upon by Booth [1972] and by Sager, etal. [1972] This development brought the 
art of production costing full circle The industry began by using load duration 
curves for hand calculation of costs, then went to more detailed hour-by-hour 
dispatch simulation as larger and larger computers became available. Now the 
load duration curve is again in use, but as part of a probability calculation The 
time periods for each curve are shorter— not a year but half a day— and the recur- 
sive equation of the LOLP method is used to convolute the remaining loads as 
each umt is studied 

The probability calculations of reserve planning have been brought mto the 
production costmg areas with the added benefit that both the expected costs and 
a reliability measure, the expected energy shortage, are computed at the same 
time The expected operation of individual units computed by the probability 
model come within 5% to 15% of observed values (Goodrich and Rees discussion 
of Sager etal [1972]). 

Once the year-by-year production costs are computed, they are combined with 
the annual revenue requirements for generation investment in either a corporate 
model or a present worth calculation These total costs then guide the selection 
of the size, fuel, and type for the next generating unit 

4.3 Generation Planning Models 

Several generation planning models have been developed to encompass the three 
major components of reserve, production costs, and investment costs An early 
DP formulation ran mto high computer costs, even though simplified reserve and 
production cost models were used (Dale [1966] ) The program could search out 
the best expansion from several thousand but was too expensive to use m explor- 
ing the entire range of umt states No actual generation expansion studies were 
reported usmg this procedure Booth [1972] discusses an open loop feedback 
approach to reduce the dimensionality of DP m expansion planning but does not 
mention any real study results 

Electncite de France applied LP and NLP techniques to expansion planning, 
begmnmg in 1954 Bessiere [1970] summarizes the methods and results of a 
1965 to 1985 study to select mvestments m nuclear, hydro, conventional fossil, 
and gas turbmes, and to select siting regions from among 6 possibilities The 
nonlinear formulation allowed a failure cost to be included, an item often dis- 
cussed but little used (see, for example, the 8 discussions of Shipley et al [1972]), 
and having little influence on the optimal decisions Bessiere also brought out 
the need to develop plans for the central assumptions about the future and then 




Optimum 20-Year Expansion Plan 

Fig 12 Generation expansion planning model 
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worth interest rate, a retirement policy of X years after installation, and infla- 
tion factors for plant cost and fuel costs. 

The lowest cost expansion plan in many practical situations consists of the 
annual additions, which are lowest cost in the year of addition This has oc- 
curred often enough that expensive optimizing logic has been replaced with a 
simple lowest-cost-each-year heuristic, modified by a look ahead feature to 
anticipate changes in fuel costs (Marsh, et al [1974] ). 

Any “optimum” expansion plan may be found to be sub-optimum oroptimal- 
mfeasible when analyzed by more exacting models, such as corporate models 
(indicating financing difficulties), transmission models (indicating excessive 
costs), or environmental models (indicating unacceptable uses of resources or 
excessive pollution) The challenge is to bring more of these important details 
into a manageable planning model 

5. TRANSMISSION EXPANSION PLANNING 

Transmission expansion planning determines the connections to be added to a 
network, so that power deliveries may continue as demands grow and new 
generating plants are added The expansion problem has been modelled, using 
LP, DP, and heuristics One model, combining DP and heuristics, has been used 
by seven different U S power pools for developing 10 to 25 year network 
expansion concepts The planning problem and the many different approaches 
will be introduced, followed by a discussion of the LP model. 

5.1 The Expansion Problem 

Transmission planning follow's the forecasting of demands at distribution points 
in the network and the planning of new' generating capacities at the supply 
points. The desired results are lists of yearly circuit additions showing terminals 
and voltage level; i e., m 1986 add a 345-kV circuit between PLANT A and 
SUBSTATION H. These expansions illustrate planning concepts, such as the 
dependence of the network development on the selection of generating plant 
sites or the savings possible if both 765 and 345 kV are used instead of just 
345 kV The future network plans also provide a starting point for more de- 
tailed investigations, using load flow' and stability computations (Stagg and El- 
Abiad [1968]) 2 

2 Three types of network flow models will be mentioned, a c. load flow, d.c. load flow and 
capacitated network. An a.c (alternating current) load flow’ solves a set of complex equa- 
tions for the circuit (branch) real and reactive power flows and bus (node) voltages and 
phase angles A d.c (direct current) load flow solves a set of real equations for the circuit 
real power flow sand the bus phase angles Both a.c and d c. load flows minimize a quadratic 
loss function bv making the sum of the v oltages (phase angles) around any loop equal to 
zero A capacitated netw orl: model solves for approximate power flow by minimizing a 
linear cost function and the phase angles are not required to sum to zero around loops. 



THE ELECTRIC UTILITIES 567 


The fundamental transmission planning problem is illustrated in Figure 13 A 
portion of a large existing 345/138 kV network is shown along with a new sub- 
station (demand), a new voltage step-down station, and a new generating plant. 
All of the demands are raised to a future level perhaps doubled or triple today’s 
values What combination of 345-kV and 138-kV additions will provide a suf- 
ficient network and minimize cost? The additions should not only meet the 
particular requirements of the one load level, but fit into a growth pattern for 
continued low cost expansion 

5 2 Proposed Solution Methods 

The first approach to the problem concentrated on computerizing the engineer- 
ing process A c. load flow and stability studies are used by utility planners to 
design networks, and therefore it seems natural to just include some circuit 
selection procedure to automate the planning This approach was followed, and 
culminated in a very detailed computer program able to dispatch generation, 
compute an a c load flow, and take corrective action when overloads appeared 
(DeSalvo and Smith [1965] ) It has not been as successful as hoped because of 
four major difficulties. First, the large data requirements deterred starting a 
study with the new program. Second, the very accurate load flow analysis was 
costly Third, the future year studied had to have only a small increase in de- 
mand, so that the nonhnear equations in the a c load flow would converge to 
a usable result Thus, to study 10 or 20 years in the future required that every 
second or third year be planned At the time this seemed acceptable, smce 
through-time expansions were desired. However, studying only small demand 
increases produces only small overloads which in turn are economically corrected 



Fig 13 The transmission expansion problem an existing network and future 
generating plants and loads 
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by small network changes A senes of small network changes produced network 
designs unacceptable to the planners, the fourth and fatal difficulty 

The circuit selections could be improved using DP procedures to search many 
possible expansion sequences A DP method using predefined network states 
for each future period was outlined (Henault, et al, [1970]) but never extended 
past a small example A simplified load flow, DP, discrete optimization, and 
random sampling were all packaged into an investigation of the many directions 
transmission planning could take (Dusonchet and El-Abiad [1973]), but no 
readily applicable results have yet emerged Dynamic programming coupled 
with an even simpler load flow approximation (the nun-cut max-flow concept) 
is being used in Belgium and the U S (Balenaux, et al. [1970]) Instead of 
solving the network at certain penods, the problem is turned around and the 
nearest penod requiring network remforcement is solved for using a linear load 
growth assumption Several alternate network additions are identified A 
truncated DP procedure uses tlus information in forming sequential decision 
trees and searching out the minimum and several near minimum expansion 
patterns. 

Kaltenbach, et al [1970] used a d.c load flow to find the shortages in several 
test cases, located the set of capacity changes to correct these shortages using 
LP, and then considered DP as a method to round off these capacities to whole 
numbers of circuits They discuss the tremendous number of decision alterna- 
tives and the difficulty in expressing the reliability constraints in any easily 
usable manner 

The amount of calculation time m an expansion problem can be reduced with 
the simultaneous application of sorting, optimal ordering, Gaussian elimination, 
revised-simplex LP, and sparcity programming (Ogbuobm [1971]), for example, 
from 20 minutes to 20 seconds for a 100 branch system But a practical design 
model is yet to be completed 

Boardman and Hogg [1972] use the computer in an interactive mode, with the 
planner suggesting feasible starting designs and the computer testing and alter- 
ing these using heuristic logic. They note that several designs will have nearly 
the same cost, indicating a flat optimum. A 17-node example is solved, and they 
beheve that the method can be extended to realistic system sizes 

A unique method of computing sensitivity factors for new circuit possibilities 
is based on work m the electronic circuit design field (Puntel, et al [1974]) 
The “adjoint network” method is mcluded in an automated planning procedure, 
usmg the d c load flow and a heuristic search for integer circuit additions Tlie 
adj'omt method appears especially promising because of its fast calculation speed 
and reasonable storage requirements 

Discussion of secunty criteria for networks, the uncertainty of substation sites, 
and vanous LP and DP models proposed in Europe are contained in Knight, 
Chapter 7 [1972], 
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5 3 Application of a LP Model 

The method used by several U S power pools to initiate conceptual planning 
studies combmes the capacitated network model of LP with heuristic rules for 
selecting additions (Garver [1970] ) By minimizing the megawatt-miles of over- 
load, where miles may be economic-miles, the LP solution determines if a net- 
work is short of capacity and if so, how much is short and where new capacity 
should be considered. The major advantages are simpler input data require- 
ments, fast computing times, and the ability to always solve any future condi- 
tion, even if no network exists The actual circuit selections are determined by 
first studymg the honzon year, ten to twenty years in the future, to identify 
the major needs and therefore justify large high-voltage circuit additions Then, 
a through time sequence is studied using the honzon network as a guide to 
planning 

The results surpnse utility engineers for they don’t believe a nonelectncal 
model can solve electncal network expansion problems When the plans are 
subjected to a c load flow studies, the results confirm that the network will 
work But the networks can also be improved 

Early in the model development, attempts were made to use optimization logic 
to find the network that could not be improved on by the planner In the 
course of that effort it was necessary to clearly define what a planner considered 
optimum. A test was set up A midwestem state was designed for a 20-year 
honzon usmg four alternate sets of logic and producing four plans greatly dif- 
ferent in the location of the high-voltage lines but of nearly the same cost Four 
system planners were invited to view these maps and select the optimum. Each 
planner found a favonte idea embodied in one of the plans, but no aggreement 
could be reached on which plan was best Not one of the four plans could be 
unanimously accepted or rejected Because of that meeting, the goal of the 
expansion planning model was reoriented towards rapidly providing a low cost 
plan which met all of the requirements and would serve as a good starting point 
for the planner’s own creativity To aid in creating alternate plans, all new 
circuit possibilities are evaluated, usmg the dual variables, for their value in 
correcting capacity shortages 

After learning that optimum was impossible to define, work began on a 
useable transmission planning procedure Useable in this case meant that the 
program developer would also be its principle user in consultmg studies The 
original concept was to put together a medium size computer program that 
could be used to study the expansion of very highest voltage levels in a power 
pool on a conceptual rather than a final design basis Instead of striving for 
complete detail, the model would be broadened to include the complete scope 
of the problem, but with only the most fundamental details 

The problem is made very large by the great number of test conditions that a 
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best plan for starting the creative process The result is a procedure used and 
reused by utilities and power pools to explore the possibilities for future net- 
work development 
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1. INTRODUCTION 

In this chapter, the use of operations research (OR) in the process related indus- 
tries will be demonstrated. Before presenting typical problem formulations, the 
nature of the industrial sector mvolved with processing will be discussed An 
understanding of the “processing” concept is necessary for meaningful OR 
efforts 

The common dictionary definition of a process is “a senes of actions that lead 
to the achievement of a defined final state or charactenstic ” This general defi- 
nition indicates the nature of the processing problem control of a senes of en- 
gineering operations to achieve a desired final produces) with total overall mini- 
mum cost, time, manpower, etc Knowledge of engineering operations is essential 
in OR applications Each such operation usually involves the chemical or physi- 
cal change of a substance(s) into sofne other desired and/or undesired sub- 
stance^) Because these engineering operations are based on fundamental 
concepts or “laws” m chemistry, physics, biology, etc , it is possible in theory, 
to mathematically descnbe any given processing problem in a completely funda- 
mental or “microscopic” fashion, after which nothing more could be said mathe- 
matically to descnbe the process situation at hand. OR methodology could then 
be applied using these ideal or microscopic models Usually these complete 
models consist of many vanables and are highly nonlinear in nature, often m- 
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manner, certain classes of models (and model sizes) , and the degree of know-how 
and cooperation that exists among operating personnel 

The flow of this chapter will be directly related to demonstrating how the 
above factors interact in an OR study Emphasis will be placed on important 
and commonly used problem formulations rather than on details of problem 
solution Initial examples will begin with simple engineering operation models 
that are linear (or approximately linear) m form, deterministic in nature, and the 
goal of the analysis onented towards planning and/or feasibility studies This 
will be followed by formulations which are increasingly nonlinear m nature and 
onented towards actual process descnption, control, and/or design The final 
portion of the chapter will be devoted to some areas of current research, with 
emphasis on descnbmg how to build general nonlinear models having elements 
that are random vanables 

The problem formulations presented m this chapter are heavily onented to- 
wards mathematical programming methodology. While other types of OR 
methodology are also prevalent m the processing environment, they generally 
take on a form similar to those of most other mdustnes, and hence will not be 
specifically pointed out in this chapter A large number of references are avail- 
able descnbmg OR applications in the vanous process mdustnes Some of these 
are Klimpel [1973] , A Decade of Digital Computing [1969] , Klimpel [1969] , 
IBM KWIC Index [1967], and OR Literature Digest Service [1961 -present] 
The examples presented in this chapter are meant to be typical m nature (al- 
though somewhat simplified), and no attempt is made to be exhaustive by either 
class of application or by the vanous mdustnes making up the processing sector 
of the economy. 

The use of OR techniques m any particular mdustnal firm may vary greatly, 
even within those having a common class of processes In addition to the factors 
mentioned previously, the behefs and backgrounds of high-level management 
personnel play the vital roles in the extent and support of OR studies Manage- 
ment holds the key m overcoming organizational difficulties In many process- 
ing firms, the current attitudes towards OR studies were partially set by the 
capabilities and success of the initial personnel mvolved m such work dunng the 
late 1950’s and early 1960’s Most of these personnel were not directly trained 
in OR Quite frankly, the value of OR was over-sold m many firms and the 
efforts were subsequently discarded. Second generation efforts are beginning 
anew with better success It can safely be said that, presently, almost all pro- 
cessing related mdustnal firms do use at least a part of the methodology dis- 
cussed in this Chapter, for example, hnear programming (LP) With regard to 
the benefits, it is difficult to sometimes measure such value directly. It has been 
the authors’ expenence that the use of optimization techniques can and has re- 
sulted m significant operational and design improvements that can be measured 
m financial terms At the very least, one should gam from an OR study a better 
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understanding of the underlying phenomena, sensitivity, and alternatives m 
volved in the problem at hand. 

2. DISTRIBUTION RELATED PROBLEMS 

In most processing environments, the problem of distributing resources in a 
reasonably optimal fashion is almost a daily problem. This includes the classical 
“customer demand-product source” shipping allocation problem, which can 
occur m many contexts Usually, such a minimum cost shipment problem is 
analyzed m conjunction with some other important, directly related problem, 
such as process operation scheduling, material blending, warehouse inventory 
analysis, etc. The nature of the material and cost representations mvolved in 
distribution problems are often suitably approximated by linear functions so 
that LP may be used. In some cases, the cost functions are nonlinear so that 
quadratic or separable programming may be required. 

2.1 Coal Distribution Analysis 

A typical distribution formulation is that of coal distribution in the open-pit 
region of Central Pennsylvania (Manula and Kim [1966]). The major coal mar- 
ket m this area is m the thermal generation of electricity, which requires large 
guaranteed deliveries of coal, consisting of relatively uniform grades The prob- 
lem arises m that the majority of coal mining operations in the region are of in- 
sufficient size to take advantage of the economics of large tonnage shipping 
Even more important is the rather heterogeneous nature of coal production in 
the area So, quality control by individual mines is limited. In order to meet 
utility requirements and to equalize outside competition, it is possible to pool 
individual resources and make adjustments to existing types of operations, rather 
than change current handling methods or layouts at the mine sites 
Thus, the problem objective is to indicate mine operating levels to the coal 
producers such that their net delivered price of the make-up coal on a BTU basis 
is maximized. In addition, the mixed coal product must satisfy the utility re- 
quirements Let the decision variables be denoted by c? in where d in is the 
amount of coal shipped from mine i (total of p mines) to collection point n 
(total of N central collection pomts) The constraint set consists of the follow- 
ing. total production leaving zth mine must be less than or equal to the daily 
capacity of that mine: 


i- 1,2,.. ,p (1) 

n= 1 

The amount received from the mines must equal the projected daily demand by 
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the utility (known in advance): 

p N 

Z Z d in (2) 

/=i «=i 

If a l is the percentage of ash in the coal from the ith mine, and if a is the permis- 
sible ash percentage of the mix, the total permitted level at the generating sta- 
tion is 


p N 

Z E a An < °y (3) 

j=l n = l 

Similar constramts can be set up for sulfur, moisture, volatile matter, ash fusion, 
and fixed carbon. 

<sy sulfur 

ZE W A» ^ wy moisture 

^ J '^,v l d m >vy volatile matter ( 4 ) 

> fy ash fusion 

c \y < Z E c «^m ^ fixed carbon limits 

Nonnegativity is required so that 

d in >0, i = l,2,.. ,p, n = l,2,. ,N (5) 

Finally, the return function may be stated as 

p iv 

maximize Z Z “ TinMn. ( 6 ) 

1=1 H =1 

where X, is the delivered pnce of coal at the collection points, and j, n is the 
transportation (truck) charges from mine i to site n A number of distribution 
plans were evaluated using this model. 

3 BLENDING PROBLEMS 

Many operations utilize material blending, somewhere in the process, for the 
purposes of promotmg chemical reactions or meeting product specifications In 
many cases, blending models are taken to be linear and deterministic m nature 
Rather extreme care should be exercised when using such models because the 
physical nature of the blendmg process is inherently nonlinear Often, these 
nonkneanties are convex in nature and may be linearized quite easily. Two ex- 
amples will be given to illustrate typical blendmg problems In some cases. 



584 H* APPLICATIONS IN SELECTED AREAS 

quadratic or separable programming is required to suitably descnbe the situation 
at hand. This area will be illustrated in more detail in later sections 


3.1 Particulate Blending of Chemicals 


The first example is concerned with the blending of batches of a homogeneous 
chemical substance m particle form so as to meet a desired final product quality 
mix (Klimpel [1973]). This problem represents a blending formulation which 
allows for statistical variation in the data Let z k be the quantity of matenal 
available in the & th batch of differing size distribution, and p be the number of 
such batches available for blending into V, the quantity (weight) of final mixed 
product If m size intervals are to be considered, then the fractional size-weight 


distribution for the A' fh batch isa lk ,a 2k , ■ , a m k 


(I** 10 ) 


, and for the 


blended product is b x , b 2 , , b m b t - 1 oj Using the notation of Figure 

1, let the output state be the constant y, representing the actual weight of size 
interval i desired m the final product, so that y, = Vbf. The decision variables d, 
represent the amount of matenal of the z th batch used in producing the blended 
product mix. Usmg the least absolute sum of errors critenon for quantifying the 
goodness of match between various blends, the return function takes the form 


m 

minimize ]T (n, + n,). (7) 

j=i 

The Ui's and v/s are slack vanables representing positive and negative error m the 
m balance constraint equations - 

a ll d l +a l2 d 2 + ‘- +a ip d p +u,-v, r = l,2, ...,m (8) 

Also needed are a conservation of material equation 

jrd^v, (9) 

7=1 

and p batch quantity limitation equations 

dj<Zj, / = 1,2, (10) 

A centering of errors equation (when desired) can be imposed 

m m 

j=i 1=1 


(ii) 
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and, of course, the standard ( p + 2m) nonnegativity constraints 

dj>0, 7 = 1,2,. ,p 

u t >0, v t >0, i = l, 2,. ,m (12) 

Solution of this formulation represents a mix that best satisfies the desired final 
product blend according to the least absolute sum cntenon (with its correspond- 
ing statistical interpretation for a double exponentially distributed error) A 
similar formulation was also established, using a minimax cntenon In this case, 
the return function takes the form 

minimize y (13) 

There are 2m balance equations required of the form 
a tl d 1 +a t2 d 2 + • +a ip d p +y>y t 

a ll d 1 +a t2 d 2 + - + a ip d p - y<y t , i = 1,2, ,m (14) 

In addition, the conservation (9) and quantity constraints (10) given before are 
necessary, plus (p + 1) nonnegativity constraints 

7>0,d / >0,/ = l,2, , P (IS) 

A related multiple equipment scheduling problem is often present when ana- 
lyzing blending operations An integer programming formulation of gnnding 
circuit scheduling related to the chemical blending problem just discussed, for 
example, has been reported (Klimpel and Austin [1971 ] ). 

3 2 Metal Alloy Blending 

The second example is a classic m the blending area, consisting of a linear model 
for metal alloy blending in a single furnace operation The goal here is to deter- 
mine how to make the most economical use of raw materials of known cost, 
availability, and composition, m computing a furnace charge that will make a 
specified aluminum alloy blend 

The decision variables in this problem represent the amount, m pounds, of 
each of the raw material sources available for use m the final blend. The return 
function, to be minimized, is then represented by a linear function giving the 
total cost of the raw materials The selection of the latter are, in turn, subject to 
three sets of constraints The first set of constraints represent the limits of each 
ingredient element which may be present in the final alloy The second set state 
the raw material availability limitations, and the final constraint insures that the 
minimum weight of furnace charge is satisfied An example of this type of prob- 
lem, applied to the manufacture of aluminum alloys, is given in the reference 
(IBM-Aluminum) 
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4. LINEAR MODELS OF SINGLE ENGINEERING OPERATIONS 

In previous sections of this chapter, a variety of processing situations have been 
described which involved linear model representations. The formulations pre- 
sented were aimed at analyzing specific problems yet did not directly involve the 
description of specific engineering operations (e g., a particular piece of equip, 
ment or chemical reaction, etc ) A complete “microscopic” model of a given 
engineering operation usually involves nonlinear equation representations How- 
ever, in practice, approximate models are often necessary and sufficient In this 
section, a typical example will be presented, in which a linear model is used to 
represent a single engineering operation. Usually, any single engineering opera- 
tion so modeled is part of a larger overall process Thus, analysis of such a 
model alone, represents a sub-optimal outlook wluch should, if at all possible.be 
placed m a total process context. This total outlook should at least be one of 
applying experience if not done quantitatively 

4.1 Blast Furnace Production Scheduling 

A good example of a single engineering operation linear model is the problem of 
production planning of a steel producing blast furnace operation that maintains 
material balances and chemical equilibrium while minimizing material cost (Fa- 
bian [1967] ) The model allows for the allocation of some input materials among 
four outputs (metal, slag, top gas, top dust) and determines the coke, limestone, 
and air requirements The p decision variables are represented by d t , where each 
d , represents the amount of the /th material used in the operation, and where 
each material is composed of constituent elements or compounds 
The constraint set consists of equations obtained from a variety of sources, 
including chemical mass balance considerations, empirical relationships, etc 
Because of the complexity and length of description necessary to the under- 
standing of this example, only selected types of constraints will be given. Readers 
interested in the complete model should consult the onginal source (Fabian 
[1967]) A large number of chemical element balances are required. For ex- 
ample, if q ) is the fraction of the /th input in the hot molten section (as con- 
trasted to the escaping gases), and z, is the fractional phosphorus analysis of the 
/th material, then the weight of phosphorous availability may be expressed as 

p 

T. Q} z jd) ~ ^Phosphorus- OQ 

1=1 

There are a number of possible constraints related to material availability, etc 
Various other constraints describing coking coal requirements must be de- 
duced from heat requirements, and require knowledge of the heat involved with 
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chemical reactions, heat loss to cooling systems, etc. Thus, for example, the 
heat content, z, in the molten section, would be given by. 

iy, h j=z, (17) 

7=1 

where h, is the heat holding capabihty per unit of weight of material /, and 
s represents the number of materials present (s< p) in the molten material 
Oxygen is a necessary material for reaction and must be carefully controlled. 
If tj is the fractional usable oxygen content of the yth material, then the weight 
of oxygen, 0, may be given by 

7! t,dj + 0 23 ~yo (18) 

;=i 

There are also restrictions on the amount of wind that can be added, because 
of limitations on heatmg and blowing eqmpment as well as requirements that the 
composition of the exit gases (including oxygen) must meet 
The return function is the minimization of costs involved in using the vanous 
available materials, and takes the form 

v 

minimize (19) 

fc=i 

where v is the number of raw materials to be purchased ( v < p), and X k the 
associated costs The return function is subject to the type of constraints pre- 
sented previously plus vanable nonnegativity constraints' 

d,> 0, i = l,2, ,p. (20) 

Thus, the final solution gives a mode of operation (production schedule) that 
yields a product of specified quality and quantity m the cheapest manner pos- 
sible from the raw material point of view. This return function could be modi- 
fied to include maintenance and operatmg costs, as well as certain product cred- 
its that can be derived. 


5. LINEAR MODELS OF SIMULTANEOUS MULTIPLE 
ENGINEERING OPERATIONS 

In this section, several problem formulations will be given, illustrating how an 
entire processing environment can be analyzed It is with such problems (the 
simultaneous analysis of multiple engineering operations) that OR begins to 
achieve its full potential as a key input in the decision making function. By 
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nature, this type of analysis tends to be rather difficult to formulate and bnng 
to successful use This is because of the magnitude of the technical problems 
involved (the many models and variables required) and the organizational/ 
personnel problems usually present (cutting organizational lines, philosophies 
etc ) 

As to model development in a study of this type, linear models have been most 
prevalently used, due to the general availability and ease of use of LP, however, 
care must be exercised when using linear approximations for such a potentially 
complicated problem. Each operation should be analyzed separately as to model 
suitability (and the goal of the overall analysis) before the overall analysis is 
actually earned out. It is very easy to end up with physically meaningless results 
if such care is not exercised In the processing environment, the major problem 
is usually one of suitably representing, by linear models, known physical and/or 
economic nonkneanties 

Several comments on the use of the post-optimality capabilities of LP are 
appropnate, before the presentation of the example problem formulations of 
this section The sensitivity analyses offered by the use of shadow pnees and / 
or coefficients ranging are inherent and efficient by-products of many LPcompu 
tational algonthms It is this ease of “testing” the numerical sensitivity of a final 
optimal solution that adds to the usefulness of LP problem formulations Un- 
fortunately, such sensitivity testmg is much more difficult to achieve when non- 
linear or integer variables are introduced into a formulation. 

It has been the authors’ experience that the practice of usmg shadow pnees 
and coefficient ranging is very important, but too often neglected by many in- 
dustrial analysts In industrial practice, it is rarely possible to use or implement 
the results of a calculated optimal solution exactly as given. The reasons for this 
are many, and include equipment requirements, conflict with management poli- 
cies, uncertainty in the model coefficients, etc It is very important, for exam- 
ple, to know how dependent the optimal solution is on the numerical values of 
coefficients in the problem formulation (especially right hand side values and ob 
jective function coefficients) In most processing problems, it is essential for an 
analyst to develop knowledge of a “region” of practical (operational) optimality 
If this is not done, the probability of an OR approach being successfully imple- 
mented is considerably diminished. For this reason, many industrial analysts 
rely very heavily on concepts of random- element simulation (Khmpel [1973]), 
rather than on optimization models, even when the later are more appropnate 

This is somewhat unfortunate, as the proper use of the available post-optimality 
characteristics of LP can help greatly with this aspect Such information is use- 
ful m a wide variety of applications, including setting raw material and product 
pnees, sizing of plant and warehouse facilities, determining manpower pools, and 
settmg quality control standards 
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5 1 Investment Analysis of a Mining and Processing Complex 

The first formulation example to be given is an investment analysis problem 
(Klim pel and Klein [1966]) The problem is one of determining future capital 
investment requirements and optimal sizing of production plants m a chemical- 
mineral processing complex under consideration An attempt to analyze this 
problem immediately encounters two specific problems common to almost 
every multiple operation process integer variables and a mixture of convex 
and nonconvex relationships The mteger variable representations anse in such 
areas as scheduling chemical reaction vessels which are either running or idle, 
mvestment set-up costs, etc Nonlinear functional relationships anse m areas 
such as chemical kinetics, blending, the maintenance of vanable fluid flow 
ratios, the increasing returns of scale m capital cost of plants, etc. 

In sizing production plants, for example, a plant of double capacity requires 
less fixed capital than two plants of single capacity, so that a relationship of the 
following form holds 

Capital cost = a V b , (21) 

where V is capacity, a is a cost coefficient, and b (for chemical plants) is be- 
tween 0 5 and 0 8 Figure 2 illustrates the situation that would be necessary 
for simple logical linearization techniques to be applied Figure 3 demonstrates 
the situation where either multiple case studies of a linear program should be 
run (at points B, C, etc ), or where separable LP or appropriate nonlinear pro- 
gramming techniques could be used 

Consider the evaluation of a new investment plant, shown in Figure 4, for the 
treatment of an abundant but hard-to-process natural resource x n , and its 
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Fig 3 


conversion to a variety of products Because of the goal of this analysis, in- 
vestment feasibility of plants not yet built, the model relationships are kept as 
simple as possible The basic process at plant 1 yields three streams-y n ,y 21) 
and y 31 -which are related to x n by steady -state chemical mass balance transi- 
tion functions 

yw =41 62x u 

y 2 i = 5 59-Xn (22) 

y 31 = 0 555x u 

The product y 3 1 is readily marketable, whereas a portion ofy n , where 

JPll ~(^ll + ^21 + t ?31 + *12)> (23) 

has several limited markets such that 

d u < 1200 

d 2l < 3000. (24) 

The stream jPn may also be converted (either totally or in part) by another 
proposed plant 2, which produces a product y 12 The third stream y 21 where 

J>21 =*13 +*14, ( 2S ) 

is convertible to two alternate products, y 13 from plant 3, and >’ 24 from plant 4 
The material balance transition relationships are 

}'i 3 = 0 855 X 13 

y 2 4 = 2 62 Xi 4 


(26) 
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Fig 4. A mining and processing complex 


The products y 2 4 and y 13 are visualized to enter two markets foreign (d 14 
and d 13 ) and domestic (d 24 and d 2 3), with quite different revenues per unit 

y 24 =d 14 +d 24 andyi 3 =d 13 +d 23 (27) 

The products have the following market saturation limits imposed 

d l3 <300 

di 4 <250 (28) 

d 24 ^ 300, 

with the product d 24 exhibitmg strong elasticity in its demand curve One waste 
product (723 + 714 ) requires costly waste disposal facilities, with costs increas- 
ing strongly with increasing amount The generation of waste is given by 

723 = 4010 X 13 

7 I4 =1340;c 1 4 ( 29 ) 

As demand growth and price changes over time are visualized to be moderate 

because of the bulk character of the materials, it is assumed that plants will be 
built once, originally, for their full capacity, and would operate at their capacity 
levels It is also assumed that the processes become obsolete within a decade, 
so that evaluation is made for a ten year life period The required fixed plus 
working capital for plant n of capacity V n follows the function 

total capital of n = ( a n ) + b n V n + c n V% n ■ (30) 

The annual operating cost is approximated as - 

annual cost of n = (e n ) +f n Vn + Sn Vn + hn Vn n 


(31) 
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The constants a n and e„ are vanishing fixed expenditures (integer set-up costs), 
incurred only when a plant is built and operated Revenues are taken to be 
linear functions, except in the case of product d 2 4 , as mentioned previously 
The annual cash flows are calculated algebraically, discounted to the present, 
and summed over the selected ten-year honzon to get the algebraic net present 
value return function 

The return function exibiting the vanous product and plant charactenstics 
mentioned is then 

maximize R = - 16,000 x° 9 - l,950x u +0 17 Xn 

+ 840 dn + 672 d 2 i + 100 y 3 i 

- 24,000 y°i 2 8 + 7,000 y l2 - 3,000,000 yh 

- 38,000 y° 3 ss - 12,000y 13 + 1.5 yj 3 

+ 51,000 di 3 + 26,000 rf 23 - 1,000, 000 y? 3 

- 12,000 y? 4 87 - 26,000 y 24 + 54,000 d 14 

+ 47,500 d 2 4 - 63 3 d\ A - 2,000,000 yh 

-0.75( y 23 +y tA y 05 - 0.33 (y 23 +y 14 ), 

subject to the engineering and market constraints plus nonnegativity of the van- 
ables The variables yj 2 ,yf 3 , and yf 4 relate to the set-up costs and should as- 
sume the value either zero or one (yf 2 =0, ify i2 =0 andyf 2 = 1, if y n >0, 
etc) The problem was solved using a linear constrained nonlinear programming 
algorithm (Khmpel and Klein [1966]) and more recently with a mixed integer 
LP approach (Khmpel and Burroughs [1974]) 

With this type of formulation, the following questions were answered’ should 
the project be undertaken? if undertaken, what should the rate of resourcexu 
processing be 9 and which supplementary conversion plants should be built and 
to what capacities? 

5 2 Oil Refinery Scheduling 

The second multiple operation formulation to be given is that of oil refinery 
production scheduling (IBM-Introduction to LP [1964]) This application area 
represents a “classic” use of OR in the processing industry. A refinery consists 
of a number of operations for separating, changing, or combining different erode 
oil components (fractions) In the formulation to be presented here, only two 
operations, a pipe still and a catalytic cracking unit, will be analyzed The pipe 
still is essentially a distillation column which separates a given crude into three 
general fractions light naphtha, medium distillate, and heavy residium (fuel) A 
catalytic cracking unit (cat cracking) operates on the medium distillate fraction 
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and by chemical means (breaking of heavy molecules into lighter and smaller 
molecules) changes it into three outputs catalytic naphtha, light cycle stock, 
and heavy cycle stock The later two outputs may be recycled back into the cat 
cracker The terms virgin naphtha and virgin distillate refer to fractions not 
processed further but only used for blending 

From these two processes, seven components are obtained which may be 
combined to produce four products The seven components and products are 
listed in Table 1 Mnemonic variable names will be used in this example to assist 
in problem understanding The profitability of the refinery operation depends, 
of course, on costs of raw materials and costs of operation, the characteristics of 
the vanous operations involved, and the prices of the final products Like any 
processing plant, considerable flexibility is available in running the refinery, 
including the choice of crudes, operating characteristics of the pipe still and cat 
cracker, the component proportions used in blending final products, and the mix 
of final products Table 2 lists the refinery operations, illustrated schematically 
in Figure 5, that will be discussed in the folio wmg paragraphs In Figure 5, 
rectangular boxes indicate engineering operations while boxes with peaked roofs 
mdicate material flow balancing points The constraint set and return function 
data are tabulated in Table 3 . 

The return function is one of maximizing profit and represents a straight- 
forward summation of costs and incomes of the vanous components and 
products The material balance equations are statements mdicatmg that material 


TABLE 1. REFINERY VARIABLES 


CR1F 

CR1D 

CR2F 

CR2D 

CATVD 

CATLC 

CATHC 

RSFUL 

HCFUL 

LCFUL 

VDFUL 

VNAPD 

VDISD 

LCCYD 

VN1R 

VN2R 

CNPR 

VNIP 

VN2P 

CNPP 


Crude 1 run to fuel, MB/D 

Crude 1 run to distillate, MB/D 

Crude 2 run to fuel, MB/D 

Crude 2 run to distillate, MB/D 

Cat feed virgin distillate, MB/D 

Cat feed light cycle, MB/D 

Cat feed heavy cycle, MB/D 

Residuum to fuel, MB/D 

Heavy cycle to fuel, MB/D 

Light cycle to fuel, MB/D 

Virgin distillate to fuel, MB/D 

Virgin naphtha to distillate (heating oil), MB/D 

Virgin distillate to distillate (heating oil), MB/D 

Light cycle to distillate (heating oil), MB/D 

Virgin naphtha (crude 1) to regular gasoline, MB/D 

Virgin naphtha (crude 2) to regular gasoline, MB/D 

Catalytic naphtha (crude 1) to regular gasoline, MB/D 

Virgin naphtha (crude 1) to premium gasoline, MB/D 

Virgin naphtha (crude 2) to premium gasoline, MB/D 

Catalytic naphtha to premium gasoline, MB/D 



594 II- APPLICATIONS IN SELECTED AREAS 


TABLE 2 REFINERY RELATIONSHIPS 


VNAP1 Virgin naptha 1 , material balance, MB/D 

VNAP2 Virgin naphtha 2, material balance, MB/D 
VDIS Virgin distillate, material balance, MB/D 

RESID Residuum, material balance, MB/D 

CATN Catalytic naphtha, material balance, MB/D 

LCCY Light cat cycle oil, material balance, MB/D 
HCCY Heavy cat cycle oil, material balance, MB/D 
CRBAL Crude balance (crude 1 = -j total), MB/D of crude 1 
PSCAP Pipe-still capacity, MB/D 

CR2AV Crude 2 availability, MB/D 

TFCAT Total feed cat capacity, MB/D 
FREQ Fuel oil volume requirement, MB/D 

DREQ Distillate (heating oil) volume requirement, MB/D 
DSPEC Distillate (heating oil) specification, M CON. B/D better than spec. 
RREQ Regular gasoline volume requirement, MB/D 

RSPEC Regular gasoline specification, M OCT B/D better than spec 
PREQ Premium gasoline volume requirement, MB/D 

PSPEC Premium gasoline specification, M OCT B/D better than spec 
where MB/D = thousands of barrels per day 
SM/D = thousands of dollars per day 
M CON B = thousand contamination number of bbls 
M OCT B = thousand octane number bbls 


flow must balance (the sum of input flow must equal the sum of output flow) 
Thus, for example, the constraint VNAP1 refers to virgin naphtha from erode 1 
At the point indicated on Figure 5, the material flowing in must equal the 
material flowing out to the two types of gasoline. 

0 1 CR1F + 0.15 CR1D = VN1R + VN1P. (32) 

The coefficients of the first four material balance constraints are summarized 
m Table 4 The next three material balance constraints relate to the catalytic 
cracking unit operating characteristics summarized in Table 5. Thus, for exam- 
ple, a balance on the gasoline outputs from the unit would be. 

0 7 CATVD + 0.6 CATLC + 03 CATHC « CNPR + CNPP (33) 

The constraint CR2AV is a statement of the maximum availability of crude 2 
per day which is 75,000 barrels. 

The pipe still constraints are related to the requirement that crude 1 can make 
up no more than one-third of the total crude input 

CR1F + CR1D <0 5 CR2F + 05 CR2D, (34) 

and that the pipe still has a total limiting capacity of 100,000 barrels per day. 

CR1F + CR1D + CR2F + CR2D < 100 (35) 




TABLE 3. REFINERY RETURN FUNCTION AND CONSTRAINTS 

Column Name 

Pipe-still Cat-cracker Fuel-blending Heating oil- Regular gasoline- Premium qnsoline- 

activitics activities activities blending activities blending activities blending activities 
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The cat cracker constraint is again a maximum capacity constraint which takes 
mto consideration recycle streams 

1 6 CATVD + 1 2 CATLC + 1 .1 CATHC < 46 ( 36 ) 

A constraint on the maximum production of fuel oil is desired so that 

RSFUL + HCFUL + LCFUL + VDFUL < 50 (37) 

The distillate (heating oil) blending characteristics are described in Table 6, 
and lead to the two constraints listed m Table 3. The first is the minimum re- 
quirement on heating oil production 

VNAPD + VDISD + LCCYD > 30, (38) 

and the second, stating that the contamination number of the heating oil must 
be no greater than 55 

50 VNAPD + 54 VDISD + 65 LCCYD < 55 VNAPD + 55 VDISD + 55 LCCYD 

(39) 

The gasoline capacity and octane requirements are established m exactly the 


Regular Premium 

Gasoline Gasoline 



NOTE Names in boxes are constraints {rows} 

Names at arrowheads are variables {columns} 

Fig 5 Flow diagram of refinery process 
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TABLE 4. FRACTIONAL YIELDS WHEN 
OPERATING PIPE STILL FOR MAXIMUM 
FUEL OR MAXIMUM DISTILLATE 



Crude 1 

Crude 2 

Fuel 

Distillate 

Fuel 

Distillate 

Virgin naphtha 

10 

15 

■ m 

.25 

Virgin distillate 

25 

40 


35 

Residuum 

60 





same fashion as that of heating oil, with the necessary operating characteristics 
given in Table 7. 

Complete process analyses, such as that of the refinery model, often play a 
major role in the scheduhng of short-term operations, because of changes in 
costs, demand, raw material availability, etc. The complexity of these processes 
simply does not allow for such changes to be profitably incorporated into operat- 
ing schedules without mathematical analysis Such an approach is standard 
operating procedure for large processing complexes 

6 OPTIMIZATION OF MULTIOPERATION SERIAL SYSTEMS 

Frequently, the N engineering operations, described m Figure 1, are structured 
or connected in such a way that the output from the first operation or stage is 
an input to the second stage, the output from which goes into the third stage, 
and so on A process with this head-to-tail information flow structure is said to 
be a serial process. In such systems, a decision made at some stage will only 
influence the information flow m subsequent or downstream stages. For a serial 
process, Bellman’s Principle of Optimality may be stated m the following form 
“A serial process is optimized when the decisions for the downstream stages 
constitute an optimal policy with respect to the input they receive from 


TABLES. CATALYTIC CRACKER OPERATING 
CHARACTERISTICS 



Virgin 

Distillate 

Light 

Cycle 

Heavy 

Cycle 

Direct feed 

1.1 

1 0 

1 0 

Internal recycle, bbl 

06 

02 

0 1 

Cat Naphtha, bbl 

07 

06 

0.3 

Light cycle, bbl. 

03 

- 

0.7 

Heavy cycle, bbl 

0.5 

05 

— 
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TABLE 6. DISTILLATE BLENDING CHARACTERISTICS 



Contamination 

Number 

Volume 

Virgin distillate 

54 

As produced plus 11 MB/D 
from storage 

Virgin naphtha 2 

50 

As produced 

Light-cycle stock 

65 

As produced less 11 MB/D 
to storage 

Specification 

55 

At least 30 MB/D 


upstream ” By applying tlus principle it is possible to tear down or decompose 
the original N ® p variable optimization problem into a sequence afN optimiza- 
tion problems, each having p variables. Tlus decomposition is particularly im- 
portant in the process industries, where N is frequently large, 1 e ,N> 10 The 
example chosen to illustrate this technique is the staging of chemical reactors 
Not only is this an important industrial application, but it has the advantage of 
introducing basic concepts which will be used later. 

6 1 Chemical Reaction in a Stirred Vessel 

Chemical reactions designed to turn raw materials mto more valuable products 
are often conducted in large stirred vessels called reactors Raw materials flow 
into the reactor and a product stream is withdrawn, as shown m Figure 6 The 
composition and temperature of the contents of the reactor are kept uniform 
throughout by sufficient agitation. Suppose m different components, /4 j,j4 2 , 
, A m are taking part, l e , being consumed or being produced, in the chemical 
reactions m the vessel Let r = (r t , r 2 , , r m ) be an m -dimensional column 

vector, representing the rate at which the different species are reacting (i e , the 
change in the amount of the components present per unit volume) From ele- 
mentary reactor theory r = r(x, T), where x = (xj, x 2 , - - , x m ), is an m- 


TABLE 7. OCTANE NUMBERS OF 
GASOLINE BLENDS 



Octane 

Number 

Volume 

Virgin naphtha crude 1 

85 


Virgin naphtha crude 2 

84 


Catalytic naphtha 

92 


Premium specification 

89 

At least 25 MB/D 

Regular specification 

85 

At most 10 MB/D 



THE PROCESS INDUSTRIES 599 


Mixer 



Fig 6 Chemical flow reactor 


dimensional column vector representing the amounts or concentrations of the 
components in the reactor and T is the temperature. The microscopic model 
form of r(x, T), describing a simple reaction, is complex and difficult to obtain 
Therefore, in practice an empirical model is used of the form 


m m h 

r f (x, T) = k, f] x, 1 ' - k[ f] x, l > , i = 1,2, ,m, (40) 

/= i /= i 

where a t] and b,, are positive real numbers, usually mtegers, mcludmg zero, and 
k, and k[ are constants (which change with temperature) The first group of 
terms on the right hand side of Equation (40) represents the forward reaction rate 
m the production (consumption) of A,, whereas the second group represents the 
reverse reaction rate As A, is bemg produced (consumed) initially, the forward 
rate is greater than the reverse rate. Then, as the amount of A t increases (de- 
creases), the rate slows down until the two rates are equal At this equilibrium 
condition 


or alternatively 


r(xe,r) =0, 


(41) 


(*,)?' = k;fj(x,)!-', i=l,2, ,; n, (42) 

/=! ,=1 

where the subscnpt e denotes that these are concentrations at equilibrium, l e , 
the maximum or minimum concentration of a component, depending on whether 
it is bemg produced or consumed by the reaction. 

If the volume, V, of the reactor is kept constant, the flow rate out of the 
vessel must be equal to the flow rate, q, into the vessel. Since the contents of 
the vessel are fully mixed, the concentrations x in the vessel are the same as 
those in the product Hence, the rate at which any component A l is produced, 
(consumed) is the difference between the rate at which it flows out of the reac- 
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tor and the rate at which it flows in The rate of reaction r, is defined as the rate 
at which the amount of A, is increased per unit volume For an input stream of 
composition x/, a mass balance on each component gives the reactor design 
equation 

q(x - x f ) = Vt(x, T), ( 43 ) 


or equivalently 


x = x / + 0 r(x,r), ( 44 ) 

where 6 = Vfq is the average holding time of the reactor, 1 e , the time required 
to “turn over” the contents of the reactor 
Now suppose the problem is to maximize the amount of component A, pro- 
duced m the reactor at a constant temperature T, starting with an input stream 
with given concentration Xf t According to Equation (44), this can be accom- 
plished by increasing 0 , r, , or both Now 0 is increased either by using a larger 
vessel V or reducing the throughput 9 , both are economically unattractive The 
rate r, decreases as the amount of A, produced increases and, m fact, goes to 0 as 
the maximum concentration x lc is approached This suggests that the reaction 
be earned out in two or more vessels, the product of the first being fed to the 
second and so on, then, since the exit concentration of the first would be at a 
lower concentration than in the second and succeeding reactors, the reaction 
rate m the first would be greater than in succeedmg reactors. Therefore, by 
allowing the reaction to occur m several vessels, it is possible either, 1 ) to obtain 
a greater output concentration for the same volume V, or 2) to obtain the same 
output concentration as with a single vessel but with a smaller total volume The 
optimization problem is to choose the sizes of the vessels to meet some economic 
entenon 


6.2 Chemical Reaction in a Senes of Stirred Vessels 

Consider a general process of N reactors, shown schematically in Figure 7. 
For convenience, the vessels are numbered from the end to the beginning, so 
that the input stream enters vessel N and the final product leaves from vessel 1 
This is a serial process, where the N engineering operations of Figure 1 correspond 
to the N reaction vessels Here, the state variables are the concentrations of the 
components and the outputs for the general model are the inputs to the next 
stage The decision variable d n =8 n , is the holding time for the nth reactor 
The reactor design Equation (44) serves as a transition function, since the output 
x n can be obtained from the input x ?I+1 and decision d n , although anumen- 
cal iteration method may be necessary Therefore, one may write 

~ 3n(x n+ j , 0 n ) 


(45) 
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Fig 7 Senes of chemical reactors 


The return function for this process can be formulated in many different ways. 
A form which frequently occurs is one m which the objective is the sum of 
profits from each vessel These profits can be expected to be functions of x„ +1 , 
x„, and 0„ However, x n can be expressed in terms of x n+1 , and 0 by Equation 
(45) so that 

P ~ ^n( x ri+li^«)j (46) 

« = 1 

where R n is the profit or return from the nth stage One important problem in 
design is to maximize the exit concentration of a single component x ;] for an 
input stream of known composition, x N+1 , and flowing at a rate q If a represents 
the cost of the vessel relative to the composition, then the return function is 

maximize x,! - a S r}j so that R n =x,„ - x,,„ + i - a0„ (47) 

Since the sum contains the additional constant term ~x l N+1 , the maximum 
value must be modified, but the optimal pohcy (0$ n = 1,2, ,N} will be 

the same. 

Summarizing in mathematical programming terms, the optimization problem is 
to 

N 

j- maximize P = Y i?„(x„ +1 ,0„), (48) 

10„n=l,2, . ,N) " 

subject to the iV @ m equality constraints 

- T, J (x„ + i,0„) = O (49) 

In all practical problems the state and decision variables are nonnegative, and m 
most cases bounded above and below so that the univariate constramts 

0^<0„<0£ and x l n <x n <Xn ( 50 ) 

also are imposed 
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6.3 Decomposition and Suboptimization by Dynamic Programming 

Rather than solve this N variable equality-inequality constrained problem 
directly, the principle of optimality can be apphed to decompose the problem 
into a sequence of N one variable univariate constrained problems. The selection 
of 0„ only effects subsequent states x„ , x„ _j , . . , Xi , and has no effect on the 
preceding ones x N , x.v- t , , x n+1 Hence, this is a serial system From the 

principle of optimality, all n stage serial systems, i e , systems consisting of 
stages 1,2,.. , n(n < AO, are optimal with respect to their input states Let 

/i (X 2 ) = Max [/? i (x 2 , 0 1 )] (51) 

e i 

be the maximum profit from the last reactor The optimal pohcy for this reac- 
tor is dependent on the input state x 2 , and may be written 0*(x 2 ). Now, this 
pohcy has no effect on any of the N - 1 preceding stages It is obtained by a 
one variable optimization for different values of x 2 Next, consider the last two 
reactors. The return function is 

Max [/? 2 (x 3 ,0 2 ) + R 1 (x 2 ,0 i ] (52) 

e I ,B l 

For any value of 0 2 , R 2 can be evaluated and the value of x 2 calculated by the 
transition Equation (45). However, the optimal choice of 6 X for any x 2 is 
0?(x 2 ), so that values of the sum R x +R 7 are obtained simply by specifying 0 2 
Thus, Equation (52) can be written. 

h (x 3 ) = Max [R 2 (x 3 ,0 2 )+/i(x 2 )], (53) 

which is another one variable optimization problem that yields an optimal de- 
cision pohcy for 0 2 , 0*(x 3 ) 

Continuing m an analogous fashion, stage by stage, the optimum decision at 
the nth stage is that value 0 *(x n+1 ) which satisfies the equation 

•/n( x n+l) — Max [^nCXfj+l j ®n) + fn -l (^n)] , (54) 

e n 

where 


x n ^"n ( x n+l > n 1,2,.. , N, (55) 

provided / o (xi) = 0 Thus, the optimal decision pohcy for the whole senes 
{0n( x A r +i) n = 1,2,.. ,N} is generated by sequentially solving this equation 
for n— 1,2,. . ,N starting with/ G = 0. This decision pohcy may be presented 
in tabular or graphical form for simple systems. The actual mechanics of using 
dynamic programming (DP) are discussed in Bellman [1957] , Bellman and 
Dreyfus [1962], Ans [1964] , and Nemhauser [1966] 
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6 4 Sequential Chemical Reaction with T emperature Regulation 

In the above example, it has been tacitly assumed that the iegulation of tempera- 
ture did not involve cost If the reaction generates heat it will be removed at 
a certain rate Let Q n be the rate of heat removal by the cooling system, C p be 
the heat capacity of the reacting mixture, and (-A H t ) the heat of reaction 
involving the rth component. Then a heat balance on the reactor, i e , the heat 
brought into the reactor plus the heat generated by the reaction equals the heat 
going out in the exit stream plus the heat that is removed by the coohng system, 
gives 

Qn = <jCp{T n+l - T n ) + F„(-AH )r(x„ , T n ), (56) 

or equivalently 

Qn~Tn+ 1 - T n + 0 n ^ ’^r(x w ,T n ) , (57) 

where Q n = QnKflCp) This equation is a transformation equation for tempera- 
ture That is, given values for the state variable T n+1 , x„ +1 and the decisions, 0 n 
and Q n , the simultaneous solution of this equation with the mass balance 
Equations (45) gives T n and x„ Temperature has been mcluded as a state van- 
able since it affects the required heat removal The cost of heat removal is 
proportional to Q n Hence, the return function of Equation (47) becomes 

R-n = X in ~ X, ttl+ j ~ OC.Q n - llQn (58) 

Notice that Q n is now a decision vanable, d„ = (6 n , Qn), so that a two vanable 
suboptimization problem must be solved for each stage m the system 

6 5 Application of Dynamic Programming to IMon-Serial Systems 

In many industnal processes, some of the matenal leaving one or more of the 
stages is diverted forward or back to other stages in the process. A typical con- 
figuration is shown m Figure 8 A number of procedures have been developed 
for applying DP to these systems (Ans, et al. [1964], and Beightler et al 
[1965]) Basically, these procedures consist of introducing additional state 
vanables corresponding to the various loops m the process and then usmg DP 
to decompose this larger problem. The interested reader is referred to the excel- 
lent treatment of this subject by Wilde and Beightler [1967] 

6 6 Concluding Remarks 

In this section it has been shown how DP can be used to decompose a large sys- 
tem optimization problem mto a sequence of smaller problems by exploiting the 
senal structure of the system. Although DP, as embodied m the principle of 
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Fig 8 A complex nonsenal system 


optimality, is a relatively simple concept, difficulty arises m the formulation of 
a particular problem, because DP is a strategy of optimization rather than having 
a clearly defined method to follow (such as LP) Each case requires an individual 
analysis and a proper formulation which can mean the difference between suc- 
cess and failure 

The question of when to use DP to decompose a serial system has been dis- 
cussed by several authors (Ans [1964] , Nemhauser [1966]) The price one pays 
for decomposmg the system into smaller parts is the need to solve a large num- 
ber of suboptimization problems which do not eventually become part of the 
optimal plan This process of imbedding into a larger class of problems must be 
balanced by the computational advantage of working with fewer variables The 
best indicator of when to use DP is the number of state vanables, m. A limit of 
three or possibly four is within the range of computational feasibility An 
exhaustive search of more than this is impossible, even with the capabilities of 
large digital computers Two alternatives are available A new approach has 
been developed, called state increment DP, which significantly reduces the com- 
putational requirements by solving the iterative functional Equation (54) in a 
different way (Larson [1968]) The second approach is to use a different 
method of decomposition called the maximum principle, which again leads to a 
sequence of suboptimization problems but loses the desirable unique optimum 
feature of DP except for special cases (Pontryagin, et al. [1962]) This latter 
approach dees not have large digital computer memory requirements, so the 
number of state vanables is not of primary concern. 


7 OPTIMAL ENGINEERING DESIGN BY GEOMETRIC PROGRAMMING 

In the previous sections it has been demonstrated how the economical design 
and operation of process systems can be formulated as optimization problems, 
in which some economic criterion is optimized while certain technological or 
design relations are satisfied Until recently, however, optimization methods 
were not used for detailed engineering design because suitable mathematical 
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methods were not available for treating the nonlinear functions which typically 
anse 

Engineering design as contrasted to the design, say, of Section 6, involves the 
actual sizing of pumps, motors, heat exchanger internals, etc , rather than simply 
determining the overall size of a vessel or the residence time These engineering 
design relations are not only nonlinear but also nonconvex For example, in 
Section 5 the capital cost estimating relation for new plants and plant equipment 
was shown to be (Capital cost) = aV b , where V is the capacity, a is a cost 
coefficient, and i is a positive exponent usually between 0 5 and 0 8 The 
economic criterion, or return function in terms of the general model of Figure 1, 
used in engineering design consists almost exclusively of sums and differences of 
cost estimating relations of this type The coefficients are obtained from litera- 
ture cost data, while the exponents usually reflect an experience factor gamed 
by equipment manufacturers in building similar plants. 

In engineering design problems, the transition functions are obtained by 
performing material and energy balances both on the individual operations and 
on the entire process These balances usually consist of design relations which 
are obtained by dimensional analysis or by fitting power functions to expen- 
mental data The most general form of such a function /z, with P dimensionless 
groups is 

( 59 > 

i=i\/=i / 

where x = (icy , x 2 , . . , x m ) is an m dimensional vector of design and/or physi- 
cal vanables, a,, is an unsigned integer, and k and a t ’s are real number constants 
determined by experimentation on the physical system mvolved 

Since both the cost estimating relations and design relations are posynorrual 
functions, one might expect that the resultant optimal design problem would be 
a geometric program Because problem formulation is nontnvial, however, the 
generation of a true geometric program depends on the skill of the designer 
Each problem must be considered on its own ments so that no general purpose 
formulation procedure is available One neglected area in the development of 
geometric programming has been providing some methodology for helping the 
designer select appropriate design vanables— approximate nonposynomial design 
relations by posynormals— and manipulate complex matenal balance constraints 
to obtain posynomial equality and inequality constraints. These remarks are 
best illustrated by an example 

7 1 Design of a Liquid-Liquid Heat Exchanger 

The design of heat transfer equipment to regulate the temperature of a process 
or to insure efficient utilization of heat is an important engineenng design prob- 
lem In Section 6 4 for example, the optimal design of the reactor sequence 
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involved an optimal policy for the rate of heat removal from each reactor. Having 
determined this rate Q, the engineering design problem is to size the heat trans- 
fer equipment to achieve this rate for the minimum cost. 

Consider a liquid-liquid heat exchanger in which a process fluid having a flow 
rate W p must be cooled from a temperature T p i to T p0 by a stream of cooling 
water, W s , available at a given temperature T sf (Blau [1971]). Figure 9 depicts 
such a system The rate of heat transfer from the process stream to the cooling 
water is 

Q = W p C p (T p i - T p o), (60) 

where C p is the heat capacity of the process stream The optimal design problem 
is to size the exchanger, i e , determine its heat transfer area, number and size of 
tubes, baffle spacing etc , and determine the flow rate W c of cooling water to 
meet the heat transfer rate Q, while minimizing the annual cost of the exchanger 
The return function for the exchanger consists of four items- 1) fixed charges 
on the exchanger, c F , 2) cost of cooling water, c w , 3) cost of pumping water 
through the exchanger, c s , and 4) cost of pumping the process fluid through the 
exchanger, c p 

(1) Fixed Charges Assuming that the exchanger is of the conventional shell 
and tube variety, a cost estimating relation for fixed charges is- 

C i r = CjA 05S , (61) 

where Cj is the unit cost of the exchanger, including yearly depreciation, and A 
is the heat transfer surface area 

(2) Cost of Water. The cost of water is usually a function of flow rate so that 

C\v ~ CiHWgy (62) 

where c 2 is the unit cost of cooling water and H is the yearly operating time. 

(3) Pumping Costs The pumping costs are the following linear functions of 


Cooling Water 
Output 



Fig 9. Liquid-hquid heat exchanger. 
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the power requirements. 

c s ~ c 3 H(HP s) (63) 

c p - c 3 H(HP p ), ( 64 ) 

where c 3 is the unit power cost, and HP S and HPp represent the horsepower 
losses for the cooling water and process streams, respectively 
Summing these four terms, the optimal design problem is to find the values of 
A, W S ,HP S and HP p which minimize 

R=c F + c w +c s + c p (65) 

In order to keep this example at a manageable level, the following exchanger 
data will be specified 1) standard 1 in , 16BWG, 16 ft exchanger tubes, 2) 
number of tube passes = number of shell pases =1,3) square 1 in pitch with 
baffle spacing = f of shell diameter. Power us q,HP s and HP p , can be expressed 
in terms of the design variables .4 , IPy, and W p in the following manner Assum- 
ing that cooling water passes through the tube side of the exchanger, the power 
loss through the tube side is given by. 

HP s =K s Ah\ 5 , (66) 

and through the shell side by 

HPp =K p Ahp 75 , (67) 

where K s and K p are functions of the thermophysical properties of the two 
fluids, and h s and h p are individual heat transfer coefficients for the tube and 
shell side respectively A dimensional analysis for heat flow gives the design 
relations 

h, = 0 023 (jpj (Re s )« »(Pr s )‘ ( 6S ) 

and 

h p = 0 23 (Re p )° 6 (Pr p )° 33 , (69) 

where Re and Pr are the dimensionless Reynolds and Prandtl numbers, while the 
thermal conductivity and viscosity of the fluids are given by k and q respectively, 
and D is the tube diameter These two design relations are precisely of the form 
of Equation (59) 

Collecting terms describing the thermophysical charactenstics of the fluids and 
expressing Equations (68) and (69) m terms of mass flow rates and surface area, 
one obtains 


hs — e i <Ps 



(70) 
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with 

^ £tl Q (Prj) 13 (fe) 

(71) 

and 

K* 

hp - e 2 4>p ^0 57 

(72) 

where 

k p 

<P p = — Pr* 

(73) 


The coefficients e t and e 2 are fixed by the units employed. Substituting the 
design relations (70) and (71) into Equations (66) and (67) respectively, the 
return function (64) becomes 

R = [ Cl ]A° 55 + [c 2 H] W s + [c 3 HK s ( ei <p 3 f ^ 

j,;2 85 

+ [c4HK p {e 2 $ p T^] J~ (74) 


where the terms in braces are constants for a given system 
Two constraints must be imposed First, the heat transfer surface required to 
transfer the heat load Q is given by the design relation 

Q^UAATlm, (75) 

where U is the overall heat transfer coefficient and A T L m is the log-mean 
temperature difference U is related to the individual coefficients li s and h p and 
a fouling factor R D by the posynomial function* 


U 


1 15 1 „ 

+ +Rd 


(76) 


Log mean temperature difference is not a posynomial However, for liquid- 
liquid systems with similar approaches at both ends of the exchanger, l e , (T pg - 
T SI )~(T P{ - T Sq ), A T lm can be approximated by &T AAI , the anthmetic mean 
temperature difference That is* 


A T, 


iT Po -T SI ) + {T pi -T Sn ) 


pi is o> 


LM 


(77) 


Substitutmg for h s and h p from Equations (70) and (72), Equation (74) becomes 


’ hll , i Rp\ 

fiQsA 0 2 W° 8 e 2 (f>pA° 45 W p 6 A ) 



T 

1 SJ 


2 



T *o 


2 


( 78 ) 
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The second constraint is imposed by performing an energy balance to insure 
that the heat lost by the process stream is taken up by the cooling water That is. 


Q WpCp p (Tp r T Pq ) W s C Ps (T SQ T SJ ) ( 79 ) 

The optimal design problem has now been formulated as a nonlinear equality 
constrained mathematical program in the three design vanables A, It^, and 
T The return function (74) is already a posynomial The constraints can be 
transformed into the following posynomial equality constraints 


C Pp W p {T po T p j) Wp_ 1 

r t r ~ 

u Ps J ls o i SQ 


(80) 


and 


n i5Q ' 

i 

4 - 

r 2 

1 

t 

'*d' 

[ 2 r i ~ 

*1 

A 02 W S 08 

et*pB T Wp 4S . 

A 045 

e t m 

| A 2E t 


(81) 


where E t = (T Po - T Sf + T pi )[2. Heunstic rules have been developed for trans- 
forming these equality constraints into inequalities so that convexity is preserved 
(Blau and Wilde [1969]) Alternatively, an algorithm developed specifically for 
equality constrained problems may be used, although the unique optimum guar- 
anteed by convexity is lost (Blau and Wilde [1971] ) 


8 BUILDING MATHEMATICAL MODELS OF ENGINEERING 
OPERATIONS 

In the previous sections of this chapter the emphasis has been on formulating 
the optimization problems associated with various processes In all the examples 
considered it was assumed that the transition functions were known either as 
physically meaningful models (Sections 6 and 7), or as linear approximations to 
these models (Sections 2-5) However, in modelling engineering operations, 
the only realistic way of determining the suitability of a model is to verify the 
model either from existing experimental measurements taken on the operations 
or by performing additional experiments on the operations Once tins expen- 
mental data is available, nonlinear least squares techniques must be used to 
estimate key parameters in the model The uncertainty in the resultant param- 
eter estimates should be reflected m any subsequent analysis using the model 
Frequently, several realistic models can be postulated to descnbe an engineer- 
m S operation This is particularly true m modelling operations involving chemi- 
cal reactions because they are inherently complex, and experimental data is 
sparse and/or expensive to obtain Since the models are nonlinear, standard 
statistical tests based on linear models cannot be applied to identify the most 
suitable model Consequently, nonlinear statistical techniques have been de- 



610 11. APPLICATIONS IN SELECTED AREAS 

veloped for discriminating among nval models from the data available (Reilly 
[1970] , Blau, et al [1970, 1972a, 1972b]) Another group of workers have 
been developing a methodology for designing key experiments such that the data 
from these experiments will discriminate the models (Box and Hill [1967]) 
This methodology, based on maximizing the expected information from the 
data, can be formulated as a mathematical program 

Once a suitable model has been identified, the uncertainty in the parameter 
estimates may be so great that the model cannot be incorporated in the formula- 
tion of any mathematical programming problem Here again, statistical tech- 
niques have been developed for locating experiments which will maximize the 
expected improvement in the parameter estimates (Box and Hunter [1963] , 
Atkinson and Hunter [1968]). This maximization problem can be formulated 
as another mathematical program 

The three mathematical programs mentioned above will be formulated m this 
section The treatment will be completely general, with no attempt bemg made 
to identify the functional form of the specific models It will become apparent 
that efficient algorithms for solving the programs are absolutely essential, because 
a large number of parameters and potential models are frequently involved and 
the mathematical program must be solved repeatedly as new data becomes 
available 

8.1 Nonlinear Parameter Estimation 

Suppose that s measurements (y n ) k k= 1,2, . ,s have been made on the 
output states of an engineering operation for different values of the input states 
(x„)fc and decisions (d„)jt (For convemence the subscript n, denotmg the 
process stage, will be deleted where the meaning is clear ) These measured 
values are related to the true values, w*, by the relation 

yfc = w fc +e*, **1,2 ,..., 5 , (82) 

where 6* = (ei *, e* k , . . , e qk ) is a q-dimensional vector representing the ex- 
perimental error in measuring y k . Consider a transition function model f(0, d, 
x), where 6 = (0 x , 0 2 , . , Q t ) is a f-dimensional vector of unknown parameters 

If f adequately descnbes the data, then there exist a set of parameters 8* such 
the vector of residuals 

e fc = y fc - f(0*,d fc ,x*), *=1,2,. ,s (83) 

are estimates of the experimental error, e k . If the joint probability density func- 
tion for the experimental errors is known, then substituting the residuals e k into 
this function gives the familiar likelihood function L(9) The set of parameters 
which best, in a statistical sense, descnbes the data, are those values 6* which 

( 84 ) 


maximize L (0) 

8 
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In many cases 0 is nonnegative and bounded above However, for convenience 
it is sufficient to assume that 0 satisfies the univariate constraints 

0 , < e < e u ( 85 ) 

where the subscnpts u and / denote upper and lower bounds respectively. There- 
fore, the determination of 0* is a univariate constrained nonlinear optimization 
problem 

The form of L(6) depends on the experimental error structure For example, 
if e ~N(0,Io 2 ), then the maximum likelihood problem becomes the familiar 
weighted least squares minimization problem 

s q e\ 

minimize L(0) = V Y J y, (86) 

0 k = 1 1=1 °k 

subject to the umvanate constraint Equations (85) The form of the likelihood 
function for different distributions are described by Hogg and Craig [1967] 

It still remains to perform a statistical goodness of fit test to see if the model 
f(0*, d, x) adequately describes the data If not, a different model or models 
must be postulated and maximum likelihood estimates determined for these 
models In cases involving chemical reacting systems, it is frequencly possible to 
eliminate models in this fashion until one or more candidate models are found 
(Blau, et al [1970, 1972a, 1972b]). Further experimentation is usually required 
to discriminate among these candidate models. 


8 2 Experimental Design for Model Discrimination 

Several catena have been developed for locating additional expenments, x l: , 
d fc k = s+ 1, s + 2, to show up differences between rival models (Reilly 
[1970]) The most frequently used criterion locates expenments sequentially 
to maximize the expected decrease in entropy (Box and Hill [1967]) Entropy, 
as used here, is the concept used in information theory Suppose that P nval 
models ,f p are postulated and s experimental points S = {(x fc , d fc ,y fc ) 

1,2, . , s} are available. Then Bayes theorem can be applied to calculate 

the normalized postenor probability of each model, Pr(//jS), after the expen- 
mental points S have been collected, by the relation. 




Pr(//IS) = 


PrQf) kMl 


z Pr(/r) • Ltft) 

i=i 


(87) 


where Pr(j}) is the pnor probability and L { (0f) is the likelihood function, both 
for the /th model The entropy of the system at this point is 


p 

E =~ Z Pr(/ilS) In (Pr(/;|S)), 


( 88 ) 
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where E is zero when one model is the correct one, and a maximum when all 
p models have equal probability The greatest expected change m entropy re- 
sulting from the (s + l)st data point is obtained by finding the values xj +1 , 
d* +1 which 

maximize D, ( 89 ) 

x i+i >dj+i 

where D is given in Table 8 The reader interested in multi-response models is 
referred to the literature (Box and Hill [1967]) 

Note that this is a m+p vanable optimization problem which searches all 
feasible values of the state and decision vanables once the likelihood estimates 
6* have been found for the first s points Further, the optimal parameter esti- 
mates must be updated, the posterior probabilities recalculated, and the entire 
problem earned out as each additional experimental point becomes available 
Although this represents an enormous amount of computation, experience has 
shown that only four or five data pomts are required to achieve adequate dis- 
cnmination Balancing the calculational cost with the cost of expenmental 
work makes this approach well worthwhile— at least m an industnal environment 

8.3 Experimental Design for Parameter Estimation 

Once a suitable model has been found, it may be necessary to perform additional 
experimentation to improve the precision of the parameter estimates It has 
been suggested that each successive experiment be located to provide the most 


TABLE 8. CRITERIA FOR MODEL DISCRIMINATION 


q = 1 Output State, P - 2 Rival Models 


D = max 


x j+i>dj+i \2 


-Pr(/,!S) Pr (/) IS) 


(o* + o])(o 2 +ol) 


'll" 

o“ + a j o 2 + 02 


q - 1 Output State, P Rival Models 


D = max | — 

X 5+l>“i+l \ i /=1 1=1 


(of -off 2 f 1 1 ' 

+ of) (a 2 + of) + (// ~ f,) [ a 2 + of V+ V 


where (i) a is the population error variance applied to a single measurement 
(u) of = (d J+1 , \ s+l ) (. x;X ,)-* (d s+1 , x >+] )' a 2 

(ui) X, is the Jacobian matrix of first derivatives of/, evaluated at (x i+) , d J+! ) 
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desirable expected posterior parameter distribution (Box and Hunter [1963], 
Atkinson and Hunter [1968] ) This would be, for example, a distribution which 
reduces as much as possible, the joint confidence region for all t parameters in 
(he model f(0, d, x) If the model is linearized, minimization of this joint confi- 
dence region is equivalent to finding the values d*, x* which 


max A = 

d, x 




Z 2XX.X, 

1=1 y=l 


(90) 


where X, is the Jacobian matrix for/,, evaluated for some estimate of 0*- Actu- 
ally, the matrix X, is the moment matrix of residuals, assuming that the ex- 
perimental errors are approximately normally distnbuted and the model is 
approximately linear near the maximum likelihood estimates obtained after s 
experiments Finding successive values of d*, x* by maximizing the determinant 
A is the third mathematical programming problem. Once again, this requires 
an efficient algonthm because of the iterative nature of the expenmentation- 
analysis scheme 


84 Concluding Remarks 

Three mathematical programming problems have been formulated in this section 
Solution of the first one, a univariate constrained nonlinear parameter estima- 
tion problem, has been well documented However, at the time of writing this 
book, existing methods are adequate for solving the other two programs- 
Equations (89) and (90)— when the number of state and decision vanables is 
small, i e , < 3, and the number of models is small, i e , < 4, and then only when 
a large digital computer is available New algorithms are necessary before the 
use of mathematical programming to help build models of engineering opera- 
tions will become accepted practice in a processing environment 
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I INTRODUCTION 

A number of forces are at work leading to an increase m leisure time available to 
persons m the industrialized nations of the free world The reduced work week, 
the increasing number of time-saving appliances and convemence products, and 
improved means of communications and travel have all contributed to making 
more time available for leisure Holman [1961] estimates that, whereas 27% of 
a person's total active time was spent in leisure activity (on the average) m 1900, 
that portion had increased to 34% in 1950, and is projected to be 38% m the 
ycir 2000 Accompanying this increase is a redistribution of leisure time activ- 
ity, as shown in Table L 

Income also has increased, although at a much greater rate than has leisure 
time According to Clawson and Knetch [1966] , this shift of the leisure income 
hehnee (toward income) will continue to create an increase m lire means avail- 
for people to make the most of their leisure time. The economic consc- 
iences have been manifest m the development of what might be called “the 
leisure mdustnes ” 

r ° r otir purposes, “the leisure mdustnes” will refer to the economic activities 
p.crviding facilities or services that accommodate persons engaged outside the 
in the enjoyment of time that is not committed to work, or to tasks of a 

G15 
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TABLE 1 TIME DIVISION OF LEISURE 1950, 2000 

Percent of Leisure Time 


1950 2000 


Daily Leisure Hours 

42 

34 

Weekend Leisure Hours 

39 

44 

Vacation 

8 

16 

Retired 

5 

5 

Other 

6 

1 


personal and social nature. Components of the leisure industries are govern- 
mental agencies (e g , U S. National Park Service), public institutions (e.g , mu- 
nicipal, cultural, or spectator facilities), or pnvate organizations (e g , hotels, 
amusement parks) 

In general, operations research (OR) techniques have not been broadly applied 
in support of the managerial functions in institutions in the leisure industries, 
though scientific and analytical procedures have been applied m some specific 
areas in recent years Ten years ago, Clawson [1966J cited the increasing re- 
search efforts that had been directed toward outdoor recreation and predicted 
an accelerating growth m professional and scientific competence m the econom- 
ics of outdoor recreation. Today this same prediction could be made relative to 
OR competence in the broad leisure industries. 

Up to now, two general areas have received the most attention from operations 
researchers (1) recreation, travel, and tourism and (2) sports The second vol- 
ume of The Journal of Operatiom Research contains a technical note by Mottley 
[1954] , which had, as its apparent intention, the encouragement of the use of 
OR by athletic coaches— an attempt which fell short of its goal, as evidenced by 
the lack of any other publications relating OR and sports for several years there- 
after On the other hand, the first formal identification of OR with the area of 
recreation, travel, and tourism did not occur until 1969, when the first issue of 
the Journal of Leisure Research contained a paper by Cesano [1969] entitled 
“Operations Research in Outdoor Recreation.” 

The commonality between the early quantitative work in sports and in recrea- 
tion, travel, and tourism is that there is little if any evidence of the use of deci- 
sion models. The focus was, instead, on developing statistical descriptions of 
certain phenomena (such as the relative frequency of ways of gaining and losing 
possession of a basketball), on developing predictive models for forecasting, and 
on developmg measures to estimate the benefits that would result from certain 
forms of leisure activity. Of course, it should be recognized that a decision 
model does require, in many instances, data that is the product of a forecast, as 
well as requiring a quantitative measure of effectiveness (benefit) that can be 
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associated with each alternative decision. Hence, the early work can be consid- 
ered as a necessary prerequisite to the development of decision models 
Although there still is not a universally accepted approach to measuring bene- 
fits associated with certain leisure time activities, decision models are appeanng 
m the current literature with ever increasing frequency. In addition, what 
appear to be the first books (Ladany [1975] , Gearing, Swart, and Var [1976]) 
dealing with OR approaches to segments of the leisure industry are currently m 
press This, coupled with the regular appearance of sessions dealing with OR in 
travel and tourism and with sports at the recent joint meetings of ORSA and 
TIMS, make it apparent that OR is indeed coming of age in the leisure mdustnes 
Hus chapter will review some of the specific achievements of OR in the leisure 
mdustnes It will be subdivided mto three separate sections, each followed by a 
conclusion The next section will discuss the nature of OR studies in the field of 
recreation, travel, and tourism, and present some of the later and more signifi- 
cant approaches to forecasting, benefit measuring, and decision modelling The 
thud section will discuss OR in sports, with particular attention paid to the ap- 
proaches developed for performance evaluation, selection of strategies, deter- 
mination of team composition, and the optimization of training plans The last 
section will then provide a conclusion to the chapter 


2 OR IN RECREATION, TRAVEL, AND TOURISM 

Before progressing much further mto the applications of OR in recreation, 
travel, and tounsm, it would be appropriate to define these three interrelated 
terms Recreation, according to Burton and Noad [1968] , is not an easily de- 
fined homogeneous entity. It includes all pursuits— other than those associated 
with work and necessary tasks of a personal and social nature— which are under- 
taken m leisure, or uncommitted time. The essence of recreation is free choice; 
it includes only those activities which are chosen freely. 

Given the above definition, tounsm could be considered as a form of recrea- 
tion which mvolves mobility. According to Webster [1966], a tounst is “one 
who makes a tour; one who travels for pleasure.” Tourists, accordmg to the 
International Union of Official Travel Organizations (IUOTO), are temporary 
visitors staying at least 24 hours in a country visited, when the purpose of the 
journey can be classified as either leisure or business, family, mission, or meetings 

As opposed to “tounsm,” the term “travel” refers to passing through or mak- 
a journey from place to place in any conveyance. In this chapter, the mam 
concern is travel for the purposes of pleasure, which, according to some sources, 
m 1970 accounted for 75% of international travel and nearly half of domestic 
travel m the United States. On the other hand, accordmg to the IUOTO esti- 
ma tes> approximately 75% of all tourist spendings are made within the traveler s 
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own country. These figures vary from 44% for Switzerland to 74% for the 
United States (Lundberg [1972]) 

Even though the definitions given above do distinguish between the three 
terms, it must be realized that a strong interrelationship exists between all three 
areas, particularly when questions relating to the development of the tounsm 
sector or of the development of recreational facilities are examined. The impor- 
tance of identifying these “synergistic relations” is discussed in detail by Egan 
[1975] , m light of his expenence over the past 30 years in tourism development 
at several international locations 

Cesano [1969] , m his pioneering paper, described the uses of OR in outdoor 
recreation as bemg primarily confined to (a) predicting recreation travel flow 
from population centers to recreation sites, and (b) estimating the primary eco- 
nomic benefits of outdoor recreation. Since then, work has continued to appear 
dealing with those two areas, but, in addition, the state of the art advanced to 
the point where decision models have been developed and used, primarily in the 
tounsm planning sector 

2 1 Forecasting and Tourism Flow Models 

In a recent article by Wilkinson [1973] , a review of models used to predict the 
consumption of outdoor recreation is given. The types of models reviewed are 
time senes projection, economic, gravity, systems theory, and inertia In this 
section, forecasting models will be classified, as suggested by Chamber, Mulhck, 
and Smith [1971] , into qualitative, causal, and time senes, and a typical applica- 
tion of a model in each class will be bnefly discussed 

Time Series Analysis. An excellent discussion of the nature, impact, and impor- 
tance of seasonality in tounsm has been provided by Baron [1972, 1973] In 
his two publications, Baron descnbes the use of the time senes analysis program 
“X-l 1,” developed by Shiskm at the U.S. Bureau of the Census, to quantify the 
trend, seasonal, and cyclical components of several time senes associated with 
the tounsm industry in Israel Specifically, the following time senes are ana- 
lyzed in Baron [1972] . 

a) Tounsts arriving and departing by air 

b) Tounsts arnvmg. 

c) Foreign currency— income from tourism in Israel 

d) Residents departing 

e) Bed nights in tounst recommended hotels broken down into visitors from 
abroad, Israelis and totals. 

In Baron [1973] , these senes were compared to those of several other coun- 
tnes Furthermore, it is shown how the Israel Ministry of Tounsm uses the 
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results of the forecasts to determine the Maximal Annual Utilization Factor con- 
strained by seasonality (MUS.) which represent the percentage of peak season 
facilities that can be utilized over the entire year. This information then pro- 
vides a guideline for planning studies designed to alter or spread the seasonality 
of tourism through providing off-season activities, introducing a second (and 
possibly third) season, etc Amongst the benefits of the spread of tourism 
seasonality are 

a More enjoyable holidays for larger numbers of people without the over- 
crowding so common in peak seasons 

b Better utilization of tourism facilities, including a less intense load on the 
economy and ecology of the area 

c More even employment of hotel and other tourist staff, aiding their caterers 
and improving service offered 

Causal Models The Battelle Research Centre in Geneva Switzerland (Armstrong 
[1972]) has developed one of the more complete causal forecasting models for 
international tourist flow reported in the literature The model is stepped since 
it begins by hypothesizing a simple relationship between the number of tounsts 
annually generated to country / by country i and the latter’s population , then a 
number of other independent variables such as per capita income, language simi- 
lanty, attractiveness, and similarity are progressively introduced in order to 
obtain the most satisfactory outcome The model hypothesizing the relationship 
between these vanables is 


where 
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number of tourist arrivals recorded in country / coming from 
country i. 

Population of country i 

Per capita income of country i (GNP per capita) 

The distance between generating country i and recipient coun- 
try/ 

A value given to the adjacency of frontiers and/or common 
language, if any, between countries i and/ 

A value given to the tourist appeal of country / 

Value of time (considered for values of n — 1963, 1967, 1975, 
and 1980). 

elasticities of the corresponding vanable with respect to coun- 
try/. 
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The variable T n , representing value of time, is one that serves to explain progres- 
sive changes over the period up to 1980, in such factors as population distnbu- 
tion, education level, and leisure time available 

The variables actually used in the model are those for which sufficient data 
exists Improvements in tourism information gathering systems would permit 
the inclusion of other variables in the model, although the forecasts generated 
with this model do correlate very closely to those generated by IUOTO. 

In Crampon and Tan [1973] and Crampon [1974] , a set of factors are defined 
which influence the flow of tourists in the Pacific Specifically, it is shown how 
it is possible to define several elements as, 1) the “destination element,” which 
represents the attributes that make it possible for a destination to attract and 
serve visitors during a particular time period, and 2) the “tie element,” which 
represents the various ties that exist between the origin and destination during a 
particular time period Included among the tie elements are transportation and 
information, two ties which are necessary if any travel is to exist between the 
two points These two sets of elements, together with more traditional elements 
such as total travel volume emanating from a particular ongin, and the geograph- 
ical distance between an origin-destination parr, become the independent van- 
ables in a flow model which predicts the travel volume from an ongm to a desti- 
nation during a particular period. The model has been developed and implemented 
for selected areas m the Pacific. 

Cline [1974] , m conjunction with the Midwest Research Institute, has used a 
traditional multiple regression model for predicting future travel growth to Pa- 
cific destmations His model is more traditional in the sense that the causal van- 
ables are hypothesized to be various economic tune senes The results obtained 
have been used routinely by the Midwest Research Institute and others to sup- 
port various planning activities 

Qualitative Models Although both the Battelle model and the Crampon model 
contain subjective factors, as do most other traditional flow models surveyed in 
Var, Gearing, and Swart [1975] , their basic nature is that of a causal model in 
which the subjective factor is expressed as an index (Some recent approaches 
to obtaining this index are discussed later) 

A primarily qualitative procedure, suggested by Gaummtz, Swrnth, and Tollef- 
son [1974], illustrates how consensus seeking and group decision making meth- 
ods can be of use. The approach is based on methodology similar to that pre- 
sented in the OR literature (Bowman [1963]), and involves the concept that an 
action, such as the visit to some lake by a person or family , is assumed to be the 
result of a decision. Such a decision is a mental cognitive process, that is, it is 
a conscious mental consideration and evaluation of the characteristics of van- 
ous possible courses of action, in the light of one’s needs, goals, and limitations 
(e g. funds, time, skills, etc ) Accordingly, it should be possible to charactenze 
the decision processes of a person in the form of a program. One ought to be 
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able to specify a senes of statements, questions, or commands which, if followed, 
rf produce choices that match those of the individual This program, or dis- 
crimination net, can then be helpful to a planner/manager in predicting actual 
choices of potential visitors, and hence, usage rates or forecasts Of course, this 
forecast is contingent on an analysis of the structure of the discriminant nets of 
a sample of individuals in the general client population. 


Z2 Measuring Benefits 

In the process of developing tounsm planning methodology, several approaches 
to the measurement of “benefit” have been developed For a developing coun- 
tiy to mciease its buying power in the community of nations, the establishment 
of a tounsm industry is an important tactic for the generation of foreign ex- 
change, and the additional foreign exchange so generated is the most direct 
measurement of benefit that can be adopted. Bargur and Arbel [1974] have 
developed a mixed integer programming model for comprehensive planning of 
Israel’s tounsm industry (to be further discussed in section 3 of this chapter) 
The objective function of this model reflects contnbution to total net income in 
foreign currency resulting from tounsm activities Powers [1974] identifies as 
additional benefits the domestic resource savings due to reduced marginal costs, 
and the value of additional tounst services made available to domestic visitors. 
He then prescnbes the net present value as the cntenon to use in making deci- 
sions regarding the development of the tounsm sector 

In addition to the direct benefits of development in the tounsm sector, the 
indirect benefits should also be taken into account Archer and Owen [1971] 
discuss how to calculate the multiplier effects of tourist expenditures, while 
Archer [1972] examines the composition of the mdirect and mduced flows, to 
see which sectors of the economy benefit from the multiplier effect, and pre- 
sents (Archer [1973]) the contnbutions multiplier analysis can make toward 
policy making and planning 

When evaluating benefits associated with investments which do not result m 
direct economic benefits (e g national parks, state recreation areas, etc ), the 
measurement methodology becomes much more subjective and a source of con- 
troversy On one side of this controversy are various approaches developed and / 
° r espoused by Clawson and Knetch [1966], and Cesano [1969]. These ap- 
proaches have as their central theme the idea that the worth of a recreational 
facility is related to the amount of income a user is willing to give up (cost of 
dnvmg to the site, admission fee, etc ) in order to use the facility. On the other 
s, de of the controversy is an approach developed by Mack and Myers [1965] , 
w o contend that it is not possible to assign a price to recreational benefits that 
Is com Prohensive and reliable They suggest that investments by governments in 
recreation should be made so as to maximize the resulting social welfare As a 
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measure of social welfare they suggest the merit weighted user days of recreation 
that can be gotten in return for investing in recreation. The ment weights are 
assigned on the basis of the policy, conservation, and pnonty considerations 
supported by the government. 

The current research thrusts in this area are provided by the Parks Canada 
section within the Canadian Outdoor Recreation Division Studies (CORDS) 
CORDS technical notes of particular relevance are given in the references (Bea- 
man [1974] ,Cesano [1973]) 

Another approach toward measuring the benefit associated with the develop- 
ment of tounst accommodations and attractions is the development of a utility 
measure which reflects the tounstic attractiveness of a given area Geanng, 
Swart, and Var [1974] developed an approach for the quantification of the 
notion of tounstic attractiveness by constructing a multi-attnbute utility func- 
tion This function incorporates weights denved by a procedure similar to that 
suggested by Churchman and Ackoff [1954] The approach required that the 
following be determined 

(1) The cntena. by which tounstic attractiveness is judged, and 

(2) The relative importance of those cntena one to another, as indicated by a 
senes of numencal weights. 

Then, with these two requirements satisfied, it was possible to 

(3) employ the judgments of experts in making evaluations against these 
cntena and, using these inputs, to 

(4) compute a numencal measure (utility value) of the “relative attractive- 
ness” of the tounstic area 

The results of the procedure were used to support the planning acitivities of the 
Turkish Ministry of Tounsm In particular, a ranking was obtained for the 65 
geographical areas in Turkey which have been defined as tounstic areas The 
numencal utilities constituted, as it were, an “inventory,” or assessment of the 
state of things in Turkey vis-a-vis the tounst. In an application to be discussed 
below, this methodology was adapted to form a surrogate measure for the net 
foreign exchange earnings that would result from constructing in each of these 
areas This surrogate measure was then used as the objective function m an 
integer optimization model 

2 3 Decision Models 

Decision models are the essence of OR, and constitute one of the charactenstics 
that distinguishes OR from other quantitatively onented disciplines (Wagner 
[1969] ) It was not until 1972 that a decision modelling approach to a tounsm 
problem appeared m the Literature (Geanng, Swart, and Var [1972]), this was 
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an integrated OR study dealing with planning of the tounsm sector of a develop- 
ing country Specifically, the model was developed and the results used to pro- 
vide guidance to Turkey for planning its investment policy in the tounsm sector 
dunng the Third Five-Year Plan It may be stated as* 

N 

Maximize £ £ 

1=1 1=1 


N K t 

Subject to Q/^ij ^ b 

1=1 j=i 

X,l~ X tM >0, for i = l,N and (L,M)eP, 

X,j = 0 or 1, for i = l,N;j ~\,K, 

where 

N the number of tounstic areas mto which the country is subdivided (=65 
for the Turkish application). 

K, The number of projects proposed for implementation in tounstic area i 
dunng the planning period. (The Third Five-Year Plan for the Turkish 
Application) 

X,, 1, if project / at tounstic area i is selected for implementation, and is zero 
otherwise 

d i; Measure of benefit accrued if project / is undertaken at tounstic area i 
(discussed below). 

C l} The estimated cost (at completion) of project j proposed for tounstic 
areai 

P , Index set of precedence relations between proposed projects at tounstic 
areai 

b Budget devoted to the development of the tounsm sector dunng the plan- 
ning penod. 

The measure of benefit, d t] , defined above must reflect the relative ments of 
alternate project proposals, and it must have the property of being summable 
across all the projects in a particular allocation plan, so as to define a measure 
of benefit for the entire plan. Although the initial choice for such a measure of 
benefit might appear to be the net present value of the stream of monetary re- 
turns that the project will generate over its useful life, tins measure rapidly 
proves to be inadequate. The inadequacy of the measure is due, in part, to the 
large vanety of projects that are under consideration when planning regional or 
national development Some projects, such as hotels and vacation villages, will 
indeed generate a stream of monetary returns, but projects such as road con- 
struction, excavation of rums, and museums do not, in general, provide a stream 
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of monetary returns. Nevertheless, these non-revenue-generatmg projects do 
require expenditures, and must compete for the scarce capital funds allocated to 
a program of tourism development. 

The measure of benefit that was selected provided a common denominator by 
which to measure the benefit from the diverse projects under consideration 
while, at the same time, providing a surrogate measure for foreign currency gen- 
erated when considering the aggregate impact of tourism development on the 
entire nation. Specifically, the measure is a marginal utility which reflects the 
project’s contribution toward enhancing the “touristic attractiveness” of the 
region. This marginal utility was developed from concepts of benefit measure- 
ment, as discussed briefly m the preceding section and as presented m detail by 
Gearing, Swart, and Var [1973] Let be a vector which reflects the tour- 
istic attractiveness (on each of seventeen criteria for the Turkish example) of 
tounstic area i, when project M has been completed (including all its immediate 
predecessors) The marginal impact of completing the project, on each of the 
catena, is then given by the “impact” vector T$ M \ given by 

t (M) _ a (a?) _ A (i) j 

where L denotes the set of projects which are immediate predecessors to project 
M. For example, the construction of a hotel in the area can only be undertaken 
if there is approval to build a road to the hotel site Hence, the road project 
immediately precedes the hotel project. Similarly, it is possible for a specific 
project to have more than one immediate predecessor. It should be pointed 
out that each tounstic area has a planning project and an infrastructure project 
associated with it, and that these are predecessors to any and all other projects 
in the area. The purpose is to ensure proper development planning before any 
actual development is started, and to ensure that each touristic area has at least 
adequate infrastructure to satisfy minimal tounstic quality standards 

Letting W denote the vector of weights representing the relative importance of 
the attractiveness cnteria, then the benefit associated with project j at tounstic 
area i as measured by the multiattnbute utility function, is given by 

d i} = WT,°\ i - \,N , j -1,K{ 

The computational aspects of this model have been developed, from a LP stand- 
point, in Swart, Gearing, Var, and Cann [1974] and more generally in Gearing, 
Swart, and Var [1976] . 

The following limiting charactenstics of the model are the subjects of current 
research (initial results of the research have been reported by Gearing, Swart, 
and Var [1975]). 

—It was formulated as a static, single period decision structure. 

—It was based on the perspective of developing the entire “tourism package” 
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of the country and did not differentiate among the different geographic 
regions as to current tourist densities. 

_It did not recognize the limited capacity of geographic areas for tourism 
development 

Another OR study of tourism planning is the the comprehensive planning 
model of the tounst industry for Israel developed by Bargur and Arbel [1974] , 
and presented by Gearing, Swart, and Var [1976] The model is a mixed integer 
proaram and may be described as follows 

The objective function, to be maximized, represents the total net income in 
foreign currency from tounst activities, subject to the following constraints: 

(a) The economic efficiency criterion-the cost of a unit of net value added of 
foreign exchange. 

(b) Supply constraints of local projection factors (accommodation facilities, 
manpower, and recreational sites) 

(c) Demand constraints for the planning horizon, based on demand forecasts 
which were developed exogenously under varying assumptions 

The analysis resulting from the application of the model is designed to provide 
satisfactory answers to the following facets of planning 

(a) Determination of feasible and optimal level of output, and its mix from 
the viewpoint of the national economy. 

(b) Balancing optimal supply and demand and the identification of surplus or 
deficit within the above categories 

(c) Determination of required inputs necessary to satisfy the optimal levels of 
output, in terms of major projection factors 

(d) Determination of the regional distribution of the vanous activities, subject 
to the tounstic potential of each specific region 

(e) Determination of the feasible and preferred seasonal distribution of the 
vanous activities. 

(0 Realization of the shadow paces, l e., the marginal values of changes in 
basic assumptions, input data, and optimal results 

Within the context of tourism planning, McMahon [1974] presents a dynamic 
programming model for the selection of tourism development projects in Puerto 
Rico, subject to limitations m funds and the quantity of skilled manpower 
available 

In a different context and of different scope, Saitta and Schnedeman [1972] 
present a LP model to aid managers of individual state parks in plannmg the ex- 
pansion of their facilities, so as to satisfy the ever-increasing user demands The 
solution to the model provides information which indicates the number of addi- 
tional recreational facilities which could be built under varying amounts of capi- 
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ye developed to quantify subjective factors, these will be adapted for use m this 
sector. 

The one area that can be expected to receive the most attention from OR 
practitioners in the recreation, travel and tourism sector is that of decision 
modelling- The pioneering work descnbed in the previous sections has unequiv- 
ocally demonstrated that there is room for the application of formal OR models 
in this area, and that the state of the art in forecasting and benefit measurement 
is advanced enough to where the results can be meaningfully incorporated into 
mathematical or/and simulation models 

The contemporary research thrusts in outdoor recreation have been identified 
by Smith [19711 (a summary of these is given in Table 2) In examining this 
table, it becomes apparent that OR can lend an important and new dimension to 
many of the thrusts, and that OR practitioners and theoreticians alike should be 
made aware of this area as one m which major significant contributions can be 
made 

3 OPERATIONS RESEARCH fN SPORTS 

In 1954, Charles Mottley [1954] stated that, “the possibility of applying 
scientific methods to athletic games does not appear to have received much 
attention by the OR community, . . A preliminary study of football and 

TABLE 2. RESEARCH THRUST IN OUTDOOR RECREATION 


A Geographic {micro and regional patterns) and macro {national and international patterns) 

1 Fieldwork (traverse, interview, landscape surveys) 

a Aesthetics of landscape— perception of beauty in terms of physical environment, 
wilderness, development, 

b Site attraction m terms of natural environment and man-made environment, 
c Intensity of participations 

2 Gathering and analysis of statistical data 
a Recreational travel, 

b. Tourist industry, 

c. Projection of recreational needs for particular region, 
d Propagauon of innovation waves in facility designs 

B Economic, Political, Sociological 

a. Supply and demand studies of recreation, 

b. Resource allocation and cost-benefit analysis and related policy considerations, 
c Economic impacts of recreation, 

d Sociological and psychological impacts of travel, 
c Other economic, political and sociological studies 
C Vncellnneous 

a Biological studies (ecology), 

b Engineering feasibility studies for various projects, design studies of site character- 
istics to optimize, 
c Capacity of outdoor areas, 

d. Nature of aesthetic appreciation of a setting 
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to form a set of n mutually exclusive and totally exhaustive attributes (in 
other words, an attempt is made to define independent attributes) 

(b) Each coach rates the relative importance of each attribute listed m step (a) 
for the position he coaches, using the Churchman-Ackoff [1954] proce- 
dure Denote the composite matrix of weights by B (by-weight of the 
ith attnbute for position/) 

( c ) The head coach rates the relative importance of each of the M positions on 
a team in contributing to team strength, using the Churchman-Ackoff 
procedure (w, -weight of position;) 

(d) The coaching staff rates each of the L players on all attnbutes listed m 
step (a) The results are placed in matrix A (fly-rating of player i with 
regard to attribute/) 

With the results of the above sequence of steps, a rating c t , is obtained which 
reflects the “ability” of player i at position;, where c„ is given by 

n 

Ci, ~ a tkbk,i 

k= 1 

and, if desired, the contribution d,, of player 1 at position / can be obtained by 

a » s c,jW f 

Consequently, the problem is to determine the solution to the standard LP 
assignment problem, that is, the 0, 1 indicator variables, X q , are to be determined 
which maximize the d q X products over all positions and players, subject to the 
constraints that all positions be manned and each player be assigned to at most 
one position Tins procedure was applied to an actual situation The reported 
feedback that was received from the coaches was positive and there was consensus 
regarding the fact that the approach does provide useful input into the positioning 
problem 

3.2 Team Sport Strategy Evaluation 

Baseball is the sport that has perhaps been subject to the greatest amount of 
formal analysis, but, even so, by 1968 there were only 4 articles which had 
appeared m “reputable literature” that could be considered as senous analysis 
(Lindsey [1968]) One of the more popular books on baseball (Cook [1967]), 
which was reviewed in Operations Research, was pronounced to be of interest 
to baseball fans, but should be kept carefully out of the sight of students of the 
theory of probability (Lindsey [1968]) This statement is not only suggestive 
about the book, but also about the nature of OR studies on baseball to that 
time, 1 e , that they are, in essence, applications of statistics and data analysis 
f°r example, in (Lindsey [1968]), the expectation for a team under particular 
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circumstances m three areas are calculated 1) the dependence of the batting 
average on the batter’s and pitcher’s handedness, 2) the binomial distribution of 
hits, 3) expectations with the bases full for the defense Lindsey [1963] , in a 
later article, examined specific strategies available to maximize the probability 
of winning the game. In another study by Freeze [1974] , a Monte Carlo simula- 
tion model was constructed, based on the Sports Illustrated Baseball Game, a 
commercially available game ( Sports Illustrated Games, Time and Life Building, 
New York, N Y , 10020) This simulation was used to test several hypotheses 
based on suggestions made by Cook [1967] 

Motivated by the studies on baseball. Carter and Machol [1971] analyzed 
8,373 plays from the first 56 games of the 1969 schedule of the National Foot- 
ball League In particular, they calculated the expected point value of possession 
of the football with first down and ten yards to go During their analysis, two 
significant discovenes regarding offensive strategy evolved First, they pointed 
out that on fourth down and goal, the ball should be rushed as opposed to 
routinely kicked for a field goal try (barring special circumstances such as need- 
ing a field goal to win when there are but a few seconds left on the clock, etc ) 
Also, they suggest that when a team is behind by seven points or less, it should 
never call a tune-out, for the purpose of stopping the clock, when there are 
more than thirty seconds to play if it has the ball, or more than a minute to play 
if the opponents have the ball 

In a different vein, Bierman [1968] analyzed the decision process faced by the 
Cornell University football coach when he decided to go for two points after 
their first score late in the 1967 game with Harvard (Harvard was winning 14-6 
at the time) A decision tree analysis demonstrated that under three reasonable 
assumptions, the coach made the correct decision— unfortunately, the actual 
game outcome contradicted the analysis, since the two point attempt failed and 
Cornell lost the game 14-12. This analysis was extended by Means [1968] who 
concurs with Bierman’s analysis and further shows that a decision by Cornell 
to tie the game might have been illogical 

In terms of winning the championship in National Football League play. Silver- 
man and Schwartz [1973] show that the optimal strategy for winning the 
championship can mclude losing certain games In specific, they cite the 1971 
season, when the Washington Redskins were assured of a spot m the playoff 
senes Going into the weekend of their last game with Cleveland, they still had a 
chance for the championship of the Central Division If they beat Cleveland, then 
they would have been assured of a game against a strong team in the first round 
of playoffs, while if they lost (which they did) they would play a relatively weak 
team in tire first round of playoffs In other words, by winning the Central 
Division title. Washington would have expected to face two hard games mstead 
of one From here, the analysis is earned on, using Markov Chains, to develop 
decision rules that a team should follow to determine whether to play for a win 
or a loss under vanous circumstances 
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3.3 Individual Sport Strategy Evaluation 

Ladany [1975], who is an Olympic athlete as well as an OR practitioner and 
teacher, presents a model to optimize the expected height that a jumper (pole 
vault or high jump) will achieve as a function of his initial jumping height In 
these jumping events, the competition starts with one of the competitors at- 
tempting to clear the bar placed at a relatively low height The bar is usually 
raised from this height in constant steps Each competitor is allowed three 
tnes to clear each height Only after clearing a given height is the competitor 
allowed to jump the next height to which the bar is raised The score achieved 
by a competitor is the last height cleared regardless of failures on prior trials 

A competitor is entitled to start at any height higher than the initial height 
Although failure to clear this selected height will result m a score of zero, the 
advantage is that the athlete is fresh, hence the risk of a zero score is balanced 
by the better chances for clearing all successive heights 

The model developed expresses the expected height of the jump the jumper 
will clear as a function of the initial jump height that the athlete attempts to 
clear Based on the model, the optimal starting height can then be determined 
In addition, the acquisition of data for the model is discussed in some detail 

Liken [1974] attacks the problem faced by an individual weight lifter in 
competition The decision problem in weight lifting anses in that a competitor 
has a maximum of three lift attempts, his “score” is the weight he hfts on his 
best lift He cannot, however, go down in his selected weight once a weight is 
selected for a lift, the weight he chooses on his next lift must be at least as high 
A lifter who attempts to hft too little may have almost no chance of winning 
the competition, the lifter who attempts too much has a significant chance of 
scoring zero The problem is viewed as a sequential decision process, and dia- 
grammed as a decision tree Based on this representation, a NLP model is 
formulated whose objective function is to maximize expected “utility” subject 
to the competitive restrictions The model is made specific for several methods 
of defining utility 

Pollock [1974] presents a probabilistic model of the game of golf The model 
is developed under the following assumptions 

(a) A player is completely characterized by a probability distribution over the 
number of strokes he will take on each of 18 holes of a golf course 

(b) This distribution is stationary. 

(c) Hole-to-hole scores are independent 

(d) A player’s individual hole scores are independent of the other player s 
score 

The model developed can then answer questions such as 

(a) What are the odds of player A beating player B at medal play, or match 
play’ 
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(b) What are the odds of A and B tying at medal or match play*? 

(c) What are the odds of A and B tying at match play 9 

These questions can be answered for any A with handicap H A playing against B 
with handicap H b Conversely, knowing the player’s probability distribution of 
game scores, the expected handicap can be calculated 

Scheid [1972] presents an approach to determine golf handicaps, based on 
simulating more than a million matches from data obtained from actual score 
cards turned in at a country club The data were fitted by regression, using a 
senes of cubic curves that express the percent of games won by the strongest 
player as a function of the handicap difference and the number of strokes 
actually given to the weaker player by the stronger player The results suggest 
that the current Umted States Golf Association handicapping system leaves the 
stronger player with an extortionate advantage over the weaker in two-man 
competition. 

Hsi and Burych [1971] developed a model to determine the probability of 
winning games involving two opposmg players. The focus of the model is to 
evaluate the effect of serving rules on the probability of winning the match for 
a given player Examples are given for badminton and tennis, which do give 
strategic insights and which suggest various rule changes to “better” the game 
In a later paper, George [1973] developed probability models to evaluate 
the probability of winning m tennis as a function of serving strategies In 
particular, he shows how it is not always optimal to use a different first and 
second serve in tennis The analysis is illustrated with data obtained from a 
professional tournament. 

3.4 Athletic Training and Management 

Huska [1974] presents certain approaches relevant to the management of a 
major league soccer team One of the specific concerns addressed is the com- 
position of the total team This is a critical problem in that a soccer team 
in international competition can have at most 20 players on its home roster 
and can play no more than 14 members in any one game Consequently, the 
issue of “optimal redundancy” is examined m some detail In addition, issues of 
concern analyzed are the optimal age structure of the team, its hierarchic pyramid 
in terms of lower division (or farm) teams, and its regeneration halftime, i e , the 
turnover cycle m player personnel 

One model which seems to have rather wide potential for application in 
developing athletic training programs was developed by Ladany [1975] The 
particular application discussed was the development of an optimal weekly 
training program for a pentathlon athlete The variables of the model (x,) 
represented the number of hours per week the athlete should devote to training 
activity i The training activities belonged to two categones category one 
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included those activities contributing to general conditioning (i =1,5), and 
category two included the technical training activities (i = 6, 10) The first step 
in formulating the model was to explicitly define the causal relationships between 
performance in an event (the pentathlon consists of five events) and the tune 
devoted to each of the training activities The form of the relationships was 
hypothesized to be 

10 

Y l = “o,+ £ di,X u 

i=i 

where Y } represented the outcome of event / in appropriate units (e g seconds 
for running events, meters for field events) The coefficients were estimated 
using stepwise linear regression on accumulated data and, for all five events, 
the lowest coefficient of correlation reportedly found was 0 98 The next 
step in the model development was to express the pentathlon score as a linear 
function of the event performance This was accomphshed only after the 
contnbution to the total score from the long jump was approximated by a 
piece-wise linear function This linear expression was then maximized, subject 
to the following constraints 

a) The total time per week that an athlete has available to devote to training 

b) The total time per week devoted to strength training should not exceed a 
specified maximum 

c) The amount of weekly speed training should be at least as much as the 
amount of endurance training 

d) The amount of conditioning training should be more than the amount of 
technical training 

e) The minimal and maximal weekly hours of technical training should be 
between 50% and 200% of the average time devoted to these presently 

f) The upper and lower limits to the time devoted to muscular strength 
building, aerobic development of the body, and anaerobic development 
of the body for increasing endurance should be those required to prevent 
over-stress and ill effects of overtraining 

The above constraints were expressed as linear functions, and the x t m the 
model were obtained using LP. The computations yielded acceptable solutions, 
which had to be applied with care and full understanding of the assumption 
used in building the model 

3 4 Conclusion to Section 3 

It is indeed surprising that sports have not received more attention from OR 
practitioners and theoreticians than is evident in the pubhshed literature In 
providing the implied taxonomy of OR applications in sports evident in the 
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previous parts of this section, one can agree with Mottley [1954] and Lilien 
[1974] that sports are a natural applications area for OR. 

The particular methodology whose absence is most conspicuous from the area 
of sports is Game Theory Any sporting event, by its very nature, is a competi- 
tive game that should be amenable to analysis by the substantial body of knowl- 
edge which has been accumulated under this heading Furthermore, expen- 
mental data m the area of sports is normally plentiful, and a real life laboratory 
can usually be found under the control of a sympathetic and interested high 
school or college athletic coach 

The ice has been cracked, so to speak, in relation to the use of optimization 
models for many applications The team composition papers discussed appear 
to be promising models for evaluating team structure and the manning of playing 
positions The use of optimization models for individual event strategy analysis 
in pole vaulting and weight lifting should open up applications in other sports, 
while the training program optimization model provides a new dimension to the 
scientific development of athletic potential As a matter of fact, this model is 
simply an adaptation of the classical LP blending model— an adaptation which 
clearly illustrates the wide diversity of problems that are amenable to analysis 
by OR methodologies, and the potential benefits awaiting those willin g to 
consider a departure from the conventional approaches in which the management 
of athletic activities is viewed strictly as an artistic exercise by athletes and 
coaches 

4. CLOSING 

In this chapter no attempt has been made to provide a descnption of every 
OR application m every aspect of the leisure industry. Instead, two principal 
areas within the leisure industry were identified as having received some definite 
thrusts from OR, and within these areas some of the applications of particular 
interest have been mentioned Within the periphery of the areas addressed in 
this chapter applications dealing with the design of spectator facilities can be 
found (Kottas [1975]), as well as those dealing with various aspects of the 
hospitality industry (Ladany [1974], Croft [1974]) In addition, studies 
have been made for analyzing the wage structure of baseball (Scully [1974]), 
and other issues of economic significance to sport leagues (El Hodin and Quirk 
[1971]) A list of references has been provided which should serve as a partial 
guide to the literature for those individuals wishing to seek additional or more 
detailed information 
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Fig 8 A complex nonsenal system 


optimality, is a relatively simple concept, difficulty arises m the formulation of 
a particular problem, because DP is a strategy of optimization rather than having 
a clearly defined method to follow (such as LP) Each case requires an individual 
analysis and a proper formulation which can mean the difference between suc- 
cess and failure 

The question of when to use DP to decompose a serial system has been dis- 
cussed by several authors (Ans [1964] , Nemhauser [1966]) The price one pays 
for decomposmg the system into smaller parts is the need to solve a large num- 
ber of suboptimization problems which do not eventually become part of the 
optimal plan This process of imbedding into a larger class of problems must be 
balanced by the computational advantage of working with fewer variables The 
best indicator of when to use DP is the number of state vanables, m. A limit of 
three or possibly four is within the range of computational feasibility An 
exhaustive search of more than this is impossible, even with the capabilities of 
large digital computers Two alternatives are available A new approach has 
been developed, called state increment DP, which significantly reduces the com- 
putational requirements by solving the iterative functional Equation (54) in a 
different way (Larson [1968]) The second approach is to use a different 
method of decomposition called the maximum principle, which again leads to a 
sequence of suboptimization problems but loses the desirable unique optimum 
feature of DP except for special cases (Pontryagin, et al. [1962]) This latter 
approach dees not have large digital computer memory requirements, so the 
number of state vanables is not of primary concern. 


7 OPTIMAL ENGINEERING DESIGN BY GEOMETRIC PROGRAMMING 

In the previous sections it has been demonstrated how the economical design 
and operation of process systems can be formulated as optimization problems, 
in which some economic criterion is optimized while certain technological or 
design relations are satisfied Until recently, however, optimization methods 
were not used for detailed engineering design because suitable mathematical 
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methods were not available for treating the nonlinear functions which typically 
anse 

Engineering design as contrasted to the design, say, of Section 6, involves the 
actual sizing of pumps, motors, heat exchanger internals, etc , rather than simply 
determining the overall size of a vessel or the residence time These engineering 
design relations are not only nonlinear but also nonconvex For example, in 
Section 5 the capital cost estimating relation for new plants and plant equipment 
was shown to be (Capital cost) = aV b , where V is the capacity, a is a cost 
coefficient, and b is a positive exponent usually between 0 5 and 0 8 The 
economic criterion, or return function in terms of the general model of Figure 1, 
used in engineering design consists almost exclusively of sums and differences of 
cost estimating relations of this type The coefficients are obtained from litera- 
ture cost data, while the exponents usually reflect an experience factor gamed 
by equipment manufacturers in budding similar plants. 

In engineering design problems, the transition functions are obtained by 
performing material and energy balances both on the individual operations and 
on the entire process These balances usually consist of design relations which 
are obtained by dimensional analysis or by fitting power functions to expen- 
mental data The most general form of such a function h, with P dimensionless 
groups is 

Hx)=*n(n*r''Y'. (59) 

i=i\/=i / 

where x = (xj , x 2 , . . ,x m ) is an m dimensional vector of design and/or physi- 
cal vanables, a,, is an unsigned Integer, and k and aC s are real number constants 
determined by experimentation on the physical system mvolved 

Since both the cost estimating relations and design relations are posynomial 
functions, one might expect that the resultant optimal design problem would be 
a geometnc program Because problem formulation is nontnvial, however, the 
generation of a true geometnc program depends on the skill of the designer 
Each problem must be considered on its own ments so that no general purpose 
formulation procedure is available One neglected area in the development of 
geometnc programming has been providing some methodology for helping the 
designer select appropnate design vanables— approximate nonposynomial design 
relations by posynomials— and manipulate complex matenal balance constraints 
to obtain posynomial equality and inequality constraints. These remarks are 
best illustrated by an example 

7 1 Design of a Liquid-Liquid Heat Exchanger 

The design of heat transfer equipment to regulate the temperature of a process 
or to insure efficient utilization of heat is an important engineenng design prob- 
lem In Section 6 4 for example, the optimal design of the reactor sequence 
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involved an optimal policy for the rate of heat removal from each reactor. Having 
determined this rate Q, the engineering design problem is to size the heat trans- 
fer equipment to achieve this rate for the minimum cost. 

Consider a liquid-liquid heat exchanger in which a process fluid having a flow 
rate W p must be cooled from a temperature T p j to T p0 by a stream of cooling 
water, W s , available at a given temperature T sl (Blau [1971]). Figure 9 depicts 
such a system The rate of heat transfer from the process stream to the cooling 
water is 

Q = W p C p (T p i - T p o), (60) 

where C p is the heat capacity of the process stream The optimal design problem 
is to size the exchanger, i e , determine its heat transfer area, number and size of 
tubes, baffle spacing etc , and determine the flow rate W c of cooling water to 
meet the heat transfer rate Q, while minimizing the annual cost of the exchanger 
The return function for the exchanger consists of four items- 1) fixed charges 
on the exchanger, c F , 2) cost of cooling water, c w , 3) cost of pumping water 
through the exchanger, c s , and 4) cost of pumping the process fluid through the 
exchanger, c p 

(1) Fixed Charges Assuming that the exchanger is of the conventional shell 
and tube variety, a cost estimating relation for fixed charges is* 

c F = c l A 05S , (61) 

where c t is the unit cost of the exchanger, including yearly depreciation, and A 
is the heat transfer surface area 

(2) Cost of Water. The cost of water is usually a function of flow rate so that 

(■w ~ c 2 (62) 

where c 2 is the unit cost of cooling water and H is the yearly operating time. 

(3) Pumping Costs The pumping costs are the following linear functions of 


Cooling Water 
Output 



Fig 9. Liquid-hquid heat exchanger. 
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the power requirements. 

c s ~ c 3 H(HP s) (63) 

c p - c 3 H(HP p ), ( 64 ) 

where c 3 is the unit power cost, and HP S and HPp represent the horsepower 
losses for the cooling water and process streams, respectively 
Summing these four terms, the optimal design problem is to find the values of 
A, W S ,HP S and HP p which minimize 

R=c F + c w +c s + c p (65) 

In order to keep this example at a manageable level, the following exchanger 
data will be specified 1) standard 1 in , 16BWG, 16 ft exchanger tubes, 2) 
number of tube passes = number of shell pases =1,3) square 1 in pitch with 
baffle spacing = f of shell diameter. Power us q,HP s and HP p , can be expressed 
in terms of the design variables .4 , IPy, and W p in the following manner Assum- 
ing that cooling water passes through the tube side of the exchanger, the power 
loss through the tube side is given by. 

HP s =K s Ah\ 5 , (66) 

and through the shell side by 

HPp =K p Ahp 75 , (67) 

where K s and K p are functions of the thermophysical properties of the two 
fluids, and h s and h p are individual heat transfer coefficients for the tube and 
shell side respectively A dimensional analysis for heat flow gives the design 
relations 

h, = 0 023 (jpj (Re s )« »(Pr s )‘ ( 6S ) 

and 

h p = 0 23 (Re p )° 6 (Pr p )° 33 , (69) 

where Re and Pr are the dimensionless Reynolds and Prandtl numbers, while the 
thermal conductivity and viscosity of the fluids are given by k and q respectively, 
and D is the tube diameter These two design relations are precisely of the form 
of Equation (59) 

Collecting terms describing the thermophysical charactenstics of the fluids and 
expressing Equations (68) and (69) m terms of mass flow rates and surface area, 
one obtains 


hs — e i <Ps 



(70) 
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with 

^ £tl Q (Prj) 13 (fe) 

(71) 

and 

K* 

hp - e 2 4>p ^0 57 

(72) 

where 

k p 

<P p = — Pr* 

(73) 


The coefficients e t and e 2 are fixed by the units employed. Substituting the 
design relations (70) and (71) into Equations (66) and (67) respectively, the 
return function (64) becomes 

R = [ Cl ]A° 55 + [c 2 H] W s + [c 3 HK s ( ei <p 3 f ^ 

j,;2 85 

+ [c4HK p {e 2 $ p T^] J~ (74) 


where the terms in braces are constants for a given system 
Two constraints must be imposed First, the heat transfer surface required to 
transfer the heat load Q is given by the design relation 

Q^UAATlm, (75) 

where U is the overall heat transfer coefficient and A T L m is the log-mean 
temperature difference U is related to the individual coefficients li s and h p and 
a fouling factor R D by the posynomial function* 


U 


1 15 1 „ 

+ +Rd 


(76) 


Log mean temperature difference is not a posynomial However, for liquid- 
liquid systems with similar approaches at both ends of the exchanger, l e , (T pg - 
T SI )~(T P{ - T Sq ), A T lm can be approximated by &T AAI , the anthmetic mean 
temperature difference That is* 


A T, 


iT Po -T SI ) + {T pi -T Sn ) 


pi is o> 


LM 


(77) 


Substitutmg for h s and h p from Equations (70) and (72), Equation (74) becomes 


’ hll , i Rp\ 

fiQsA 0 2 W° 8 e 2 (f>pA° 45 W p 6 A ) 



T 

1 SJ 


2 



T *o 


2 


( 78 ) 
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The second constraint is imposed by performing an energy balance to insure 
that the heat lost by the process stream is taken up by the cooling water That is. 


Q WpC P p(T Pl T Pq ) W s C p JT so - T SJ ) ( 79 ) 

The optimal design problem has now been formulated as a nonlinear equality 
constrained mathematical program in the three design vanables A, and 
T The return function (74) is already a posynomial The constraints can be 
transformed into the following posynomial equality constraints 


C p P W p(Tp 0 T pi ) W P 1 

r t t ~ 1 

^Ps J x s Q 


(80) 


and 


ri isQ ' 

1 
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A 045 

e t m 

s 

i- 

! ^ 


(81) 


where E T = (T po - T Sf + T Pl )f 2. Heunstic rules have been developed for trans- 
forming these equality constraints into inequalities so that convexity is preserved 
(Blau and Wilde [1969]) Alternatively, an algorithm developed specifically for 
equality constrained problems may be used, although the unique optimum guar- 
anteed by convexity is lost (Blau and Wilde [1971] ) 


8 BUILDING MATHEMATICAL MODELS OF ENGINEERING 
OPERATIONS 

In the previous sections of this chapter the emphasis has been on formulating 
the optimization problems associated with various processes In all the examples 
considered it was assumed that the transition functions were known either as 
physically meaningful models (Sections 6 and 7), or as linear approximations to 
these models (Sections 2-5) However, in modelling engineering operations, 
the only realistic way of determining the suitability of a model is to verify the 
model either from existing experimental measurements taken on the operations 
or by performing additional experiments on the operations Once tins expen- 
mental data is available, nonlinear least squares techniques must be used to 
estimate key parameters in the model Hie uncertainty in the resultant param- 
eter estimates should be reflected m any subsequent analysis using the model 
Frequently, several realistic models can be postulated to descnbe an engmeer- 
mg operation This is particularly true m modelling operations involving chemi- 
cal reactions because they are inherently complex, and experimental data is 
sparse and/or expensive to obtain Smce the models are nonlinear, standard 
statistical tests based on linear models cannot be applied to identify the most 
suitable model Consequently, nonlinear statistical techniques have been de- 
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veloped for discriminating among nval models from the data available (Reilly 
[1970] , Blau, et al [1970, 1972a, 1972b]) Another group of workers have 
been developing a methodology for designing key experiments such that the data 
from these experiments will discriminate the models (Box and Hill [1967]) 
This methodology, based on maximizing the expected information from the 
data, can be formulated as a mathematical program 

Once a suitable model has been identified, the uncertainty in the parameter 
estimates may be so great that the model cannot be incorporated in the formula- 
tion of any mathematical programming problem Here again, statistical tech- 
niques have been developed for locating experiments which will maximize the 
expected improvement in the parameter estimates (Box and Hunter [1963], 
Atkinson and Hunter [1968]). This maximization problem can be formulated 
as another mathematical program 

The three mathematical programs mentioned above will be formulated m this 
section The treatment will be completely general, with no attempt bemg made 
to identify the functional form of the specific models It will become apparent 
that efficient algorithms for solving the programs are absolutely essential, because 
a large number of parameters and potential models are frequently involved and 
the mathematical program must be solved repeatedly as new data becomes 
available 

8.1 Nonlinear Parameter Estimation 

Suppose that s measurements (y n ) k fc= 1,2, . ,s have been made on the 
output states of an engineering operation for different values of the input states 
(x„)fc and decisions (d„)jt (For convemence the subscript n, denotmg the 
process stage, will be deleted where the meaning is clear ) These measured 
values are related to the true values, w*, by the relation 

y k = w k +e k , k= 1,2, . . . ,s, (82) 

where e k = (ej k , $ 2 k> • • > e q k) is a q-dimensional vector representing the ex- 
perimental error in measuring y k . Consider a transition function model f(0, d, 
x), where 0 = (6 x , 0 2 > • , 6 t ) is a f-dimensional vector of unknown parameters 

If f adequately descnbes the data, then there exist a set of parameters 6* such 
the vector of residuals 

efc = y fc - f(0*,d fc ,x*), k-1,2,. ,s (83) 

are estimates of the experimental error, e k . If the joint probability density func- 
tion for the experimental errors is known, then substituting the residuals e k into 
this function gives the familiar likelihood function L(0) The set of parameters 
which best, in a statistical sense, descnbes the data, are those values 0* which 

( 84 ) 


maximize L (0) 

0 
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In many cases 9 is nonnegative and bounded above However, for convenience 
it is sufficient to assume that 9 satisfies the univariate constraints 

e, < e < e u ( 85 ) 

where the subscnpts u and / denote upper and lower bounds respectively. There- 
fore, the determination of 0* is a univariate constrained nonlinear optimization 
problem 

The form ofL(6) depends on the experimental error structure For example, 
if e ~N(0Jo 2 ), then the maximum likelihood problem becomes the familiar 
weighted least squares minimization problem 

* q e\ 

minimize L{6) = V V — (86) 
0 k = 1 ;=1 °k 

subject to the umvanate constraint Equations (85) The form of the likelihood 
function for different distributions are described by Hogg and Craig [1967] 

It still remains to perform a statistical goodness of fit test to see if the model 
f(0*, d, x) adequately describes the data If not, a different model or models 
must be postulated and maximum likelihood estimates determined for these 
models In cases involving chemical reacting systems, it is frequencly possible to 
eliminate models in this fashion until one or more candidate models are found 
(Blau.etal [1970, 1972a, 1972b]). Further experimentation is usually required 
to discriminate among these candidate models. 


8 2 Experimental Design for Model Discrimination 

Several catena have been developed for locating additional expenments, x f: , 
d k k = s+ 1, s + 2, to show up differences between rival models (Reilly 
[1970]) The most frequently used criterion locates expenments sequentially 
to maximize the expected decrease in entropy (Box and Hill [1967]) Entropy, 
as used here, is the concept used in information theory Suppose that P nval 
models ,f p are postulated and s experimental points S = {(x fc , d fc ,y fc ) 
k- 1,2, . , s} are available. Then Bayes theorem can be applied to calculate 

the normalized postenor probability of each model, Pr(//|S), after the expen- 
mental points S have been collected, by the relation. 


I 


Pr(/,|S) = 


Pr(//) hMl 


Z Mfi) • Li@i) 

i=i 


(87) 


where Pr()}) 1S the pnor probability and £,(0,*) is the likelihood function, both 
for the /th model The entropy of the system at this point is 


p 

E = ~ Z Pr(/ilS) In (Pr(//|S)), 


( 88 ) 
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where E is zero when one model is the correct one, and a maximum when all 
p models have equal probability The greatest expected change m entropy re- 
sulting from the (s + l)st data point is obtained by finding the values xj +1 , 
d* +1 which 

maximize D, ( 89 ) 

x i+i >dj+i 

where D is given in Table 8 The reader interested in multi-response models is 
referred to the literature (Box and Hill [1967]) 

Note that this is a m+p vanable optimization problem which searches all 
feasible values of the state and decision vanables once the likelihood estimates 
6* have been found for the first s points Further, the optimal parameter esti- 
mates must be updated, the posterior probabilities recalculated, and the entire 
problem earned out as each additional experimental point becomes available 
Although this represents an enormous amount of computation, experience has 
shown that only four or five data pomts are required to achieve adequate dis- 
cnmination Balancing the calculational cost with the cost of expenmental 
work makes this approach well worthwhile— at least m an industnal environment 

8.3 Experimental Design for Parameter Estimation 

Once a suitable model has been found, it may be necessary to perform additional 
experimentation to improve the precision of the parameter estimates It has 
been suggested that each successive experiment be located to provide the most 


TABLE 8. CRITERIA FOR MODEL DISCRIMINATION 


q = 1 Output State, P - 2 Rival Models 


D = max 


x j+i>dj+i \2 


-Pr(/,!S) Pr (/) IS) 


(o* + o])(o 2 +ol) 


'll" 

o“ + a j o 2 + 02 


q - 1 Output State, P Rival Models 


D = max | — 

X 5+l>“i+l \ i /=1 1=1 


(of -off 2 f 1 1 ' 

+ of) (a 2 + of) + (// ~ f,) [ a 2 + of V+ V 


where (i) a is the population error variance applied to a single measurement 
(u) of = (d J+1 , \ s+l ) (. x;X ,)-* (d s+1 , x >+] )' a 2 

(ui) X, is the Jacobian matrix of first derivatives of/, evaluated at (x i+) , d J+! ) 
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desirable expected posterior parameter distribution (Box and Hunter [1963], 
Atkinson and Hunter [1968] ) This would be, for example, a distribution which 
reduces as much as possible, the joint confidence region for all t parameters in 
(he model f(0, d, x) If the model is linearized, minimization of this joint confi- 
dence region is equivalent to finding the values d*, x* which 


max A = 

d, x 




Z 2XX.X, 

1=1 y=l 


(90) 


where X, is the Jacobian matrix for/,, evaluated for some estimate of 0*- Actu- 
ally, the matrix X, is the moment matrix of residuals, assuming that the ex- 
perimental errors are approximately normally distnbuted and the model is 
approximately linear near the maximum likelihood estimates obtained after s 
experiments Finding successive values of d*, x* by maximizing the determinant 
A is the third mathematical programming problem. Once again, this requires 
an efficient algonthm because of the iterative nature of the expenmentation- 
analysis scheme 


84 Concluding Remarks 

Three mathematical programming problems have been formulated in this section 
Solution of the first one, a univariate constrained nonlinear parameter estima- 
tion problem, has been well documented However, at the time of writing this 
book, existing methods are adequate for solving the other two programs- 
Equations (89) and (90)— when the number of state and decision vanables is 
small, i e , < 3, and the number of models is small, i e , < 4, and then only when 
a large digital computer is available New algorithms are necessary before the 
use of mathematical programming to help build models of engineering opera- 
tions will become accepted practice in a processing environment 
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I INTRODUCTION 

A number of forces are at work leading to an increase m leisure time available to 
persons m the industrialized nations of the free world The reduced work week, 
the increasing number of time-saving appliances and convemence products, and 
improved means of communications and travel have all contributed to making 
more time available for leisure Holman [1961] estimates that, whereas 27% of 
a person's total active time was spent in leisure activity (on the average) m 1900, 
that portion had increased to 34% in 1950, and is projected to be 38% m the 
ycir 2000 Accompanying this increase is a redistribution of leisure time activ- 
ity, as shown in Table L 

Income also has increased, although at a much greater rate than has leisure 
time According to Clawson and Knetch [1966] , this shift of the leisure income 
hehnee (toward income) will continue to create an increase m lire means avail- 
for people to make the most of their leisure time. The economic consc- 
iences have been manifest m the development of what might be called “the 
leisure mdustnes ” 

r ° r otir purposes, “the leisure mdustnes” will refer to the economic activities 
p.crviding facilities or services that accommodate persons engaged outside the 
in the enjoyment of time that is not committed to work, or to tasks of a 

G15 
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TABLE 1 TIME OlVISION OF LEISURE 1950, 2000 

Percent of Leisure Time 
1950 2000 


Daily Leisure Hours 

42 

34 

Weekend Leisure Hours 

39 

44 

Vacation 

8 

16 

Retired 

5 

5 

Other 

6 

1 


personal and social nature. Components of the leisure industries are govern- 
mental agencies (e g , U S. National Park Service), public institutions (e.g , mu- 
nicipal, cultural, or spectator facilities), or pnvate organizations (e g , hotels, 
amusement parks) 

In general, operations research (OR) techniques have not been broadly applied 
in support of the managerial functions in institutions in the leisure industries, 
though scientific and analytical procedures have been applied m some specific 
areas in recent years Ten years ago, Clawson [1966] cited the increasing re- 
search efforts that had been directed toward outdoor recreation and predicted 
an accelerating growth m professional and scientific competence m the econom- 
ics of outdoor recreation. Today this same prediction could be made relative to 
OR competence in the broad leisure industries. 

Up to now, two general areas have received the most attention from operations 
researchers (1) recreation, travel, and tourism and (2) sports The second vol- 
ume of The Journal of Operations Research contains a technical note by Mottley 
[1954] , which had, as its apparent intention, the encouragement of the use of 
OR by athletic coaches— an attempt which fell short of its goal, as evidenced by 
the lack of any other publications relating OR and sports for several years there- 
after On the other hand, the first formal identification of OR with the area of 
recreation, travel, and tourism did not occur until 1969, when the first issue of 
the Journal of Leisure Research contained a paper by Cesano [1969] entitled 
“Operations Research in Outdoor Recreation.” 

The commonality between the early quantitative work in sports and in recrea- 
tion, travel, and tourism is that there is little if any evidence of the use of deci- 
sion models. The focus was, instead, on developing statistical descriptions of 
certain phenomena (such as the relative frequency of ways of gaining and losing 
possession of a basketball), on developmg predictive models for forecasting, and 
on developmg measures to estimate the benefits that would result from certain 
forms of leisure activity. Of course, it should be recognized that a decision 
mode! does require, in many instances, data that is the product of a forecast, as 
well as requiring a quantitative measure of effectiveness (benefit) that can be 
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associated with each alternative decision. Hence, the early work can be consid- 
ered as a necessary prerequisite to the development of decision models 
Although there still is not a universally accepted approach to measuring bene- 
fits associated with certain leisure time activities, decision models are appeanng 
m the current literature with ever increasing frequency. In addition, what 
appear to be the first books (Ladany [1975] , Gearing, Swart, and Var [1976]) 
dealing with OR approaches to segments of the leisure industry are currently m 
press This, coupled with the regular appearance of sessions dealing with OR in 
travel and tourism and with sports at the recent jomt meetings of ORSA and 
TIMS, make it apparent that OR is indeed coming of age in the leisure mdustnes 
This chapter will review some of the specific achievements of OR in the leisure 
mdustnes It will be subdivided mto three separate sections, each followed by a 
conclusion The next section will discuss the nature of OR studies in the field of 
recreation, travel, and tourism, and present some of the later and more signifi- 
cant approaches to forecasting, benefit measuring, and decision modelling The 
thud section will discuss OR in sports, with particular attention paid to the ap- 
proaches developed for performance evaluation, selection of strategies, deter- 
mination of team composition, and the optimization of training plans The last 
section will then provide a conclusion to the chapter 


2 OR IN RECREATION, TRAVEL, AND TOURISM 

Before progressing much further mto the applications of OR m recreation, 
travel, and tounsm, it would be appropriate to define these three interrelated 
terms Recreation, according to Burton and Noad [1968] , is not an easily de- 
fined homogeneous entity. It includes all pursuits— other than those associated 
with work and necessary tasks of a personal and social nature— which are under- 
taken m leisure, or uncommitted time. The essence of recreation is free choice; 
it includes only those activities which are chosen freely. 

Given the above definition, tounsm could be considered as a form of recrea- 
tion which mvolves mobility. According to Webster [1966], a tounst is “one 
who makes a tour; one who travels for pleasure.” Tourists, according to the 
International Union of Official Travel Organizations (IUOTO), are temporary 
visitors staying at least 24 hours in a country visited, when the purpose of the 
journey can be classified as either leisure or business, family, mission, or meetings 

As opposed to “tounsm,” the term “travel” refers to passing through or mak- 
a journey from place to place in any conveyance. In this chapter, the mam 
concern is travel for the purposes of pleasure, which, according to some sources, 
m 1970 accounted for 75% of international travel and nearly half of domestic 
travel m the United States. On the other hand, accordmg to the IUOTO esti- 
ma tes> approximately 75% of all tourist spendings are made within the traveler s 
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own country. These figures vary from 44% for Switzerland to 74% for the 
United States (Lundberg [1972]) 

Even though the definitions given above do distinguish between the three 
terms, it must be realized that a strong interrelationship exists between all three 
areas, particularly when questions relating to the development of the tounsni 
sector or of the development of recreational facilities are examined. The impor- 
tance of identifying these “synergistic relations” is discussed in detail by Egan 
[1975] , m light of his expenence over the past 30 years in tourism development 
at several international locations 

Cesano [1969] , in his pioneering paper, described the uses of OR in outdoor 
recreation as bemg primarily confined to (a) predicting recreation travel flow 
from population centers to recreation sites, and (b) estimating the primary eco- 
nomic benefits of outdoor recreation. Since then, work has continued to appear 
dealing with those two areas, but, in addition, the state of the art advanced to 
the point where decision models have been developed and used, pnmanly m the 
tourism planning sector 

2 1 Forecasting and Tourism Flow Models 

In a recent article by Wilkinson [1973] , a review of models used to predict the 
consumption of outdoor recreation is given. The types of models reviewed are 
tune senes projection, economic, gravity, systems theory, and inertia In this 
section, forecasting models will be classified, as suggested by Chamber, Mullick, 
and Smith [1971] , into qualitative, causal, and time senes, and a typical applica- 
tion of a model in each class will be bnefly discussed 

Time Series Analysis. An excellent discussion of the nature, impact, and impor- 
tance of seasonality in tounsm has been provided by Baron [1972, 1973] In 
his two publications, Baron descnbes the use of the time senes analysis program 
“X-l 1 developed by Shiskin at the U.S. Bureau of the Census, to quantify the 
trend, seasonal, and cyclical components of several time senes associated with 
the tounsm industry in Israel Specifically, the following time senes are ana- 
lyzed in Baron [1972] . 

a) Tounsts amvmg and departing by air 

b) Tounsts arnvmg. 

c) Foreign cunency— income from tourism in Israel 

d) Residents departing 

e) Bed nights m tounst recommended hotels broken down into visitors from 
abroad, Israelis and totals. 

In Baron [1973] , these senes were compared to those of several other coun- 
tnes Furthermore, it is shown how the Israel Ministry of Tounsm uses the 
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results of the forecasts to determine the Maximal Annual Utilization Factor con- 
strained by seasonality (MUS.) which represent the percentage of peak season 
facilities that can be utilized over the entire year. This information then pro- 
vides a guideline for planning studies designed to alter or spread the seasonality 
of tourism through providing off-season activities, introducing a second (and 
possibly third) season, etc Amongst the benefits of the spread of tourism 
seasonality are 

a More enjoyable holidays for larger numbers of people without the over- 
crowding so common in peak seasons 

b Better utilization of tourism facilities, including a less intense load on the 
economy and ecology of the area 

c More even employment of hotel and other tourist staff, aiding their caterers 
and improving service offered 

Causal Models The Battelle Research Centre in Geneva Switzerland (Armstrong 
[1972]) has developed one of the more complete causal forecasting models for 
international tourist flow reported in the literature The model is stepped since 
it begins by hypothesizing a simple relationship between the number of tounsts 
annually generated to country / by country i and the latter’s population , then a 
number of other independent variables such as per capita income, language simi- 
lanty, attractiveness, and similarity are progressively introduced in order to 
obtain the most satisfactory outcome The model hypothesizing the relationship 
between these vanables is 


where 
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number of tourist arrivals recorded in country / coming from 
country i. 

Population of country i 

Per capita income of country i (GNP per capita) 

The distance between generating country i and recipient coun- 
try/ 

A value given to the adjacency of frontiers and/or common 
language, if any, between countries i and/ 

A value given to the tourist appeal of country / 

Value of time (considered for values of n — 1963, 1967, 1975, 
and 1980). 

elasticities of the corresponding vanable with respect to coun- 
try/. 
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The variable T n , representing value of time, is one that serves to explain progres- 
sive changes over the penod up to 1980, m such factors as population distnbu- 
tion, education level, and leisure time available 

The variables actually used in the model are those for which sufficient data 
exists Improvements in tourism information gathering systems would permit 
the inclusion of other variables in the model, although the forecasts generated 
with this model do correlate very closely to those generated by 1TJOTO. 

In Crampon and Tan [1973] and Crampon [1974] , a set of factors are defined 
which influence the flow of tourists in the Pacific Specifically, it is shown how 
it is possible to define several elements as, 1) the “destination element,” which 
represents the attributes that make it possible for a destination to attract and 
serve visitors during a particular time penod, and 2) the “tie element,” which 
represents the various ties that exist between the ongm and destination dunng a 
particular time penod Included among the tie elements are transportation and 
information, two ties which are necessary if any travel is to exist between the 
two points These two sets of elements, together with more traditional elements 
such as total travel volume emanating from a particular ongm, and the geograph- 
ical distance between an ongm-destmation pair, become the independent van- 
ables in a flow model which predicts the travel volume from an ongm to a desti- 
nation dunng a particular penod. The model has been developed and implemented 
for selected areas m the Pacific. 

Cline [1974] , in conjunction with the Midwest Research Institute, has used a 
traditional multiple regression model for predicting future travel growth to Pa- 
cific destmations His model is more traditional in the sense that the causal van- 
ables are hypothesized to be vanous economic tune senes The results obtained 
have been used routinely by the Midwest Research Institute and others to sup- 
port vanous planning activities 

Qualitative Models Although both the Battelle model and the Crampon model 
contain subjective factors, as do most other traditional flow models surveyed in 
Var, Gearing, and Swart [1975] , their basic nature is that of a causal model in 
which the subjective factor is expressed as an index (Some recent approaches 
to obtaining this index are discussed later) 

A primarily qualitative procedure, suggested by Gaumnitz, Swinth, and Tollef- 
son [1974], illustrates how consensus seeking and group decision making meth- 
ods can be of use. The approach is based on methodology similar to that pre- 
sented in the OR literature (Bowman [1963]), and involves the concept that an 
action, such as the visit to some lake by a person or family , is assumed to be the 
result of a decision. Such a decision is a mental cognitive process, that is, it is 
a conscious mental consideration and evaluation of the characteristics of van- 
ous possible courses of action, in the light of one’s needs, goals, and limitations 
(e g. funds, time, skills, etc ) Accordingly, it should be possible to charactenze 
the decision processes of a person in the form of a program. One ought to be 
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able to specify a senes of statements, questions, or commands which, if followed, 
mil produce choices that match those of the individual This program, or dis- 
crimination net, can then be helpful to a planner/manager in predicting actual 
choices of potential visitors, and hence, usage rates or forecasts Of course, this 
forecast is contingent on an analysis of the structure of the discriminant nets of 
a sample of individuals in the general client population. 


3 2 Measuring Benefits 

In the process of developing tounsm planning methodology, several approaches 
to the measurement of “benefit” have been developed For a developing coun- 
try to increase its buying power in the community of nations, the establishment 
of a tounsm industry is an important tactic for the generation of foreign ex- 
change, and the additional foreign exchange so generated is the most direct 
measurement of benefit that can be adopted. Bargur and Arbel [1974] have 
developed a mixed integer programming model for comprehensive planning of 
Israel’s tounsm industry (to be further discussed in section 3 of this chapter) 
The objective function of this model reflects contnbution to total net income in 
foreign currency resulting from tounsm activities Powers [1974] identifies as 
additional benefits the domestic resource savings due to reduced marginal costs, 
and the value of additional tourist services made available to domestic visitors. 
He then prescnbes the net present value as the criterion to use in making deci- 
sions regarding the development of the tounsm sector 

In addition to the direct benefits of development in the tounsm sector, the 
indirect benefits should also be taken into account Archer and Owen [1971] 
discuss how to calculate the multiplier effects of tourist expenditures, while 
Archer [1972] examines the composition of the mdirect and induced flows, to 
see which sectors of the economy benefit from the multiplier effect, and pre- 
sents (Archer [1973]) the contributions multiplier analysis can make toward 
policy making and planning 

When evaluating benefits associated with investments which do not result in 
direct economic benefits (e g national parks, state recreation areas, etc ), the 
measurement methodology becomes much more subjective and a source of con- 
troversy On one side of this controversy are various approaches developed and/ 
or espoused by Clawson and Knetch [1966], and Cesano [1969]. These ap- 
proaches have as their central theme the idea that the worth of a recreational 
facility is related to the amount of income a user is willing to give up (cost of 
driving to the site, admission fee, etc ) in order to use the facility. On the other 
side of the controversy is an approach developed by Mack and Myers [1965] , 
who contend that it is not possible to assign a price to recreational benefits that 
« comprehensive and reliable They suggest that investments by governments in 
recreation should be made so as to maximize the resulting social welfare As a 
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measure of social welfare they suggest the merit weighted user days of recreation 
that can be gotten in return for investing in recreation. The ment weights are 
assigned on the basis of the policy, conservation, and pnonty considerations 
supported by the government. 

The current research thrusts in this area are provided by the Parks Canada 
section within the Canadian Outdoor Recreation Division Studies (CORDS) 
CORDS technical notes of particular relevance are given in the references (Bea- 
man [1974] ,Cesano [1973]) 

Another approach toward measuring the benefit associated with the develop- 
ment of tounst accommodations and attractions is the development of a utility 
measure which reflects the tounstic attractiveness of a given area Geanng, 
Swart, and Var [1974] developed an approach for the quantification of the 
notion of tounstic attractiveness by constructing a multi-attnbute utility func- 
tion This function incorporates weights denved by a procedure similar to that 
suggested by Churchman and Ackoff [1954] The approach required that the 
following be determined 

(1) The cntena. by which tounstic attractiveness is judged, and 

(2) The relative importance of those cntena one to another, as indicated by a 
senes of numencal weights. 

Then, with these two requirements satisfied, it was possible to 

(3) employ the judgments of experts in making evaluations against these 
cntena and, using these inputs, to 

(4) compute a numencal measure (utility value) of the “relative attractive- 
ness” of the tounstic area 

The results of the procedure were used to support the planning acitivities of the 
Turkish Ministry of Tounsm In particular, a ranking was obtained for the 65 
geographical areas in Turkey which have been defined as tounstic areas The 
numencal utilities constituted, as it were, an “inventory,” or assessment of the 
state of things in Turkey vis-a-vis the tounst. In an application to be discussed 
below, this methodology was adapted to form a surrogate measure for the net 
foreign exchange earnings that would result from constructing in each of these 
areas This surrogate measure was then used as the objective function m an 
integer optimization model 

2 3 Decision Models 

Decision models are the essence of OR, and constitute one of the charactenstics 
that distinguishes OR from other quantitatively onented disciplines (Wagner 
[1969] ) It was not until 1972 that a decision modelling approach to a tounsm 
problem appeared m the Literature (Geanng, Swart, and Var [1972]), this was 
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an integrated OR study dealing with planning of the tounsm sector of a develop- 
ing country Specifically, the model was developed and the results used to pro- 
vide guidance to Turkey for planning its investment policy in the tounsm sector 
dunng the Third Five-Year Plan It may be stated as* 

N 

Maximize £ £ 

1=1 1=1 


N K t 

Subject to Q/^ij ^ b 

1=1 j=i 

X,l~ X tM >0, for i = l,N and (L,M)eP, 

X,j = 0 or 1, for i = l,N;j ~\,K, 

where 

N the number of tounstic areas mto which the country is subdivided (=65 
for the Turkish application). 

K, The number of projects proposed for implementation in tounstic area i 
dunng the planning period. (The Third Five-Year Plan for the Turkish 
Application) 

X,, 1, if project / at tounstic area i is selected for implementation, and is zero 
otherwise 

d i; Measure of benefit accrued if project / is undertaken at tounstic area i 
(discussed below). 

C l} The estimated cost (at completion) of project j proposed for tounstic 
areai 

P , Index set of precedence relations between proposed projects at tounstic 
areai 

b Budget devoted to the development of the tounsm sector dunng the plan- 
ning penod. 

The measure of benefit, d t] , defined above must reflect the relative ments of 
alternate project proposals, and it must have the property of being summable 
across all the projects in a particular allocation plan, so as to define a measure 
of benefit for the entire plan. Although the initial choice for such a measure of 
benefit might appear to be the net present value of the stream of monetary re- 
turns that the project will generate over its useful life, tins measure rapidly 
proves to be inadequate. The inadequacy of the measure is due, in part, to the 
large vanety of projects that are under consideration when planning regional or 
national development Some projects, such as hotels and vacation villages, will 
indeed generate a stream of monetary returns, but projects such as road con- 
struction, excavation of rums, and museums do not, in general, provide a stream 
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of monetary returns. Nevertheless, these non-revenue-generatmg projects do 
require expenditures, and must compete for the scarce capital funds allocated to 
a program of tourism development. 

The measure of benefit that was selected provided a common denominator by 
which to measure the benefit from the diverse projects under consideration 
while, at the same time, providing a surrogate measure for foreign currency gen- 
erated when considering the aggregate impact of tourism development on the 
entire nation. Specifically, the measure is a marginal utility which reflects the 
project’s contribution toward enhancing the “touristic attractiveness” of the 
region. This marginal utility was developed from concepts of benefit measure- 
ment, as discussed briefly in the preceding section and as presented in detail by 
Gearing, Swart, and Var [1973] Let Ap^ be a vector which reflects the tour- 
istic attractiveness (on each of seventeen cntena for the Turkish example) of 
touristic area /, when project M has been completed (including all its immediate 
predecessors) The marginal impact of completing the project, on each of the 
cntena, is then given by the “impact” vector T$ M \ given by 

t (M) _ A m _ a (l) 5 

where L denotes the set of projects which are immediate predecessors to project 
M. For example, the construction of a hotel in the area can only be undertaken 
if there is approval to build a road to the hotel site Hence, the road project 
immediately precedes the hotel project. Similarly, it is possible for a specific 
project to have more than one immediate predecessor. It should be pointed 
out that each tounstic area has a planning project and an infrastructure project 
associated with it, and that these are predecessors to any and all other projects 
in the area. The purpose is to ensure proper development planning before any 
actual development is started, and to ensure that each touristic area has at least 
adequate infrastructure to satisfy minimal tounstic quality standards 

Letting W denote the vector of weights representing the relative importance of 
the attractiveness cnteria, then the benefit associated with project } at tounstic 
area i as measured by the multiattnbute utility function, is given by 

d i} = WT, (/) , i = 1,N, j -1,K{ 

The computational aspects of this model have been developed, from a LP stand- 
point, in Swart, Gearing, Var, and Cann [1974] and more generally m Gearing, 
Swart, and Var [1976] . 

The following limiting characteristics of the model are the subjects of current 
research (initial results of the research have been reported by Gearing, Swart, 
and Var [1975]). 

—It was formulated as a static, single period decision structure. 

—It was based on the perspective of developing the entire “tourism package” 
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of the country and did not differentiate among the different geographic 
regions as to current tourist densities. 

_It did not recognize the limited capacity of geographic areas for tounsm 
development 

Another OR study of tounsm planning is the the comprehensive planning 
model of the tounst industry for Israel developed by Bargur and Arbel [1974] , 
and presented by Gearing, Swart, and Var [1976] The model is a mixed integer 
program and may be descnbed as follows 

The objective function, to be maximized, represents the total net income in 
foreign currency from tounst activities, subject to the following constraints: 

(a) The economic efficiency criterion-the cost of a unit of net value added of 
foreign exchange. 

(b) Supply constraints of local projection factors (accommodation facilities, 
manpower, and recreational sites) 

(c) Demand constraints for the planning honzon, based on demand forecasts 
which were developed exogenously under varying assumptions 

The analysis resulting from the application of the model is designed to provide 
satisfactory answers to the following facets of planning 

(a) Determination of feasible and optimal level of output, and its mix from 
the viewpoint of the national economy. 

(b) Balancing optimal supply and demand and the identification of surplus or 
deficit within the above categories 

(c) Determination of required inputs necessary to satisfy the optimal levels of 
output, in terms of major projection factors 

(d) Determination of the regional distribution of the various activities, subject 
to the tounstic potential of each specific region 

(e) Determination of the feasible and preferred seasonal distribution of the 
various activities. 

(0 Realization of the shadow prices, l e., the marginal values of changes in 
basic assumptions, input data, and optimal results 

Within the context of tounsm planning, McMahon [1974] presents a dynamic 
programming model for the selection of tounsm development projects in Puerto 
Rico, subject to limitations m funds and the quantity of skilled manpower 
available 

In a different context and of different scope, Saitta and Schnedeman [1972] 
present a LP model to aid managers of individual state parks in plannmg the ex- 
pansion of their facilities, so as to satisfy the ever-increasing user demands The 
solution to the model provides information which indicates the number of addi- 
tional recreational facilities which could be built under varying amounts of capi- 
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ye developed to quantify subjective factors, these will be adapted for use m this 
sector. 

The one area that can be expected to receive the most attention from OR 
practitioners in the recreation, travel and tourism sector is that of decision 
modelling- The pioneering work descnbed in the previous sections has unequiv- 
ocally demonstrated that there is room for the application of formal OR models 
in this area, and that the state of the art m forecasting and benefit measurement 
is advanced enough to where the results can be meaningfully incorporated into 
mathematical or/and simulation models 

The contemporary research thrusts in outdoor recreation have been identified 
by Smith [1971] (a summary of these is given in Table 2) In examining this 
table, it becomes apparent that OR can lend an important and new dimension to 
many of the thrusts, and that OR practitioners and theoreticians alike should be 
made aware of this area as one m which major significant contnbutions can be 
made 

3 OPERATIONS RESEARCH IN SPORTS 

In 1954, Charles Mottley [1954] stated that, “the possibility of applying 
scientific methods to athletic games does not appear to have received much 
attention by the OR community, . . A preliminary study of football and 

TABLE 2. RESEARCH THRUST IN OUTDOOR RECREATION 


A Geographic {micro and regional patterns) and macro {national and international patterns) 

1 Fieldwork (traverse, interview, landscape surveys) 

a Aesthetics of landscape— perception of beauty in terms of physical environment, 
wilderness, development, 

b Site attraction m terms of natural environment and man-made environment, 
c Intensity of participations 

2 Gathering and analysis of statistical data 
a Recreational travel, 

b. Tourist industry, 

c. Projection of recreational needs for particular region, 
d Propagauon of innovation waves in facility designs 

B Economic, Political, Sociological 

a. Supply and demand studies of recreation, 

b. Resource allocation and cost-benefit analysis and related policy considerations, 
c Economic impacts of recreation, 

d Sociological and psychological impacts of travel, 
c Other economic, political and sociological studies 
C '■Exellcneous 

a Biological studies (ecology), 

b Engineering feasibility studies for various projects, design studies of site character- 
istics to optimize, 
c Capacity of outdoor areas, 

<L Nature of aesthetic appreciation of a setting 
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to form a set of n mutually exclusive and totally exhaustive attributes (in 
other words, an attempt is made to define independent attributes) 

(b) Each coach rates the relative importance of each attribute listed in step (a) 
for the position he coaches, using the Churchman-Ackoff [1954] proce- 
dure Denote the composite matrix of weights by B (by-weight of the 
ith attribute for position/) 

( c ) The head coach rates the relative importance of each of the M positions on 
a team in contributing to team strength, using the Churchman-Ackoff 
procedure (w,- weight of position/) 

(d) The coaching staff rates each of the L players on all attnbutes listed m 
step (a) The results are placed in matrix A (fly-rating of player i with 
regard to attribute/) 

With the results of the above sequence of steps, a rating c t) is obtained which 
reflects the “ability” of player i at position/, where c„ is given by 

n 

Ci I — ^3 a ikbk], 
k = 1 

and, if desired, the contribution d l} of player i at position / can be obtained by 

dy ~ C IJ W J 

Consequently, the problem is to determine the solution to the standard LP 
assignment problem, that is, the 0, 1 indicator variables, X q , are to be determined 
which maximize the d y X products over all positions and players, subject to the 
constraints that all positions be manned and each player be assigned to at most 
one position Tins procedure was applied to an actual situation The reported 
feedback that was received from the coaches was positive and there was consensus 
regarding the fact that the approach does provide useful input into the positioning 
problem 

3.Z Team Sport Strategy Evaluation 

Baseball is the sport that has perhaps been subject to the greatest amount of 
formal analysis, but, even so, by 1968 there were only 4 articles which had 
appeared in “reputable literature” that could be considered as senous analysis 
(Lindsey [1968]) One of the more popular books on baseball (Cook [1967]), 
which was reviewed in Operations Research , was pronounced to be of interest 
to baseball fans, but should be kept carefully out of the sight of students of the 
theory of probability (Lindsey [1968]) This statement is not only suggestive 
about the book, but also about the nature of OR studies on baseball to that 
time, i e , that they are, in essence, applications of statistics and data analysis 
F°r example, in (Lmdsey [1968]), the expectation for a team under particular 
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circumstances m three areas are calculated 1) the dependence of the batting 
average on the batter’s and pitcher’s handedness, 2) the binomial distribution of 
hits, 3) expectations with the bases full for the defense Lindsey [1963] , in a 
later article, examined specific strategies available to maximize the probability 
of winning the game. In another study by Freeze [1974] , a Monte Carlo simula- 
tion model was constructed, based on the Sports Illustrated Baseball Game, a 
commercially available game ( Sports Illustrated Games, Time and Life Building, 
New York, N Y , 10020) This simulation was used to test several hypotheses 
based on suggestions made by Cook [1967] 

Motivated by the studies on baseball. Carter and Machol [1971] analyzed 
8,373 plays from the first 56 games of the 1969 schedule of the National Foot- 
ball League In particular, they calculated the expected point value of possession 
of the football with first down and ten yards to go During their analysis, two 
significant discovenes regarding offensive strategy evolved First, they pointed 
out that on fourth down and goal, the ball should be rushed as opposed to 
routinely kicked for a field goal try (barring special circumstances such as need- 
ing a field goal to win when there are but a few seconds left on the clock, etc ) 
Also, they suggest that when a team is behind by seven points or less, it should 
never call a tune-out, for the purpose of stopping the clock, when there are 
more than thirty seconds to play if it has the ball, or more than a minute to play 
if the opponents have the ball 

In a different vein, Bierman [1968] analyzed the decision process faced by the 
Cornell University football coach when he decided to go for two points after 
their first score late in the 1967 game with Harvard (Harvard was winning 14-6 
at the time) A decision tree analysis demonstrated that under three reasonable 
assumptions, the coach made the correct decision— unfortunately, the actual 
game outcome contradicted the analysis, since the two point attempt failed and 
Cornell lost the game 14-12. This analysis was extended by Means [1968] who 
concurs with Bierman’s analysis and further shows that a decision by Cornell 
to tie the game might have been illogical 

In terms of winning the championship in National Football League play. Silver- 
man and Schwartz [1973] show that the optimal strategy for winning the 
championship can mclude losing certain games In specific, they cite the 1971 
season, when the Washington Redskins were assured of a spot m the playoff 
senes Going into the weekend of their last game with Cleveland, they still had a 
chance for the championship of the Central Division If they beat Cleveland, then 
they would have been assured of a game against a strong team in the first round 
of playoffs, while if they lost (which they did) they would play a relatively weak 
team in tire first round of playoffs In other words, by winning the Central 
Division title. Washington would have expected to face two hard games mstead 
of one From here, the analysis is earned on, using Markov Chains, to develop 
decision rules that a team should follow to determine whether to play for a win 
or a loss under vanous circumstances 
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3.3 Individual Sport Strategy Evaluation 

Ladany [1975], who is an Olympic athlete as well as an OR practitioner and 
teacher, presents a model to optimize the expected height that a jumper (pole 
vault or high jump) will achieve as a function of his initial jumping height In 
these jumping events, the competition starts with one of the competitors at- 
tempting to clear the bar placed at a relatively low height The bar is usually 
raised from this height in constant steps Each competitor is allowed three 
tnes to clear each height Only after clearing a given height is the competitor 
allowed to jump the next height to which the bar is raised The score achieved 
by a competitor is the last height cleared regardless of failures on prior trials 

A competitor is entitled to start at any height higher than the initial height 
Although failure to clear this selected height will result m a score of zero, the 
advantage is that the athlete is fresh, hence the risk of a zero score is balanced 
by the better chances for clearing all successive heights 

The model developed expresses the expected height of the jump the jumper 
will clear as a function of the initial jump height that the athlete attempts to 
clear Based on the model, the optimal starting height can then be determined 
In addition, the acquisition of data for the model is discussed in some detail 

Liken [1974] attacks the problem faced by an individual weight lifter in 
competition The decision problem in weight lifting anses in that a competitor 
has a maximum of three lift attempts, his “score” is the weight he hfts on his 
best lift He cannot, however, go down in his selected weight once a weight is 
selected for a lift, the weight he chooses on his next lift must be at least as high 
A lifter who attempts to hft too little may have almost no chance of winning 
the competition, the lifter who attempts too much has a significant chance of 
scoring zero The problem is viewed as a sequential decision process, and dia- 
grammed as a decision tree Based on this representation, a NLP model is 
formulated whose objective function is to maximize expected “utility” subject 
to the competitive restrictions The model is made specific for several methods 
of defining utility 

Pollock [1974] presents a probabilistic model of the game of golf The model 
is developed under the following assumptions 

(a) A player is completely characterized by a probability distribution over the 
number of strokes he will take on each of 18 holes of a golf course 

(b) This distribution is stationary. 

(c) Hole-to-hole scores are independent 

(d) A player’s individual hole scores are independent of the other player s 
score 

The model developed can then answer questions such as 

(a) What are the odds of player A beating player B at medal play, or match 
play’ 
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(b) What are the odds of A and B tying at medal or match play** 

(c) What are the odds of A and B tying at match play’ 

These questions can be answered for any A with handicap H A playing against B 
with handicap H-q Conversely, knowing the player’s probability distribution of 
game scores, the expected handicap can be calculated 

Scheid [1972] presents an approach to determine golf handicaps, based on 
simulating more than a million matches from data obtained from actual score 
cards turned m at a country club The data were fitted by regression, usmg a 
senes of cubic curves that express the percent of games won by the strongest 
player as a function of the handicap difference and the number of strokes 
actually given to the weaker player by the stronger player The results suggest 
that the current Umted States Golf Association handicapping system leaves the 
stronger player with an extortionate advantage over the weaker in two-man 
competition. 

Hsi and Burych [1971] developed a model to determine the probability of 
winning games involving two opposmg players. The focus of the model is to 
evaluate the effect of serving rules on the probability of winning the match for 
a given player Examples are given for badminton and tennis, which do give 
strategic insights and which suggest vanous rule changes to “better” the game 
In a later paper, George [1973] developed probability models to evaluate 
the probability of winning m tennis as a function of serving strategies In 
particular, he shows how it is not always optimal to use a different first and 
second serve in tennis The analysis is illustrated with data obtained from a 
professional tournament. 

3.4 Athletic Training and Management 

Huska [1974] presents certain approaches relevant to the management of a 
major league soccer team One of the specific concerns addressed is the com- 
position of the total team This is a critical problem in that a soccer team 
in international competition can have at most 20 players on its home roster 
and can play no more than 14 members in any one game Consequently, tire 
issue of “optimal redundancy” is examined m some detail In addition, issues of 
concern analyzed are the optimal age structure of the team, its hierarchic pyramid 
in terms of lower division (or farm) teams, and its regeneration halftime, i e , the 
turnover cycle m player personnel 

One model which seems to have rather wide potential for application in 
developing athletic training programs was developed by Ladany [1975] The 
particular application discussed was the development of an optimal weekly 
training program for a pentathlon athlete The variables of the model (x,) 
represented the number of hours per week the athlete should devote to training 
activity i The training activities belonged to two categones category one 
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included those activities contributing to general conditioning (i =1,5), and 
category two included the technical training activities ( i = 6, 10) The first step 
in formulating the model was to explicitly define the causal relationships between 
performance in an event (the pentathlon consists of five events) and the time 
devoted to each of the training activities The form of the relationships was 
hypothesized to be 

10 

Y i = a OI + £ a v x „ 

i=i 

where Y t represented the outcome of event j in appropriate units (e g seconds 
for running events, meters for field events) The coefficients were estimated 
using stepwise linear regression on accumulated data and, for all five events, 
the lowest coefficient of correlation reportedly found was 0 98 The next 
step in the model development was to express the pentathlon score as a linear 
function of the event performance This was accomphshed only after the 
contnbution to the total score from the long jump was approximated by a 
piece-wise linear function This linear expression was then maximized, subject 
to the following constraints 

a) The total time per week that an athlete has available to devote to training 

b) The total time per week devoted to strength training should not exceed a 
specified maximum 

c) The amount of weekly speed training should be at least as much as the 
amount of endurance training 

d) The amount of conditioning training should be more than the amount of 
technical training 

e) The minimal and maximal weekly hours of technical training should be 
between 50% and 200% of the average time devoted to these presently 

f) The upper and lower limits to the time devoted to muscular strength 
building, aerobic development of the body, and anaerobic development 
of the body for increasing endurance should be those required to prevent 
over-stress and ill effects of overtraining 

The above constraints were expressed as linear functions, and the x t m the 
model were obtained using LP. The computations yielded acceptable solutions, 
which had to be applied with care and full understanding of the assumption 
used in building the model 

3 4 Conclusion to Section 3 

It is indeed surprising that sports have not received more attention from OR 
practitioners and theoreticians than is evident in the pubhshed hterature In 
providing the implied taxonomy of OR applications in sports evident in the 
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previous parts of this section, one can agree with Mottley [1954] and Lihen 
[1974] that sports are a natural applications area for OR. 

The particular methodology whose absence is most conspicuous from the area 
of sports is Game Theory Any sporting event, by its very nature, is a competi- 
tive game that should be amenable to analysis by the substantial body of knowl- 
edge which has been accumulated under this heading Furthermore, expen- 
mental data in the area of sports is normally plentiful, and a real life laboratory 
can usually be found under the control of a sympathetic and interested high 
school or college athletic coach 

The ice has been cracked, so to speak, in relation to the use of optimization 
models for many applications The team composition papers discussed appear 
to be promising models for evaluating team structure and the manning of playing 
positions The use of optimization models for individual event strategy analysis 
in pole vaulting and weight lifting should open up applications in other sports, 
while the training program optimization model provides a new dimension to the 
scientific development of athletic potential As a matter of fact, this model is 
simply an adaptation of the classical LP blending model— an adaptation which 
clearly illustrates the wide diversity of problems that are amenable to analysis 
by OR methodologies, and the potential benefits awaiting those willing to 
consider a departure from the conventional approaches m which the management 
of athletic activities is viewed strictly as an artistic exercise by athletes and 
coaches 

4. CLOSING 

In this chapter no attempt has been made to provide a descnption of eveiy 
OR application m every aspect of the leisure industry. Instead, two principal 
areas within the leisure industry were identified as having received some definite 
thrusts from OR, and within these areas some of the applications of particular 
interest have been mentioned Within the periphery of the areas addressed in 
this chapter applications dealing with the design of spectator facilities can be 
found (Kottas [1975]), as well as those dealing with various aspects of the 
hospitality industry (Ladany [1974], Croft [1974]) In addition, studies 
have been made for analyzing the wage structure of baseball (Scully [1974]), 
and other issues of economic significance to sport leagues (El Hodin and Quirk 
[1971]) A list of references has been provided which should serve as a partial 
guide to the literature for those individuals wishing to seek additional or more 
detailed information 
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